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ERRATA. 

Page 7> last line, an = wanting between the 2d and d 

expressions. 
11, Example 2d, ybr Gjfl—xy, read Gx'^+xy, 
14, in the note, ybr ab— oB-f-a^, read ab— cb— ^a 

+ab. 
35, Example, a comma wanting between the 1st and 

2d expression. 

62, Example 4, for f^'read 7^"^. 

103, Example 12,/o/ (4b— J7)x 8), r«i^/(40— ar) x S. 

113, last line, for 2x, read 2j7 . 

125> Example 6jfor the second term, y^ra^ its second 

term. \ ' . ' 

135, Example 1, f^r.iifiJzSrz^fz^ read z\ 3r%* 

and ««. *•' '^ * % •/ . 

l68, last line, example 4, ^r r r^iiff r'. 
201, 1. 23, for aj/=y', reaJ a^-'^y'. ^ 

217, last line but one, for 2 for the index, read 2, 
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TH£ powers of the mind^ like tboBe of the body^ are 
increased by frequent exertion ; application and industry 
supply the place of genius and invention ; and even the 
creative faculty itself may be strengthened and improved 
by use and perseverance. Uncultivated n^ure is uni- 
formly rude and imbecile, it being by imitation alone 
thai we at first acquire knowledge, and the means of 
extending its bounds. A just and perfect acquaintance 
with the simple elements of science, is a necessary step 
towards our future progress and advancement ; and this, 
assisted by laborious investigation and habitual inquiry, 
will constantly lead to eminence and perfection. 

Books of rudiments, therefore, concisely written, well 
digested, and methodically arranged, are treasures of in- 
estimable value; and too many attempts cannot be made 
to render them perfect and complete. When the first 
principles of any art or science are firmly fixed and 
rooted in the mind, their application soon becomes easy, 
pleasant, and obvious; the understanding is delighted 
and enlarged; we conceive clearly, reason distinctly, and 
form just and satisfactory conclusions. But, on the con- 
trary, when the mind, instead of reposing on the sta- 
bility of truth and received principles, is wandering in 
doubt and uncertainty, our ideas will necessarily be con- 
fused and obscure ; and every step we take mtist be at- 
tended with fresh difficulties and endless perplexity. 

That the grounds, or fundamental parts, of every 
science, are dull and unentertaining, is a complaint uni- 
versally made, and a truth not to be denied ; but then, 
what is obtained with difficulty is usually remembered 
with ease; and what is purchased with pain is often pos- 
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sessed with pleasure. The 8eed« of knowledge are sown 
in every soil^ bat it is by proper cultnre alone that they 
are cherished and brought to maturity. A few years of 
early and assiduous application^ never fails to procure us 
the reward of our industry ; and who is there, who knows 
the pleasures apd advantages which the sciences a^brd, 
that would think his time^ in this case^ mis-spent, or his 
labours useless f Riches and honours are the gifts of for- 
tdtie, casually beslowed, or hereditarily received, and are 
frequently abused by their possessors ^ but the superiority 
of wisdom and knowledge is a pre-eminence of merit, 
i^bich originates with the man, and is the noblest of all 
distinctions. 

Nature, bountiful and wise in all things, has provided 
us with an infinite variety of scenes, both for our in- 
struction and entertainment ; and, like a kind and indul- 
gent parent, admits all her children to an equal partici- 
pation of her blessings. But, as the modes, situations, 
and circumstances of life are various, so accident, habit, 
and education,, have each their predominating influence, 
and give to every ^nd its particular bias. Where ex- 
amples of excellence are wanting, the attempts to attain 
it are but few} but eminence excites attention, and pro- 
duces imitation. To raise the curiosity, and to awaken 
the listless and dormant powers of younger minds, we 
have only' to po|nt out to them a valuable ac^juisition, 
and the means of obtaining it ; the active principles are 
immediately put into motion, and the certainty of the 
conquest is ensured from a determination to conquer. 

But» of all the sciences which serve to call forth this 
spirit of enterprise and inquiry, there are none more emi- 
nently useful than Mathematics. By an early attachment 
to these elegant and sublime studies, we acquire a habit 
of reasoning, and an elevation of thought, which fixes 
the mind, and prepares it for every other pursuit. From 
a few simple axioms, and evident principles, we proceed 
gradually to the most general propositions, and remote 



PREFACE. 

analogies : deducing one truth from another, in a chaiQ 
of argument well connected and lod;ically pursued $ 
which brings us at last, in the roost satisfactory manner^ 
to the conclusion, and serves as a general direction in all 
our inquiries after truth. 

And it is not onlv in this respect that mathematical 
learning is so highly valuable ; it is, likewise, equally 
estimable for its practical utility. Almost all the works 
of art and devices of man, have a dependence upon its 
principles, and are indebted to it for their origin and 
perfection. The cultivation of these admirable sciences 
IS, therefore, a thing of the utmost importance, and 
ought to be considered as a principal part of every, 
liberal and \yell-regulated plan of education. They are 
the guide of our youth, the perfection of our reason, and 
the foundation of every great and nobl^ undertaking. 

From these considerations, 1 have been induced to 
compose an introductory course of mathematical .science; 
and^ from the kind encoi!^ragement which I have hitherto 
received, ^m not without hopes of a cpntinuance of the 
same candour and approbation. Considesable practice as 
a teacher, and a long attention to the difficulties and obr 
structions which retard the progress of learners in gene- 
ral, have enabled me to accommodate myself the more 
easily to their capaciti^ and understandings. And as an 
earnest desire of promoting and diffusing useful know^ 
ledge is the chief motive for this undertaking, so no 
pains or attention shall be wanting to make it as com- 
plete and perfect as possible. 

The subject of the present performance is Alg^bjk a ; 
which is one of the most important and usefiU branches 
of those sciences, and may be justly considered as the 
key to all the rest. Geometry delights us by the simpli- 
city of its principles, and the elegance of its demonstra- 
tions : Arithmetic is confined in its object, and partial 
in its application} but Algebra, or the analytic ar^ is 
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general and comprebensive, and may be applied witFr 
success in all cases where truth is to be obtained and 
proper data can be established. 

To trace tuis science to its birthy and te point out the 
various alterations and improvements it has undergone 
in its progress, would far exced the limits of a preface.* 
It win be sufficient to observe that the invention is of the 
highest antiquity^ and has challenged the praise and ad- 
miration of all ages. Diophanttis, a Greek mathemati- 
cian, of Alexandria in Egypt, who flourished in or about 
the third century after Christ, appears to have been the 
first, among the ancients, who appHed it to the solution 
of indeterminate or unlimited problems ; but it is to the 
moderns that we are principally indebted for the most 
curious refinements of the art, and its great and extensive 
usefulness in every abstruse and difficult inquiry. JVm*- 
ion, Machurin, Sanderson, Simpson, and Emerson, 
among our own countrymen, and Clair ant, Euler, Lcl^ 
grange, and Lacroix, on the continent, are those who 
have particularly excelled in this respect ; and it is to 
their works that T would refer the young student, as the 
patterns of elegance and perfection. 

The following compendium is formed entirely upon 
the model of those writers, and is intended as a useful 
and necessary introduction to them. Almost every sub- 
ject, which belongs to pure Algebra, is concisely and 
distinctly. treated of; and no pains have been spared to 
make the whole as easy and intelligible as possible. A 
great number of elementary books have a I read)' been 
written upon this subject ; but there are none, which I 
have yet seen, but what appear to me to be extremely 
defective* Besides being totally unfit iox the purpose of 

* Those who are desirous of a knowledge of this kind, roaj con- 
salt the Introduction to my Treatite on Algebra ; where they wilL 
ind a regnlarhistorical detail of the rise and progress of the scieMe> 
from its first mde beginnings to the present times. 
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teaching, they are generally calculated to vitiate the 
taste, and mislead the judgment. A tedious and inele* 
gant method prevails through the whole> so that the 
beauty of the science is generally destroyed by the 
clumsy and awkward manner in which it is treated;' and 
the learner, when he is afterwards introduced to some of 
our best writers, is obliged, in a great measure, to un- 
learn and forget every thing which he has been at so 
much pains in acquiring. 

There is a certain taste afid elegancein the sciences, as 
well as in every brahch of politd literature, which is only 
to he obtained from thie best authors, and a judicious use 
of their instructions. To direct the student in his choice 
of books, and to prepare h\tn ptt>per]y for the advan- 
tages he may receive from then), is, therefore, the busi- 
ness of every writer who engages in the humble, but use- 
ful task of a preliminary tutor. This information I have 
been careful to give, in every part of the preset^t per- 
formance, where it appeared to be tn the least necessary; 
and, though the nature and confined limits of my plan 
admitted not of diffuse observations, or a formal enume- 
ration of particulars, it is presumed nothing of real use 
and importance has been omitted. My principal object 
was to consult th6 ease, satisfaction, and accommodation 
of the learner; and the ^vourable reception the work 
has met with from the public, has afforded me the grati- 
fication of believing that my labours have not been un- 
successfully employed. 
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ADVERTISEMENT 

TO 

THE TENTH EDITION. 



The present perfonnance having passed 
through a number of editions since the 
time of its first publication, without any 
material alterations having been made, 
either with respect to its original plan, or 
the manner in which it was executed, 1 
have been induced, from the flattering 
approbation it has constantly received, to 
undertake an entire revision of the work ; 
and, by , availing myself of the improve- 
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ments that have been subsequently made 
in the sciencp, to render it still more 
deserving the public favour. 

In its present state, it may be consi- 
dered as a copious abridgment of the most 
practical and useful parts of my larger 
work, entitled, A Treatise on Algebra, in 
2 vols. 8vo. published in 1813j from which, 
excj^pt in certain case% where a different^ 
mode of proceeding appeared to be necas^ 
sary, it has been chiefly compiled : great 
care having been taken, a.t the ^me tiraie> 
to adapt it^ as much as possible, to the 
wants of learners, and the igeperal pur-^ 
poiies of instructiox^ agreeably to the de^ 
sign with which it was first wiitten« 

With this view^ as well as in compli- 
ance witSi the wishes xrf several intelligent 
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teachers, I have, also, been led to subjoin 
to it, by way of an Appendix, a small 
tract on the application of Algebra to the 
solution of Geometrical Problems; which, 
it is hoped, will prove acceptable to such 
classes of students as may not have an 
opportunity of consulting more voluminous 
and expensive works on this interesting 
branch of the science. 



John Bonnycastle* 



Royal Military Academy^ 

Woolwich, 

October 22, 1815. 
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ALGEBRA* 



ALGEBRh is the science which treats of a genera? roe^ 
thod of performing calculations, and resolving mathema- 
tical problems, by means of the letters of the alphabet. 

Its leading rules are the same as those of arithmetic ; - 
and the operations to be performed are denoted by the * 
following characters : 

-f plus,x}r more, the sign of addition ; signifying that 
the quantities between which it is placed are to be added 
together. 

Thus, a-^h shows that the number, or quantity, re- 
presented by h, is to be added to that represented by a f^ 
and IS read a plus b, 

— minus, or less, the sign of subtraction ; signifying 
that the latter of the two quantities between which it ia 
placed is to be taken from the former. 

Thus, a— ^ shews that the quantity represented by ^ 
is to be taken from that represented by a; and is read . 
a minus ^. 

Also, a<-^b represents the difference of the two quan- 
tities a and 0, when it is not known which of them is thd^ 
greater. 

X into, the sign of multiplication; signifying that the 
quantities between which it it placed are to be multiplied 
together. 
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2 DEFINITIONS. 

Thus, axb shows that the quantity represented by a 
is to be multiplied by that represented by b; and is read 
a into h. 

The muliiplication of simple quantities is also fre- 
quently denoted by a point, or by joining the letters 
together in the form, of a word. 

Thuft, axhy tub, and^d^, ail sigpiify 4the product of 
a and b : also, 3xa, or 3a, Is the product of 3 and a } 
and is read 3 times a. 

-*- by, the sign of divisioa;. signifying that the former 
of the two quamities (between which it is placed is to be 
-divided by the latter. 

Thgs, a-irb showa that the quantity reptcesented Uj^ «i 
is to b9 divided by that ref^rescnied ^ ii aiuL is* r«ad; 
<t bv ^9 or a divided by Zf, 

nivisionls also friequeotlj^denotjedhy placing Q»c of 
the twQ quantities overnhe. atber^ Ux the. tocmof a fvac*^ 
Jibn. 

Tkuti, il^asind*- both signify tttc quotient of ^ di- 
vided bv a : and siffnifiea that a— !; is to be divided 

** ' a^c ^ 

bj « +-C* 

= eaual to, the sign of equality } srgtitfyiR;^ tiiat ttitr 
qOl»tilik%et betwetm which k i^ placed are eqn^' tor each 

Thus, x=a-^b sk€)ws tftat« fhtf qtiantitjr dtentoted by a? 
i8^e<|iiai> to-t^ ftutti of tbe-quvnti^^ a and'^7 and h read 
X equal! Xot» (Wbs M, 

3c identical to, or the sign of equivalence ; signifying 
tlRitrt4te>e9cpM»stm)»' between whicii* it is pl^rcedP m^ of 
ffta'iaarwTalue, f^ atl'vakies ofthe Iet<rers'o£^ wttttHr tfte^^- 
are composed. 

Thm> (8r4^a> x» Ix^—d) rcar^^r^, whatever ntfmeral 
vaKM« majF be given* tor tiie qufmt<Kies' r ep re a eu Oedf hf 
X and a. 



the former, of the two^ quaotilieft bcft>vve<i} irbi«fc il i# 
placed is^grc^iter th«ii* the )a(tcir< 

Tbus> a:^^ shows that the qiianliitjr ref^vSMMiled 1^ H 
is. f^eateii thai^ tlwi represeMod b]l ^ f> and H rea^ a 
greater tljatt.^/ 

3= less than, the sign of minority ; signifyingjbalitte 
former of ihetwa qMaM^lMi!}' b^w^ean* Wifioh it i« irkokl 
is ]4rafr> than- th« btter. 

I'hu^,- a:^h shov»9> iJMt (Jie q«Mif ity rq)reiiiRnlif(ll>. by tf^ 
tft- loss; Lban» t4>a( rcpre;)eiitfid by b y-attti* H read «■ IdSs 
than ^. 

:. ojy or i^iraaU :; jo^*;^ th« signs* •f an ec|ink}ky of 
raiio»>. signi%ing|that:tb«<]^i)0n^1liiB0!betwt:ort wfoithrtiief 
are placied are proportional. 

Thus, 4fr : ^ ; : c 'j d denotes* iImK' » fea^ the same iiftio 
to 6 that c has to d,. or .thaii7> b^ot <h aiFt> propc^tioiMl^; 
aod is read^' as o^ id (^ ^ s(3i isr <? to<</y or arts' lo^ aki ^ fs 
tod, 

j^ Ike radical sign, signifying that .fhe quant i^'V bo-^' 
fore which it is placed is to have* somc< root of it e»- 
ti^tlKd, 

Tbu'i^, j^a is- tlfc scyiare rbof of* d j ^a is ttc cuie 
TdOtdfa; aYi<r Vii is tlie'foiirlh foot ofa; &c. 

The roots of qu'dnfitles, are atso re^resentedT by fig^fes 
phicbil^ tfi^ rigfit h^ndf coi'het^of them,* in tlie forai of 

a Mcildti. 

I f 

T4«», a^ i»tl«§ si|t»m- tbdV of rf-,- rf^' i^ifhte^atb«Vo*H 
» 

of a; and a" is the »th root of a, or a root denoted* by 

any. aumber n. 

In like* nuuuierv o^ is the/ sqaare of a ^ ^ is-t^ie c^ib^ 

of /» ; and a" is the TWlh poweir of ay or any poWcp de^ 

noted by. the- mm^ber ^i^> 

8 i& the sign of infinity i» srgaifyiagi t4Mrt> Ute- q^n>l>k|r 
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4 DEFINITIONS. 

standing before it is of an unlimited rtlue, or greater 
than any quantity that can be assigned^ 

The coefficient of a quantity i& the number or letter 
which is prefixed to it. 

Thus, in the quantities 3b, — y^, 3 and — |. are the 
coefficients of h ; and a is the coefficient of x in the 
quantity ax, 

A quantity without any coefficient prefixed to it is 
supposed to have 1 or unity ; and wlien a quantity has no 
sign before it, + is. always understood. 

Thus, a is the same as -{-a, or -f- la ; and —a is the 
tame as — la. 

>A term is any part or member of a compound quan- 
tity, which ^ is separated from the rest by the signs + 
or — . 

Thus, a and B are the terms oifa-f-^ ; and 3a, —21, 
aujj -\- 5cd, are'the terms^of 3a— 2^-|-5c(;^. 

In like manner, the terms of a product, fraction, or 
proportion, are the several parts or quantities of which 
they are composed. 

Thus, a and b are the terms of ab, or of f ; and a, b, 
c, d, are the terms of the proportion a I b \', c I d. 

A factor is one of the terms, or multipliers, which^ 
form the product of two or more quantities. 

Thus, a and b are the factors of ab ; also, 2, a, and b*, 
are thfe factors of 2^3^ -, and a — x and ^—j: are the fac- 
tors of the product (a— r) x {b—x), 

A composite number, or quantity, is that which is 
produced by the multiplication of two or more terms or 
factors. 

Thus, 6 is a composite number, formed of the factors 
2 and 3, or 2 X 3 ; and 3a^c is a composite quantity, the 
factors of which are 3, a, I, c. 

Like quantities, are those which consist of the same 
letters or combinations of letters; as a and 3^ or 5ah 
and 7ab, or 2a«Z' and ga^b. 
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Unlike qaaiitities» are those which consist of diflTerenf 
letters, or combinations of letters; as a and b, or 3a 
and a\ or 5ab* and 7a*b, 

Given qoaatities, are such as have known valaesi and 
are generally represented by some of the first letters of 
the sdphabet ; as a, ^, c-, d, Ike. 

Unknown qoantitiesj are such as have no fixed values, 
and ane nsnally represented by some of the final letters 
of the alphabet ; as x, y, %, 

Simple quantities, are those which consist of one term 
only; as 3a, 5 a^, ^8a<^, &c. 

Compound quantities, are those which consist of seve- 
ral terms ; as 2a +^, or 3a— 2c, or /7+2^ — 3c, &c. 

Positive, or affirmative quantities, are those which are 
to be added; as a, or +a, or -|-3a^, &c. 

Negative quantities, are those which are to be sub- 
tracted; as — a,Nor — 3a^, or — 7fl^^ &c. 

Likesigns^ are such as are all positive, or all negative; 
as 4- and -f , or — and — . 

Unlike signs, are when some are positive and others 
negative; as + and —.or — and -f . 

A monomial, is a quantity consisting of one term only ; 
as a, Ibf ^3a^, kc. 

A binomial, is a quantity consisting of two terms ; as 
a-^-b, or a—b'y the latter of which is, also, sometimes 
called a residual quantity. 

A trionomial, is a quantity consisting of three terms, 
asa+2^~3c; a quadrinomiai of four, as dr— 2^+3c— cf; 
and a polynomial, or multinomial, is that which has many 
terms. 

The power of a quantity, is its square, cube, biqua- 
drate, &c. ; called also its second, third, fourth power, 
&c. ; as «•, a^, o*, &c. 

The index, or exponent of a quantity, is the number 
which denotes its power or root. 

b3 
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nnuae, -fl k the Index of a*^, 2 is tfcc index of ^«, 

i ' ' 

and 1^ of a or ^a, 

Wb^n J» flP8nt|ty ^ppwrfl W^Jthwt aqy ipdfiX.^ri^fiLpo- 
Thus, a is the same as ^\ /ip.d ?r.w libe fe^M ^ »r^ j 

)i^ I, 4j? wfih ^w> k*wg uwplly omiiird. 

finite terms, or without any r9d|^^l sigP# ((¥r fpaetlpfi^l 

An irrational quantity, pf 8pr4» u th^ vybiob l)9« no 
Sif^^ rQPt> IQ^ ^J[uq)i fi^o POly b94iipr«f^(4 i^«ttC9Q8 of 

thejnj^icalsigpipr a frapttonal mdpxj aji V/? or fi\ Ji/a'^ 

or a^, &c. 

A <qiuire>or eobe number, flrc. U that which has an 
exact square er cube roof, &c. 

TbtM, '4 and -^e^ ^ne square numbers^ and ^ and 
-570* are cube numbers, &c. 

A'nieafuvc of afiy quantity, is that by which it csm be 
divided without leayihg a remainder. 

"iPiius, '3 M a measore of Q, 7^ ^^ > measure of ^5a, 
and y^i^ of 27a«/;«. 

Commensupabie quantities, are such as can be each 
iKftdod by the^s^ine quantity, wiihont leaving a r«main> 
der. 

Thus, 6 and 8, 2^/2 aqd 3v/2, 5a^^ and 70**, arc 
oommenftorable quantities) the common divisors being 
!ik, s/%t and ab. 

Incommensurable quantities, are such as have no oocA- 
fppn measure, or divisor, except unity. 

'Thus, 15 and l6, V2 and V*3, and a^h and 4^+^» 
are incommensurable quantities. 

A multiple of any quantity, is that whicii is some 
exact number of time» that quantity. 

Thus, 12 is a multiple of 4, 15a is a multiple of 3a, 
and 20a«^« of 5a^. 



]>fiFINmONS. 7 

Xh« nacipracal of aof qiMQiilf^ is <htA ftawlJftr in- 

Thus^ the recipiocal of a, or ^^^ k^^ ami 'Kkit mi- 
procal of I* is ~. 

Jk fanctioh «£i3oe or more qaantkifis, i«4n d^HiBssi^a 
into irbvehtfaosoquati^tks enter, ia any ummet 'mlmi" 
trrei, either conbiDod^ or aot, mXth .kooivn (juttcuities* 



are functions of x ; and Ary + ^x®, ay -f jr(ax* — ^^') *, 
&c. are functions ofx and y, 

A vinculum, is a bar , or parenthesis ( ); made 

use of to collect several faaatitles into one. 

Thus, a + Axc, or {a-\-b)c, denotes that the com- 
^onod ^aaotity a^i is to be irndtifitied kf tiitt isknple 

quantity cf atidi^ab+c^, or (jadf+c^) , is the nqvare 
xoot of tlie .C(iaqx)und quantity ui^ 4- c^. 

Practical Examples for computing the numerdJ Values of 
trarious Algebraic Expt^tessians, or Combinations of 

Letters. 

Supposing a=z6, t=z5, c=4, d=z\, and ^=0. 

Thea 

, ^. 2«3--^|^Tf<r3=432— 5404-(54?»— 44. 

3. a«xa-f^-2a^c=36x 11 -240=156. 

4. ^v^/^^—xur-f- v'2a£+^*=12xJrf-8=2a 

i 

5. 3av*2«r*f cS or 3«(3«r^c«)^=18y64«=l44. 



M-*d««J-i4b 



6. v^2a«— v'2ac-4-<?*=V72*-V?^>*=V7a--«— ^^4 
f8. 



8 ADDITION. 

Required the nomeral values of the following quan* 
titles ; supposing a, h, c, d, t^ to be 6, 5, 4, I, and 0, 
respectiveljy as above. 



1. 2fl*-f 3'A:— 5(£ 
3. 7fl*+^— cx</-|-e 

. a , a— Z* . 
3* -xd -y~^2a*e 



6. 3^c+2a^2a-i'b-'d 



7. qy^q^-f ^ *-f3^c\/a*— ^« 

8. 3a«^+ V«"+ •2ac+c* 

3q— c 2q+c 



ADDITION. 

Additipn is tbe connecting of quantities together bj 
miBgm#f their proper signs, and incorporating fucb as 
areHke, or that can be united, into one sum; the rule 
for perfornniog which is commonly divided into the three 
foUoWmg cases (q) : 

CASE I. 

When the Quantities are itke, and have like Signs. 

A()d all the coefficients of the several quantities toge- 
ther, and to their sum annex the letter or letters belong- 
ing to each term, prefixing, when necessary, tbe com- 
mon sign. ' 



(a) The tenii Addition, which is generally used to denote this 
rule, it too scanty to ezpresK the ntiture of the operations that are to 
be performed in ir^ which are sometintes those of addition, and 
sometimes subtraction, according; as the quantities are negative or 
positive. It should, therefore, be called by some name signifying 
incorporation, or striking a balance; in which case, the incon- 
gruity^ here mentioned, would be removed. 



ADDITIOK. 



3a 

5a 




28a 



BXAMfLKS. 

—Sot 

— ox 
— 2ajr 



— igajp 



2^-|'3y 

*-h2y 
8^-f-y 

20^-fl7y 



2ay 


-2*y« 


a— 2r* 


Afly 


-%• 


a~«jj« 


^y 


«^. 


4a— or* 


7tiy 


-8*y» \ 


3a-5j:* 


i6a^ 


-iy 


7a— j:* 


Sax* 


7*-4y 


2a-f«« 


2«r« 


j:— 8y 


3tf+«* 


J2«x* 


3jp-y 


rt-f 2x« 


9ax« 


.T-3y 


^-h3*« 


lOoj^ 


4x-y 


4a -far* 



CASE II. 
fFhen the QuanntUs art Hke, but have uniike Signs^ 

RULE. 

Add all the affirmative coefficients into one sum, and 
those that are negative into another^ when there are se- 

B^ 



10 



•ADDITION. 



yeral of the same kin4 ji thfti? «9btract the least of these 
sums from the greatest, and to the difference prefix the 
8igD'ofl^e|;reater, annexing the common letter or let- 
ters, as before. 



— 3fl 

4:74 
— a 



»;^fMFLES, 



6jr+5ay 
•3x-H2ay 

2.v-\-ay 



I. 



"? — : 


• 

-7* * 


69^2ay 


« ■ 

-3a« 
+ IOa« 


2fly-7 

-ay + 8 

4-2«y-^ 
— 3ay— It 

+ i!W3r-hK3 


— 3ii^ + 7r 
+3fl^— l(Xr 
+ 3«^*6dr 
.— aA-|-2jr 

-|-2«*+7^ 


— 2av;x 


-.6aH2^ 


6€Uxf^-{-5xi 


+ Qj^X 


H-2a«— 3^ 


-2flrj:«-6x^ 


— 3av'x 


--5a«— fi^ 


-f3Aa:*— 10j:4 


♦T^v^ 


+ 4«^— 2* ^ 


-7ajj« + Sw* 


-4«v'x 


« 


-fajrHll**^ 


• 





> 



CASE III. 

Wh^ the Quaniilies are unlike ; 9r ^tne like and 

others imli'ke. 

RULE. 

" Cdlect all the like quantities together, 1)y niklng^bdr 
80ni.s or difTerences, as io the foregoing cases, anijl 4et 
^dwn those that are unlike, one after another^ whh tl^eir 
proper signs. 

E^AMPLBS. 



5xy 
4ax 

-^ 
• -4aLr 


2ry— 2jf 
34r*-f^y 

^«* — jry 

8a«a?>— 3»a3r 
7aa:^&ry 

2aV+ ary 


2^v— 30 
3jr«— 2ax 

3v^dP+10" 


4jy 


«a»-.TO 


^^it0^ 

-J 


!JO*«-asHfv 

W4-2aV 
fl«j5 +.12D 






+3*«y 

-Say* 

— Sy** 

+a*ji» 


2v^jr - 18y 
2j^ + 25y 


2a*— 3/iA/-r 

3a*— I3Ty 
j:y 4-32a« 

20— fi5tf« • 


-• 





^ 



12 SUBTRACTION. 



EXAMPLES FOB PRACTICE. 

1 . Required tlie sum of f (^ + ^) and |(a— ^). 

2. Add 5x— 3a-f ^ + 7and — 4a-3r-f2^— 9 toge- 
ther. 

3. Add 2^+3/^— 4c— 9 and 5a-.3^-f 2c— 10 toge- 
ther. 

4. Add 3a+2^— 5, tf-f 5^-c, and 6a -2c ^3 toge- 
ther. 

5. Add ««+a4f« + ^jr4-2 and «'Hci«4-^— I toge- 
ther. 

SUBTRACTION. 

SuBTB ACTION 18 the taking of one quantity from ano- 
ther; or the method of finding the difference between 
any two quantities of the same kind ; which is performed 
-as foLow8(^) : 

RULE. 

Change all the signs (+ and — ) of the lower line, 

- or quantities that are to be subtracted, into the contrary 

signs, or rather conceive them to be so changed, and 

then collect the terms together, as in the several cases 

of addition. 



5o«-2^ 
2a«+5^ 


EXAMPLES* 

JT*- 2y-f3 

4jfi+gy-5 

— 3j;«— lly + 8 


5fy-|-8r— 2 
3xy— 8r— 7 


3a«— 7^ 


2xy + l6x-f« 







(i) The term suhtraction, used for this rule, is liable to the same 
objection as that for addition ; the operations to be performed, bein^; 
frequently of a miied nature, like those of the former. 



MULTIPLICATION. IS 

5xy-lS 8y*— 2y— 5 JO— 8*— 3Jty 



^ZsAf-^yb 3 i/or— 5X1/* 6jc« — 8x— x| 



EXAMPLES FOR PRACTICE. 

U Find the dtiSbrence of |(iz + ^) and |(a— 0* 

2. From Sx— 2a-^-f7, take 8— 3^+a+4r. 

S. From 3a-f ^-l-c— 2rf, take *— 8H-2«?— 8. 

4. From 13j;*— 2aar4-9^*, take 5*»— 7ar— P. 

5. From 20aj:— 5v/* + 3a, take 4aj?+5x^— a, 

6. Frpm 5a^4-2^«— c+^<?-^, take b'^—aab-^hc* 
J. From ox*— ^j;*+c4p— rf, take ^j?*+eiP— 2rf. 



MULTIPLICATION. 

Multiplication, or the finding of the product of 
two or more quantities, is performed in the same manner 
as in arithmetic; except that it is usual, in this case, to 
begin the operation at the left hand, and to proceed to- 
wards the right, or contrary to the way of multiplying 
numbers. 

The rule is commonly divided into three cases ; in 
each of which, it is necessary to observe, tl^at like signs^ 
in multiplying, produce +*and unlike signs, — . 

It is likewise to be remarked, that powers, or roots of 






14 MULTIPLICATION. 

the Mflic tjnaiMtity, are multiplied together bjr adding 
their iftdkaes : tluis^ 

1 ■ 5 

ax a*, ora^Xfl*=a'; a^x^i'ma*; a^xa^ssa'j and 

a*" X «" sB^*" +" . 

The multiplication of compound quantities^ is also, 
sQ(Detunfis> barely deaoted by writing tbem down^ with 
their proper sij^s, uader a vmcolum, wiibont perform- 
log the whole operation^ as 

Sab (a—b), or 2fl^a«4- b\ 

Which method is often preferable to that of executing 
the entire process, particularly when the product of two 
or more factors is te be drvtded by some other quantity, 
because, in this ctse» aay qoaatity lAuit is common to 
both theidlvksor and dividend, may be moj^ jreadily sup- 
pressed ; as wiUbe evident from varioiw iostanoes m the 
foUowing part of the work, (c) 

(c) The above rule fior the signs may be proved thus : if b, i, be 
any two quantities, of which b is the greater, and b — ^ is ro be 
multiplied by a, it is plain thut the product, in this case, must be 
less thair tf B, because b — ^ is less than b ; and, consequently, when 
each of the tercpa of the former are JOuikipUed by ^, as above, the 
result will be 

(b— ^)XfrZ=4IB — tf^. 

For if it ymn am ] #Ay the pvoduot would be gfcater thin a», 
frbtflpLisabBturd. 

Also, if A be greater than k, and a greater than a, and it is re- 
quired to multiply b — ^ by a — >ii, the result wilt be 

(b — ^)x{a ^a)zZAn — tfB+tfi. 

For the product of b— ^ by a is a(b-^), or ab— aI> aid that 
#f B — ^ by — «, which is to be taken from the former^ is 
»-> •(B'-h)f as has been .already shown ; whence b — 6 being lest 
ifum B, it is «lNdcnt that rhe part whieh is to be t»ken away moat 
be less than #b; and coMBqucncly^atooe the6rst fMtfft of this |nd- 
4aBt »-^af » ttiB sccoa4 patt nmt be -^ai ; lor if k wtse — tf^, 
a giiater part than aa would be to be taken from a(b -^ h), which 
is absurd. 



MULTIPLICATION. 15 

CASE I. 
Vf^hen ike factors are hoth simple tfuantities. 



Mid toifat prodciet mines, all ibit iQtkm* <h: tbeir f^w^ra, 
Iw Ung Wig tQ-c«cb, srfier the maiuwr of « w«f<l; «9d tbe 
result^ with the proper sign prefixed^ will bet^aprodiict 
required (J). 



i2a , 
9h 


EXAMPLES. 

-2a +5a 
-f 4^ — 6x 


—5bx 


^Quih 


— 8aZ^ 


—30007 


+A5hx^ 


• 

7ab 


— 6a'ar 

-f 5* 


— 2jry« 












, 3a^ 
2ba^ 


12a«a: 
— 2ar»y 


• 

— 6xyz 
i-ayH 


— a^ 


y 




• 



{d) When any number of quantities are to be mAtiplierf «oge- 
tflcr, it 4s the same thir^e in whatever ofd^r tlrey-aVeptMed.' thus* 
if ah is to be multiplied By r, the pcoctuet isehli^rta^r, uc^Ofiia, 



16 MULTIPLICATION. 

CASE n. 

IVhen one oft?tefaciws is a compound quantity r 

RULE. 

Multiply every term of the compound factor, consi- 
dered as a multiplicand, separately, by the multiplier, as 
'in the former case,* then these products, placed one 
after another, with their proper signs, will be the whole 
product required. 



3a— 2^ 
4a 


EXAMPLES. 

eJry-S 
3x 


a«— 2jr+l 
4x 


12a«— 8a^ 


)&c«y— 24x 

35j<*— 7a 
— 2jr 


4a«j:-8x«-f4JP 


12x— a^ 
5a 










—2a 


25xy + 3a« 
J3x« 


3««— xy— 2y« 
53fiy 




• 







&c. ; though it is otual, in this case, as well as in addition and 
subtraction, Jp put them according to their rank in the alphabets 
It may here mo be observed, in conformity ro the rule friven above 
for the signs, that (-|-«) X ( +*), or ( — fl)x( — 6) =:+«*» »«<* 
<+a) X (- h), or (- «) X (+6) =- «k. 



MULTIPLICATION. 
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CASE in. 

When hoiA thejactors are compound quantities^ 



AULB« 



Multiply every terra of the multiplicand separately ^ by 
eadi term of the multiplier, setting down toe products 
one after another^ with their proper signs } then add the 
^veral lines of prodticts together^ and their sum will be 
the whole product required. 





EXAMPLES. 

5X'\'4y 
3x-^2y 

15x*-i-l2xy 

-lQry-8y* 




+^y+y« 


x^-^-a^y-^xy^ 

— ^~^y*+y* 


a«+2jy+y« 

jT+y 

x-y 


15jr«-f 2xy-8y« 
x^+y 


x^ * — 2ar|y*+y* 

^+^+y* 


jfi+xy 


x* + x^ 
^x^y-^y' 

x'^2x''y+y^ 


x^-^-x^y-^xy^ 
—x^y-xy^-y^ 


a^*^y* 


x^ * *«-y3 



EXAMPLES FOR PRACTICE. 

1. Required the product of ^—ory+y* and x+y. 

2. Required the product of .r' + x'y-fary'+y^ and 



18 DIVISION. 

3. Required the product of JJ■*+J^y+y^ and a*— 

4. JRa^iiired tfae product of 3jEA-<-2iy-l-^, andx*+ 
2xy— 3. 

6. Required the product of 2a*— 30x4- 4x^ and 
5a'— ear— 2j^. 

0. Required the product of 5j?'+4ajj*+3<«*jr+/i% and 

2j:«— 3aj:4-fl'. 

7. Required the product of 3jr'-|-2j:*y'+3y', aod 
2.x«— 3:r^' + 5^'. 

8. Required the product of x'— ar« + ftx — c, and 

DIVISION. 

Division is the converse of multiplication^ and is per- 
formed like that of numbers ; the rule being usually di- 
vided into three cases; in each of which like signs eive 
+ in the quotient, and unlike signs —, as in finding 
their products {e). 

It is here also to be observed, that powers and roots of 
the same quantity, are divided by subtracting the index 
of the divisor from that of the dividend. 



Thus 



I, c^'-^a*, or —- =:a} ar-T-O' $ or ~=ra*'j 



"' aT 



3 



a*-5.aT, or^=a"^j and tf^-f-tf", or— =a**. 
al. 



(e) According to the rule here given for the signs, it follows 
that 

as will readily appear by multiplying the quotient by the divisor } 
the signs of the products being then the same as would take place 
in the former rule. 



Df¥IS¥QC^. »9 

CASE J. 

iVhtn th9 Jkns^r and dividend are loth equaf quantities. 

Set the dividend over tlie divisor, in the manner of a 
fraction, aqd redoee it to its simplest forjn, by excelling 
the letters and figui^i that are common to each term. 

EXAMPLES. 

a €t 

4ax 3 a^a, or -=: 1 j and a-s — a, or = — 1 . 

a —a 

— "2^ , , T i i 

Al^ — 2a-{-3a, or ^—ri and0j7*-f-3a:%=3^ 

1. Divide l6jr« byer, and !2a«a:^ by -Sa^j:. 

2. Divide — 15ay* by.3«y, and — I8aj:^by —Sax, 

3 . Pivide - -.^* t)y « a*, and or^ by - ^ aM. 



CASE il. 

i^ife^ the diifihior h a simple quantity, and the dmiend 

a compound one. 



■f» 



KUtE.' 



Divide each term of the dividend by ihe divwor, as in 
^lie former case $ setting d&wn «ucii as will not divide in 
<6e simplest form they witi admit of. 



ao DIVISION. 

1 

KXAMPLB8. 

(lOrt^— 15flx)-j-5a, or — — — =2^ — 3r. 

5a 

30ajr— 48ar* 

(SOflor— 48x*)-f-6r, or ^ — '. — =5tf— 8x. 

ox 

1. Let SjT'-f-Sx'+Sajr— I5j: be ilivided \^ 3x. 

2. Let 3a^c+ 12abx^ga!*b be divided by 3fl^. 

3. Let 40a5^-f 60a*^«- I7a^ be divided by —aL 

4. Let \5a*hc^l2acx*+5a(fibed\yidedby —5ac. 

5. Let 20ajr-f I5ar^+ l()ax+5a be divided by 5a. 

CASE in. 

When the divisor and dividend are both compound 

^luantiiies. 

AULB. 

Set them down in the same manner at in division of 
numbers, ranging the terms of each of them so» that the 
higher power of one of the letters may stand before the 
lower. 

Then divide the first term of the dividend by the first 
term of the divisor, and set the result in the quotient, 
with its proper sign, or simply by itself, if it be affirma- 
tive. 

This being done, multiply the whole divisor by the 
terra thus found ; and, having subtracted the result 
from the dividend, bring down as many terms to the re- 
mainder as are requisite for the next operation, which 
perform as before ; and so on, till the work is finished. 
as in common arithmetic. 



DIVISION. 21 



RXAMPLES. 









4a*x -^Sax^ 
4a'^x-^4ax^ 



ax'^+x^ 






— 6a:*+27J? 



9^^-27 
9j:-27 



2a DIVMiiON. 

2r«— 3ff:r + rt«)4jr*— 9a2ji^-f 6aST— (r*(2x*4-3fljr-rf* 






> iW I M 



— 2rd*t*-f 3 a^x—a* 



< > II »■ 



Note 1 . If the divisor be not exactly contained in 
the dividend, the quantity that remains after the division 
18 finished", rtitrsf &e placed otw the'Avisdr, it the end 
of the quotient^ in the form of a fracTiOtT: thus (/) 

2x^ 



eH-x 
a^-^a^x 



ax'^—x^ 
ax^-^-x^ 



■(/) In the case here given, the operation of division may be con- 
sidered as terminate'], when ilie fiigRcst'poWcr of the letter, in the 
first, or leading term of the firmaiilsrler, by which the process is re- 
gulated, is less than the pcAft^-of .the first term of the divisor; or 
when the first term of the divisor is not contained in the first term 
of the remainder; as the succeeding part of the quotient, after 
this, instead of being integral, as it ought to be, would necessarily 
become fractional. 






x^-^x^y Z^ + y 









9. The-difmbi»of qnanfittef fttiTf ifbo he sometimes 
carried on^^ ad infimtum, like a decimal fraction r rn 
wMcR-esssei a ibw of fbe leaeKti^ teritn of ffxe ^tnHieAt 
will generally be sufficient to indicate the rest> wfAoat 
its lehi^ oe c c ysary to ccmrinue the* operafftm : fhtis^ 

il2 ^E^ Ty jjt 

a a^ a* or 



—a: 






^ 


"^ 3, •" 






a 




««• 




« 




- + - 




X3 




a* 




X* X* 




•M» «M.«»-i.« 




«» 9^ 
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And by a process similar to the above« it roaj be shewn 
that 

a . X jr* x* X* X* ^ 

= 1+-+— -f -T +-T+"T+*^'C. 

a — * a <r c^ tr a* 

Where the law, by which either of these series may be 
continued at pleasure, is obvious. 

« 

EXAMPLES FOR PRACTICE. 

1. Let fl*— 2ar+j,'* be divided by a— x. 

2. Let j;3«_3tfj^-|-3tf9j7-.fl3 ^g divided by x— <f. 

3. Let a'-f5a*x+5rtx'*-|-x* be divided by a-f-x. 

4. Let 2v' — 19y*-f 2(5y - 1 7 be divided by y - 8. 

5. Let x*+l be divided by x-f 1, and x^— 1 by 
X— I. 

6. Let 4a^— 76ax«— 64ii'x+l05a3 be divided by 
2x— 3a. 

7. Let 4x*--9x«+6x-3 be divided by 2x«+3x— 1. 

8. Let x*-—a'*a;*-f-2a5x— a* be divided by X*— ax+a*. 

9. Let fix*— 96 be divided by 3x— 6, and a?+x* by 
a+x. 

10. Let32T*-f 243 be divided by 2x+3, and jfi-^a^ 
byx— a. 

1 1. Let b*''3y^ be divided by ^— y, and a* + 4a«^+ 
3^* by a +2^. 

12. Let x'+zx+y be divided by ;r-f a, and x*— px^^ 
yx-— r by X— tf. 



OF ALGEBRAIC FRACTIONS. 

Algebraic Fractions have the same names and 
rules of operation as numeral fractions in common arith- 
metic } and the methods of reducing them, in either of 
these branches, to their most convenient forms, are as 
follows: 



ALGEBRAIC FRACTIONS. 25 

CASE I. 

To find the gretUesi common measure qfthe term^ 

of a fraction, 

KVLB. 

1. Arrange the two quantities according to the order 
of their powers, and divide that which is of the highest 
dimensions by the other, having hrst expunged any fac- 
tor, that may be contained in all the terms of the divisor^ 
without being common to those of the dividend. 

2. Divide this divisor by the remainder, simplified. Un- 
necessary, as before; and so on, for each successive re--- 
roainder and its preceding divisor, till nothing remains, 
when the divisor last used will be the greatest common . 
measure required ; and if such a divisor caonot be found, 
the terms of the fraction have no common measure. ^ 

NoTB. If any of the divisors, in the course of the ope- 
ration, become negative, they may have their signs 
changed^ or be taken affirmatively, without altering the* 
troth of the result ; and if the first trrm of a divisor 
should not be exactly contained in the first term of the 
dividend, the several terms of the latter may be multi- 
plied by any number, or quantity, that will render the 
division complete. (^) 



(g) In finding the greitest common measure of two quantities^, 
either of them may be multiplied, or divided, by any quantity,. 
which is noc a divisor of the other, or that contains no fEictor which, 
is coromon to them both, without in any respect changing the 
jcnilr. 

It may here, also, be farther' added, that the pommon measure,, 
or divisor, of any number of quantities, may be determined in a 
simSar manner to that given above, by first finding the common 
measure of two of them, and then of that common measure and a., 
thind ; and so on to the last. 

c 



2(|. AteSflSAIC. FBACTIOMB. 



EXANWUD. 

r 

fradioh . . . 

-•-1 k. 






» 1 1 






X.RciiswFeid i]begreate9t.c»i»inaaitteaiiW6.of. tbo.69C9 
. -tiott 



or ;r+ h | x« + 2^i:+ ^»(r + f 



WlMV^jr^^it HMgrMiMt €0iiHiKi»m«Mor»i«^uirick 



3. Re^Qired the greatest common measure of the frac- 

3n«--2a— 1 
tion — : . 

3a«— 2a - 1 )4fl^ - 2a«- 3a + 1 



J2a3— 6a^-9a + 3(4a 



a(l^-*5aH- a>3a^«-2a!>^ I 
2 



11a— 11 era— i 

Where, since a— l)2a«— 5a + 3(2/i— 3, it follows that v 
the last divisor a^\ is the common meanufn re^uire^l. . 
IrrwfiiblT e^^tb^'commoA process 1^!«, been inter^ 
rupted in the last step,, merely to prevent the work over- 
runnii^tl^paget 

A, It is required to find the greatest common measure 



5. Required the greatf^st common measure of the ffM^ 

a* — JT* 
lion ■ ■ ■ • ■' j^ ' "* *' ^. 
a'— tf%- Qv'^^ 

6. Required the greatest common measure of the frac- 

j:*+a«x«+fl*" 
tion — . ; r 

X* + aj^ — a'x— a* 

7a«— 23a^4-6i^« 

c 2 
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CASE II. 

To reduce fractions to their lowest or most simfU terms* 



SVLB. 



Divide the terms of the fraction by any number, or 
quantity, that will divide each of them without leaving 
a remainder ; or find their (greatest common measure, a* 
in the last rule, by which divide both the numerator and 
denominator, and it will give the fraction required. 



BXAMPLBS. 

o^hc x^ 

1. Reduce — rrrr and • to their lowest terms* 

e^bc c % ^ 9 

Here , .., = -r Ans. And — -— , = — ; — Ans. 

2. It is required to reduce — to its lowest 

terms* 

Here i-jr+jf* |^*c-ha^x 
or c+x I •a*<:-|-aV(a« 
a^C'^-a^x 



WliCDce c+j: is the greatest common measure \ and 

car+j^ X 

^+') "T"; — T" = -r the fraction required. 
a*c-^ a^x a* 
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3. It is required to redtice -r rr to its lowest 

teroM. 



or x-^rfj 









Wheabe x-^-h is the greatest common measure; and 

j% jfLg ^ Ij^ 

'+^) ;, . ^1 7z = 7- the fraction required. 

And the same aoswer would have been found, if o;^^ 
b'^x bad been made the divisor instead of x^-^-lbx-^ b*, 

4. It IS required to reduce -7 r-; *o i<« lowest 

terms. 

5. It is required to reduce ^-- --— to its 

lowest terms. 

2vr' ~~ 1 CwC""" 6 

6. It is required to reduce — ;: — x": to its lowest 

term. 

9j:»— j;'— 4j:*+1 



7. It is required to reduce 



15j:*-2j;«— 13:1*— 2x-*-2 
io its lowest terms. 



so jKlsesiiak it&MnriOMs. 

CASE m. 

Tq reduce a mixed quantity to an improper frcuitttfn. 

Multiply the integral part "by fhe denominator of the 
fraction, and to the prodpct add the numerator, when 
it 1^ tfffirmative, er subtract it ^hen negative; then the 
result, placed over the denominator, will give the im- 
proper fraction inquired. 

EXAMPLES. 

I. Reduce 3y and a to improper fractions. 

^5 5 % 

.^^ lb m.K€ — If ^mc-^ .^ 

And a = ■> ■' cz — '"r^ iAX>Bp 

c c c 

3t ficdirce . *+ r- tmd ar— — — to iitiproper fhic- 

., X X 

Hercx+- = = Ans. ; ; 

, , 4**— j?^ x*-a'+j:« 2a;*— a* , . 
Am 4^ =s'-r— —*-*»«—?* oc - I 'li n >» AYis. 

0? X ' X 

2x ;» .' 

3. Let 1 be reduced to an improper frachon. 

■9 

4. Let SU'- — ^^ be reduced to an improper frai;tiQQ. 
- , 3. txt ir— - "^ be fedoccd ttsrMiilinriyober Irac- 



tton. 



4 • 
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3x 
lion. 

7- Let 1 bfcTcAttt:edli^«iimt>f#p6rfnic- 

tioa. 

^ 3 ^ 

8» Let 1 +'2x — be riederewi to Mi. iivrproper 

5x 
fraction. 

CAS« iV» 

To reduce an ii^proper fraction h a wKoh 6r miteii 

quantity . 

RULB. 

lyiyide the atitnerator by the denooiinat ot, for the iiw 
tcgral partj and place the remainder^ if a)iy» oi!^ the 
denominator, for the fractional part; yheo the cini^, lolnfed 
together, with the proper sign between tbeih; wtit gtv& 
the mixed quantity requived. | 

BJUMPLlftft. 

1. Reduce -^ and #» .mixed ftuambiai^ 

5 X 

Here ^=27-7-5=* Ans- 
o 

And zUl^Zl. =(«Kr^a^.f-«f=<i^— Ans. 

J7' . X 

2. It b requtred to vedtiee the fraetion - — -^— ta 

^' • • ■• • ip 

9 wlide quantity. 

oi— ^* 
.3. -It Is reaairod to reduce 4ie ftjctioti ■ '^ / — It 

a mixed quantity. 
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4. It is required to reduce the fraction to a 

rolled quantity. 

5. It 18 required to reduce the fraction ^ to a 

whole quantity. 

, 6. It is required to reduce the fraction • 

to a mixed quantity. 

CASE Y. 
To reduce fractions to other equivalent ones, that shall 



ea\ 
Je\ 



have a ahnman denominator. 



BULB. 



Multiply each of the numenitors, sejiarately, into all 
the denominators, except its own, for the new numera- 
tors, and ail the dem»ninators together for a coaunon 
denominator (A). 

BXAMPLBS. 

1. Reduce t itnd - to fractions that shall have a 

b c 

*^omaion denomiiialor. 

HereaXC3:ar\ .. ^^^ .•^«*-«.*^r« 
1 ^ A— iji y. "le new numerators. 

txcj:,be the common denominator. 



(k) It may hcfe be fcmirkcdt tbac if the naaoerilcAr aad denomi- 
nator of a fraction be either both multiplied, or both dividedy by the 
-tame number, or quantity^ itt value will not be alteicd t thus 

^ <x8 _e a _ a-i-a i ^ •^•c ^ «*^i 

-•la'^jxa""9' "iia*"i«-ra^4 ' *""ftc' *c""c 
which method is often of great mic in reduchig fra€tion%fiioie 
4i\y to a common deiKNninator. 
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Wlienct, T and -ss 7-7 and — , the fractions required. 

2r ^ 

3. Reduce — and - to equivalent fractions having 

a oommon denominator. 

3. Reduce -r and to equivalent fractbns har* 

ing a common denominator. 

3x 2^ 

4. Reduce —, — » and d, to equivalent fractions 

having a common denominator. 

3 2jp 4x 

5. Reduce -, — « and a-\ , to fractions having 

a common denominator. 

o. Reduce -, —-, aind , to fractions having a 

% 7 a—* 

common denominator. 



CASE VI. 

Ta add fractional quantities together, 

auLS* 

Reduce the fractions, if necessary, to a common dono- 
minator; then add all the numesators together, and 
under their sum put the common denominator, and it 
Will give the sum of the fractions required (t). 



(<) In the adding or Bubtncting of mixed qoantities, itiibett'to 
brinf; the fractional parts only to a common denominator, and ihea 
to affix their sum or difference to the aum or difference of the inte-> 
gral parts, interposing the proper sign. 

c5 



. ^ 



1. It is required to find tbe^^um of- and. -. 



And ^x3^^ the coorniDD denoMinitor. 

3x 2jr 5x 
Whence -^ + -^ = -^, the witti ttqtlired. 
o o o 

3. It is required to find the sum^f **>, j, and ^. 

Here axdxfzzadj^ 

€ jKt >(f=:i:(f > the nutnetatoos, 

exhxd=:^bdj 



And bxdxf=:bdf the comn^Qp denominator. 
3. It is required to find the sunoi of a 7- and ^ + 

HCLX 

. Here^ taking only the fracUoiml part^ 

Wchallhavc {^f^J,J=Sx} *e numerator,. 

And tKc^z^bc tbe.c«iKMxiqa denomip^tor. 

.Wl«.eea- ^ 4- » + ^ = «+»+ ?fc?^ 

PC Ac ic 

the turn 

2x Sec 

4« dtft640qii«cd'toAAdtbe««Biof «m,* and -e» 
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(J. It js required to find tbe sum of -, -, 4ind - 

Ax JP— i 

7. It is required to find the sum of — and -^— 

8. Bequirotftlietaiii'or iM^^a^ — iind tt- — 

9. Iletjulred the suqi of ^^-f -t-# ^3;^ ^ ~~Z' 

10. Required the sum of 5jr-J — — and 4x— . 

11. ItissefUHPed l»fiiidtheMiiiiofft9,?pf» 4Dd 

4x 

CASE vn. 

." ■ < • 

To'inhiract one fractional fuaniityffom anotktr, 

RULE. 

■ 

. Reduce the -fraetious to .a coipimm idepomMiatMr» if 
aeceisary, as iii-.addition ; tbea subtract tbe less nume- 
rator from 4liie greater* and undpr the .dUTecence write the 
commoB denominator, and it wi!l give llie difereoce of 
tbe fractions required. 

BXAMPLES. 

t. It.ts reqjatfed to fiod t?be d WKt r ea u ef >m — and — 

«f o 

^^'> ^x3=5^} the numerators. 

-A.nd 3x5*2^1^ * tne €iuniii(Hi fleoMiivMi'.ot* 

Whence ~ = — , the difference requircM^ ' 

15 15 15 ^ 
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2. It is required ta find the dilfference of -— - and 
2a— 4j: 



3c 



Aod 2^x3c=€^c the common denoroinator. 

,_,, Scar— 3ifc Aab^Sbx Hc^x^laC'-'Aab+Bbs 
"Whence — ^r •^ =: ir~^ 

4he difference required. 

12jr 3x 

^. Required the difference of and --• 

7 5 

4. Required the difference of I5y and ^ 

ox ox 

6, Required the difference of r and 



x-^a X 

6. Required the difference of x— and * 4- ;j7 



ILb 



O'^X 0'\'X 

7. Required the difference of a H — »-^ and a— 



2x4-7 
8. Rirqnired th^ difference of aj4- — —^mAx-- 

bx^t 



21 

* g. .Requited the diierence of 2jr4- — — , and 3x4- 
llx— JO 

-IT' 

40. .Requife4 the difference of a-|- ^ . ■ and 
l^tf— x) 
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CASE VIII. 
To muJiifly fractional quantities together^ 

lULB. 

Multiply llMipiiroeratorft together for a new nuiuera- 
tor^ and the denoroinaton for a new denominator ; and 
the former of these, being placed over the latter, will 
gire the product of the fractions, as required (k). 

BXAMPLBS. 

1 . It is i^nirad to find the product of- and — . 

Here ^ = "r: — ;^» *^® product required. 
0x9 *^ *7 

2. It is required to find the continued product of 

jc 4x , IQx 
-, — ^ and -— — 
2 5 21 

arX4j:Xiar 40x^ 4a^ . 
Here -- — - — —— «» ---- = —-•, the product. 
2X5x21 210 2K ^ 

X a^'X 

3. It is required to find the produc| of- and . 

Here — 



ax 



=s —- , the product. 



(It) When the numerator of one of the fractions to be multiplied* 
and the denominator of the other, can be divided by tome quantity 
which b common to each of them, the quotients may be used in- 
stead of the fractions themselves. 

Also, when a fmction is to be multiplied by.an integer, it is the 
same thing whether the numerator be multiplied by it, or the deno- 
minator divided by it. O, if an integer is to be multiplied by a frac- 
tion, or a fraction by an integer, the int^er may be considered as 
having unity for Its denominator, and the two be then multiplied 
together as usual; m^ 



4, It is required to find tbe prodact of — and --y- 

5. It is required to find the product of — and ; — 
^ it is rtqaired to Snd -tlie oenHiiiiifd prodirot of 

7. It is required to find the continued product of 

2x 3alf 5ac 

— , — , and —T 

h9 

8. It is required to find the product of 2itH — and 

3a 

or 

9. It is required to find the conttnoed |irodiict f>f 
tx, , and - — T 

10. It is required to i6nd the condnued product of 
■' , y» ^ , ■ % # and a+ - 



XULSE IX. 

HtJtJR. 

Malttply tl» <io ii€iiii w wrtur ♦f <be idiwaw b^ttbi 

rator of the dividend, fbi* the. nutnerator ; vnd the tNniie- 

jator of tliie'divi^or by the denocpinatpr cf the diddend« 

iar tbe dMwmUuUor^ QiU wbicb ia more ^icoaveoie^jt in 

Upractice^ rouhiply the dividend by the jwipNml #f 
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the divisor, tad .tbe jroduqt will liq the quotient re- 
quired (/)• 

1. It ifjtc|ui«rdio^ditfi(ifi ^ by^^ 

• 2. It is required to divide —7- by — r- 

2a " (i liad ad 
Here -7- X -7- =77- =57- -^o** 

3. Itisrequir^f|04iiiHd9 -^-^tby ^ ' ■ ■■ 

_^ ar+a 5;r+a 5a?*4-6aa7+a* . 
Here — — i^ ■ tA — — Ans. 

= 4. It* feqoired to dtvrde --^:^ * 



» ■ 



7x 3 

«. ft ii teqatredtd divide ^iby- 

'C It is required to «vide ^^-^ by 5^. 

7 * 



M Vnmkm fiiMtioft n t»te ^ividod'faj ao itrtc^er* it it the«|ime 
nmnsirlittlHr tte<|Mtaariior:tedi«iltdibfit^ or tlKdoDocBfiiaMr 
■wliiptiiiMill Ifc 

Ahlo, when the twoinniiionrtata^ •r ttwtwodHioiiiiMtMB^ <!in 
sbi 4ifvMid i>7 -mAk. QOHMntiii ^mntktiff kbat qontltf mtjr be 

fifsc proposed. " 
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, 7. It IS required to divide — t=— by -— - 

O o 

X X 

6. It it required to divide by - 

2<ur4'd^ jr 

9, It is required to diride — ;~-7 by «— — 

I a It is required to divide -r — -7 — -7; hj r- 



INVOLUTION. 

Imvolvtioii is the raising of powers from any pro- 
posed root ; or the method of finding the square^ cube, 
biquadrate, 5rc. of any given quantity. 

aVLB I. 

Multiply the index of the quantity by the index of the 
power to which it is to be raised, and the remit will be 
the power required. 

Or multiply the quantity into itself as numy tjoaes less 
one^ is denoted by the index of the power, and the last 
product will be the answer. 

NoU. When the sign of the root b +# all the powers 
of it will be + s and when the sign is — » all the even 
powers will be -f, and the odd powers — : as is evident 
from multiplication (m). 



(m) Any power of the product of two or more (raaatMei is Mil 
tothettmenowcrof cachof ihelneioff mutriplied cogetfifr. And 
any power of a fnctioQ it equal to the Mine power of dbeaamcfator 
divkwd by the like power of the dennminttor. * 

AU09 «** raited to the «di power it*"" \ and — a raited to tlie 
Nth power it dba^f accordin§at niaaaevtaoraaoddnumher. 




INVOLUnON. 
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a, the root, 
o^sstbe iqaare. 
o^scabe. 
a*ss4th power. 
ii^s=5th power. 



fiXAMPLBS. 



a* the root, 
a^a square, 
a'sscube. 
a^s4th power. 
a*^ss5th power. 
kc. 



—3a the root, 
-f ga^=5tbe aquare. 

4-81a*s4th power. 



- toe root. 
a 

a? 



ss square, 
s cube, 
s 4th power. 



— 2iM^ the root. 
+4a*x^s^uare. 
— Bo^jc'sscube. 
4- I6a^x'ss4ih power. 



2aa« 
3^ 



the root. 



. ss iquare. 
= cube. 



ar-*a the root, 
jp— a 

«•— a* 

jr*— 2fljf+«« fquare. 



jT-f a the root. 



Jt*— 34f4f +3rt*x— fl' cube. 



27^ 
+ -Ql^ =4th power. 



j;*4-2«x+a* iquare. 



+a*«4-2a«jr4.a» 



*«-f 3aj«-f 3fl*x+<^ cube. 

b3 
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EXAMPLES FOR PRACTICE. 

1« Required ifie^d^e, or third power, 'C'^^^* 

2. Reqviifredltoi'bi^iidratc, or 4tb fomw^ «f 2a*x. 

-2 

3. Required the^iibe, or 3d power, of -^ -j;y 

3 

4. Reqviiii^ the tfiquadrate, or 4th power, of — 



5b* 

5. Requtmd the 4th ^wer of a+x^ and 4he 5th 
power <]if ,a**^» 

RULE II, 

A binmiwil er residual quantity, may also be readily 
raised to any power whatever, as follows : 

1. Find the terms without the coefficients, by c^erv- 
ing that the index ttf the first, or leading ^quantify^ be- 
gins with that of fhe^ven power, and decreases con- 
tinually by I, in evciy term to the last $ an4 ^at 4n the 
following quantit^^ the indices of the terms are 1^ 2, 3, 
4/*e. . 

2. To find Ihe coefficients, observe that those of the 
first and last terms are always 1 1 and that the coefficient 
of the second (term is the index of the power K>f the.fint : 
and for the rest, if the eoefficient of any term be muhi- 
plied by the inden of 4he4eading quantity in it, aa44he 
product be divided by the jDumber of terms to that plaor, 
i t will give the -eoefficient of the term next CBlloming. 

Note. The whe)e%«Kiiber of terms will -be-eoe -mere 
than tbeiindex 4>f4he given power ; .etid when tbotk 4enns 
of the root are + , all ihe ierros of the power will be -f ; ' 
but if tne second torn be — ,all the odd terms 4«4U he-f , 
and the even tenns -•5'ort which is the aame thifigy the 
terms wiM be «f and — alternately (» ). 

fn) The ^tilclieft ghrcn, which irthe same in the sue of integral 
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EXAMPLBS. 

Hf re thjB terros^ witjiout the QQcfficjeats^ are 

fl*, a^x^ t^jfl^ aV, flj;*, x*. 
And the coefficients, according to the rule, will be 
5X4 10X3 10X2 5x1 

* ' 2 •' 3 4 1 

or !♦ 5> IQi iC^ A» If 

WJieoiaB;tte«Dlm^lib j^mpct of w^x^a 

2. Let a^x be involved, or raised, to the dtb 'poirtr. 
Here the terms, witJioiKtAbeir. coefficients, are 

. »a% a^^# -ft****^ ^^> a'j^;* ^f ^' 
And the coefficients, found as befure, are 

^ ^ 6X5 L5x4 20X3 15X2 6xij 

» .3 ' .4 ' 5 ^ 6 

« I, e, J5, :W), 15, C), 1. 

Whence the entire 6th povirer of a —or is 
#« -r &»*;c 4r |.5irta^r-,2QaV 4-l,54*J^ - Sax* + -»• 

powers as the binomial theorem of Newton, «uqrte«iipfts90d4n 

Wliieh fonhulae will, also, equally hold when m is a fraction, at 
will be more fully explained iKreafter. 

it nray, also, be Tarcher observed, that the sum of the coefficients 
in every power, is egpal tQ the number 2 raised to that power. Thu» 
.« + > — a^ fpr the first ppwer; i + 3-^-j:r Aira*, for the square; 
' 1 +34-3 + l^=8^:r93, for the cube, or third i^wer } and sv on. 

0^ 
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3. Required the 4 th power of a+x, and fhe 5th 
power ofa-^x, 

4. Required the 6th power of a-f «, and the 7th 
power of a— y . 

5. Requirra the 5th power of 24-jr» and the cube of 

EVOLUTION. 

EfOLUTiOKt or the extraction of roots, is the reverie 
of involution, or the raising powers; being the method 
of finding the square root^ cube root« &c. of any given 
quantity. 

CASE I. 

To find any root of a simple quantity. 

RULB. 

E&tract the' root of the coefficient for the numeral 
part, and the root of th^ quantity subjoined to it for the 
literal part ; then these, joined together, will be the root 
required. 

And if the quantity proposed be a fraction, its root 
will be found, by taking the root both of its ounierator 
and denominator^ 

Note. The square root, the fourth fX)ot, or any other 
even root, of an affirmative quantity, may be either -f or 
— . Thus, v^tf^rs 4a or *tf,and V^a= +^ or — ^, &c. 
But the cube root, or any other odd root, of a quantity, 
will have the same sign as the quantity itself. Thus, 

Va'=^i V— a'=— a» an<l V— «*=—«* ^c* («) 



(«] The rcKon why -fa and —a tre each the iqttare root of «(* {■ 
obvkMU, since, by die rule of muldplicatlon, (-{-•} X(+«} and 
( — aJxC— a) are iKMb e^iual to «*. 
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It may here, also, be farther remarked, that any even 
root of a negative quantity, is onaisignable. 

TbaSj '^— a' cannot be determined, as there is no 
quantity, eit bier positive or negative, (+ or — ), that, 
when multiplied by itself, will produce — a^ 

XXAMPLB4. 

1. Find the square root of g»*i and Ibe cube root o( 

ax*. 

Here v^ir'se ]y/Q x v^jj^ssS x x=:3jc«. Ans. 
And V8**==^V8Xv^x'=;2Xxss2jr. Ans. 

2. It IS required to find the square root of , and 

4c* 

the cube root of r-. 

Here v^-rsss — rr= — -, and V— •:;r-T==— «-• 

3. It is required to find the square root of 4a'i^. 

4. It is required to find the cube root of — 125a'^. 
5* It 18 required to find the 4th root of 256a^3fin 

6. It is required to find the square root of ^ 

8a' 
7« It is required to find the cube root of -rr^ 

32a*j:Jo 

8. It is required to find the 5th root of — 

^ 243 



And for the cube root, fifth root, &c. of a iLCgative quantiry, it 
is flain, from the same rule, that 
(— «)X(-a)x(-^«)=— aJ; and C— flJ)x( + Xa«)z=-«S 
And oonsequently 5/— a^s:— a, and ;{/ — aS=:— «. 



4* EYQWTJfm ' 

G4iSBH.. 
To* extract the s^uiuc0 rooi of a ofrnfftw^i qnantit^, 

£fULK. 

!• Range the terms, of^ wWcb the quantity is com- 
posed^according to the dimensions of someletter in them, 
beglnnftlg'tH'fb'fhe'lWgherti and'set tttertJofoftftte»6fit 
term in the quotient. 

2. Subtract the sq1»a^erof ttii» t^cMlt, tthis^fbdrnP^ ifom 
the first term, smd^bfing^ down tte^ twtr neiiip tefnil to 
the remainder, for a dividend. 

3. DimUe tHe d^Viilen^, rimrfbonrd, bf tfdnble' thrit 
part of the root already determined^ and set the result 
both in the qaotienfand divisor. 

4. Multiplj^ the divisor, so increased, bj the term of 
the roQLkftt plibCbd kFtbe^uotlebt^aorftl subtract thi^g^- 
duct^from ther dividend ; and so^n, m\i^ common arith- 
metic. 






y ^^m^f* »< \ 



ix*— 4jr+ 1)2j:*— 4jr+ 1 



3; Extract tfee^ squsreroot ol^ 4aH* t2«^*-f r3dV--H 
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4fl^4- 3ax) 12a»jr-f J 3flftr« 

4«F^Cfc« + «^4«W+ Car* + «^ 

4flV-i-6ax»-»ra:* 

NoU. Wbea the qoantlty to be extracted his no exact 
root, the operation may be- carried' on as /ar as is thoogftt 
oecetiary, or till the regularity of the terms showr the mw 
by which the series wooiyr be continued. 

EXAMPLE. 

\. It is required to extract the square root of 1 -}-x. 

1 
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« 

Here> if the numerators and denominators of the two 
last terms be each multiplied by 3, which will not alter 
their values, the root will become 

, * X* ^ 3x^ 3.5x* . 3.5. 7x^ 

2 2.4 ^ 2.4.(5 2.4.6.8 ^ 2.4.0.8.10 
where the law of the series is manifest. 

EXAMPLES FOR P&ACTICB. 

2. It is required to find the square root of a^-}- 40^x4- 

3. It is required to find the square root of ar^~22*-f- 

2 * 10 

4. It is required to find the square root of 4jr*^4x*4- 
13x*— 6jr+9. 

5. Required the square root of x* + 4r* -|- 1 Ox* + 201^ + 
25a^+24x+l6. 

6. It is required to extract the square root of a*+^* 
7' It is required to extract the square root of 2, or of 

l-hl. 

CASE III. 
To find any root of a compound qwmtity. 

RULE. 

Find the root of the first term, which place in the 
quotient ; and having subtracted its corresponding power 
from that term, bring down the second term for a divi* 
dend. 

Divide this by twice the part of the root above deter- 
mined, for the square root ; by three times the square of 
it, for the cube root, and so on ; and the quotient will be 
the next term of the root 

Involve the whole of the root, thus found, to its pro- 
per power, w|iich subtract from the given quantity, and 



divide the Jrst ferm-of iiie oeratisder b)r die nmie divi- 
sor a^ before ; and proceed in this manner till the wh^ 
is finitb«d(^ 

EXAMPLES. 

1. Required the square root of a*— 2fl'z^3a*j:^— 2aj;* 



2a«)— 2jr3^ 



a*— 2(f*X+a*r' 



1a^)ld>x 



it^ 



a*— 2a»jr + 3a'*x'*— 2ar*-f A^ 



iV 7.. 



( Tp) As this rule, in hi^h powers, is often found Cobe-vetf]f'UW> 
ricas, it may be proper to observe, that the roots of various com- 
|KHiftid qtlM^ties rM> -somettnie* be easily drscdver^d, ^ follovh»: 

Extiact the roots of all the simple terms, ami connect thcM 'nei- 
ther by the -jigns -f- or — > as may be judged most suitable lor the 
purpose ; then involve the cornpound root, thus found, to its proper 
power, aitd if it Ifeih^ M^itafc wifh tfr^'gl^eh quknHt^, it 'IS Ihe root 
required But if it be found to differ only income of the signs, change 
them from + to — , or from — *(b -f-j 'tni its power agrees ^ith 
the given one throughout. 

Thusi in the third example next fqllowin|(^ th^ root is <««^3.r» 
which is the diflTerence of (he rocas of the first and U^st terms : ^ki^ 
ifl ftife fbti'rth ^T^afiflij^t'e, ttie root Tsa-f'fc-}-''* ^^^"ch i»th« sum of tbc 
rd6fS<of th^ lirr.<t, fcaWt, and sSxiti temijt, "the <aTtffc WiaV kisb ^ 
oh*tveA 6f the s^fv^K ekMUftle, ^1^6 the f6««t lit fMihfi f^m t^ 
first and last terraSi ; 
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2. Required the cabe root of x^+6r^—40r3 + 9dr— 



64. 






3jr^)6x^ 



x«+ftr*+12jr*-far« 



3a*) — 12a< 



x^ +6x^^40x^+06x^64 



3. Required the square root of 4a^^ 1200:+ Qx^. 

4. Required the square root of a*-f 2a^-f 2ac+^*+ 
2^<:+c®. 

5. Required the cube root of a;^— 6j:*+ 15**— 202:^ + 
l5x^'-'6x+\. 

6. Required the 4lh root of l6a*— 96a'j:4-2l6a*j:2_ 
2l6ax^+8lx*. 

7. Required the 5lh root of 32jr»-8ar*4-8ar«— 4(Xi?« 

OF IRRATIONAL QUANTITIES, 

OR SURDS. 

Irrational Quantities, or Surd8> are such as 
have no exact root, being usually expressed by meang of 
the radical sign, or by fractional indices i in which latter 
case, the numerator shows the power the quantity is to 
be raised to^ and the denominator its root. 
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Thus, \/2, or 2*, donotes the square root of 2 ; and 
V^S or a^, is the square of the cube root of a, &c. (q) 

CASE I. 

Tb reduce a rational quantity to the form of a surd. 

RULB. 

Raise the. quantity to a pqwer corresponding with thaC 
denoted by the index of the surd ; aud over this new 
quantity place the radipal sign, or proper index, and it 
will be of the form required. 

EXAMPLES. 

1. Let 3 be reduced to the form of the square root. 

Here3X3=3«=95 whence ^/g Ans. 

2. Reduce 2r' to the form of the cube root, i 
Here (2x«y=8**5 whence VSJr*, or (8x*)^ Ant; 

3. Let 5 be reduced to the form of the square root. 

4. Let — 3ar be reduced to the form of the cnhe roof. 

5. Let —2a be reduced to the form of the fourth root. 

6. Let a^ be reduced to the form of the fifth root, and 

\/a a 

*)/a-\-*Jbi i and to the form of the square root. 

2a b f^a 

Note, Any lational quantity may be reduced by the 
above rule, to the form of the surd to which it i& joined, 
and their product be then placed under the same index, 
or radical sign. 

(9) A quantity of the kind here mentioned, as for instance 1/9, 
is called an irrational number, or a surd, because no number, either 
whole or fractional, can be found, which, when multiplied by itself^ 
will produce 2. But its approximate value may be determined to 
any degree of exactness, by the common rule for extracting the 
square root, belnig i and certain non periodic decitnals, which 
never terminate. 

D 2 
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EXAMPLES. 

Thus, 2v/2=:v/4X A/2=rv/4 x2= sv^6 
And 2 V4= 1/8 X ^4= il/8 K4a= il/32 



Also 3 /a = v^ X Va«= V9 xa^j/9^ 
• And |V4a=;:VixV4a=ViX4ae=4/~ 

1. Let 5\/6 be reduced to a simple radical form. 

2. Let y v^5a be reduced to a simple,radical form. 

2a 9 

3. Let -- V T-T be reduced to a radical form. 

3 4a* 

CASE U, 

To reduce quantities qf. different indices , to others that 
shall have a given indejs. 

Divide tbe indkes pf ihie proposed qoatitities by the 
given index, ,aiKl.tfae qupttents witi-betbe new Indices 
for those qoanttties. 

Tb^over the ssidqqaivtttiM» with their new indices, 
pluce tb^^gUen index, and 'tSey will be the equivalent 
rqnan4;Uies lequirttd. 

EXAMPLEft. 

L Reduce 3^ and 2^ to quantities that shall have the 
jBfiex \, 

Here o"*"fi^i ^"^a *" ^^^^^^^^^i 

And - -t. - = - X Y = 3 =2^ the 2d index, 

Vbrnce (a')^ and (3«)^ or a?^ and 4% •rethcmwa- 

.liiies required. 

i 4 

2. Heduce 5^ aod <$^ to quantities that sh«ll iMve the 

common indei r- " 

o 
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3. Reduce 2^ and 4 to qunbtities that shall have 

the conMffNMi ixidctt -^. 

8 

L 

4. Reduce a* and a* to quantities that shall have the 

eoramott index T. 

. 4 

5. Reduce a-^aiid ^ tG qinit]titie9 f hart shall have thtu 

common index -. 

8 

Nat^, Surds' tnay also be brought to a common index> 

%y reducing tile indi^ges «f iht ^jvafitktes' tt> a common 

deneiniftotor^ ftud then iirrolving eafeh tif tBcitf to the 

power denoted by its>&iUfierator# 

KXA]*P%.£9. 

k. Reduce. S and. 4^ to q^ntiUes lia^rag arconuaoR., 
index. 

Here 3^= *^»P|t=5(^* 



And' 4*=4^==4?j^^^==i^* 
Whence 0^1* atrd'lBj* Ans. 



2« Reduce 4^ and 5 to quantities that shall have 
a conunoa iadex^ 

i *' 

a*. RiedcKie <« atid a^ to ffoantatiet that shalf hare » 

cotmntm 'tnd&c, 

4. Reduce <?' and ^ to quantities that shall have a 
cocMXMMi index.. 

5. Redoce «" and h'^ to qi>a»tifcies that Ulial^ ixave 
a. common index. 

■ -. » 
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CASE iir. 

To reduce surds to their most simple /wins, 

RULE. 

R'-solve the given number, or quantity, intoj;,wo fac- 
tors, one of which shall be the greatest powefoDntained 
in it, and set the root of this power before the ren^aining 
part, with the proper radical sign between them, (r) 

XXAMPLBS. 

J . Let <\/48 be reduced to its most simple form» 

Here 48= ^/]5x3=4 v^S Aps. 
2. Let Vl08 be reduced to its most simple form. 

Here V108= 1/^7x4=3^/-* Ans. 

Note 1. When any number, or quantity, is prefixed 
to the surd, that quantity must be multiplied by the root 
t)f the facYor above mentioned, and the pioduct be then 
joined to the other part, as before. 

BXAMrLBS. 



1. Let 2<\/32 be reduced to its most simple form. 

Hrre 2 v^32=2 \/l6 X2=8 \/2 Ans. 

2. Let 5 V24 be reduced to its most simple form. 

Hrre5 V24=5 V8x3=slOV3. Ans. 

Note 2. A fractional surd may also be reduced to a 
more convenient form, by multiplying both the numera- 
tor apd denominator by such a number, or quantity, as 
will make the denominator a complete power of the kind 



(r) When the given surd contains no hctor that is an exact 
power of the kind required, it is already in its most simple form. 

TJiun, V" 1 5 cannot be reduced lower, because neither of Its fac- 
tors, 5 nor 3, is a square. 
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required ; and then joining its root, with I put over it, 
as a nuroemtor, to the other part of the surd, (s) 

EXAMPLES. 

2 

1. Let v^- be reduced to its most simple form. 

7 

Here^? = -/g = -v/(J|xl4)=lvi4 Ans. 

2 

2. Let 3 V- he reduced to its most simple form. 

Here 3 v|=3 V(^ =^'^^T^ ^ ^°> "I '^^ ■*"*• 

% 

EXAMPLES FOR PRACTICE. 

3. Let \/125 be reduced to its most simple form. 

4. Let \/294 be reduced to its most simple form. 

5. Let \/56 be reduced to its most simple form. 

6. Let VI 92 he reduced to its most simple form« 
7« Let 7 \/60 be reduced to its most simple form. 

8. Let 9^8] be reduced to its most simple form. 

3 5 

9. Let ——• <•- be reduced to its most simple form. 

121 6 ^ 



(s) The utility of reducing surd^ to their most simple forms, in 
order to have the answer in decimals, will be readily perceived from 
considering the first question above given, where it is found that 
V3.=4v^i4; in which case it is only necessary to extract the 
square root of the whole number 14, (or to find it in some of the 
tables that havt been calculated for this purpose) and then divide it 
by 7 ; whereas, otherwise, we must have first divided the numera—, 
tor by the denominator, and then have found the root of the quo- 
tient, for the surd part ; or else have determined the root both of 
the numerator and denominator, and then divided the one by the 
pther ; which are each of them troublesome processes when per- 
formed by the common rules ; and in the next example, for the 
cube root, the labour would be much greater. 
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4 3 

10. Let - \/-r- ho reduced, to its most simpk form^ 

1 1. Let ^QSa^x be reduced to its most simple form. 

12. Let x/x^-^a^x"^ be reduced to its most simple form. 

CASE IV. 
?• odd stird qiiantiti» together. 

When the surds are of the same kind, reduce them to 
their simplest forms, as in'the lai»t ca#e ; then, if the surd 
pert bethu^some in them aQ,. aimex it tv tliesQni of tile 
rational parts, and it will give the whole sum required. 

But if the quantities have diflTe^reut indices, or the surd 
part be not the same in each of them, they can only be 
added' togetfier by the si^t + and — . 

1. ft h reqemd to fihd the stim of v^ and \/4a. 

Here v/2;=Vax'3=s3V^3 
And V'48=v/l<5x3=4v'3i 

Whence 7\/3 the sum. 

2, Ft is required to find the sum of \/SOO and \/lt99y 

Hon? VA00»^'l55X4aB5v'4 
And Vl08s= ;/ 27X45=3 V4i 

Wbence 8V4 the wm, 
3; ft 18 required to find the mxm of 4^147' and 
3>/75. 

Here 4^l4T^4'/4gx3=t2»y/3> 

And 3V75»3^5Jx3=i5V3 

Wbefice 48 ./a the^sam. 



\ 



4. It is required' to find the stun o^ 3 \/ - aodU^ V— ^ 

a 10 3> 

And av— ^2^Vt:zi.=* -7.\/l0 



4 
Whence - ^/10 the sum. 
5 

EXAMPLES FOR PRACTICE. 

5. It is required to fitid tfiesfunrof v'^ antf v^l28:r 

6. It is required to fied: (he'sum- of V" 1 80 »adk \/405'; • 

7. It is required tafind the sum of 3 V^O and 1/135. ■ 
8i It '» iveqUired to fiad thtf sum of 4 \/54 and 

9. It is required to find the sum of Q v^243 and 
lOv'363. 

^ 27 

10. It is required to find the sum of 3 a/ ~ and 7 4/ — 

3 50 

1^1. Iris required to find the »am of 12 1/- and 3 V — 
^ ^ 4 ^ 32 

12. It 19 required to find the sum of i^a^b and 

CASE V. 
To ./Smf the difference of surd quantities, 

RULE. 

When the surds are of ihe same kind« prepare the 
quantitiea as in the last rule *, then the difference of the 
rational parts annexed to the common surd^ i^ill gi?e the 
mhcAm dH&nrence fequifed. 

But if the quantities have different indices^ oi the aord 
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part be not tbe Aame in each of them, they can only be 
subtracted by means of the sign — . 

1 . It is required to find the difference of ^448 and 
-^112. 

Here ^/44S=z^64x7=Q\>^7 
And V'n2=s^l6x7=4v'7 



Whence 4\/7 the difference. 

2. It is required to find the difierence of \/ig2 and 
V24. 

Here Vl92=i /(>4x3 =4V3 
And V24 =V 8x3=:2V3 

Whence 2 V3 the difference. 

3. It is required to find the difference of 5 ^^20 and 
8v/45. 

Here 5%/20=:5^4X5^io^5 

And 3^45=3 -v/9X5= 9/5 



Whence v^5 the difference. 

3 2 
4. It is required to find the difference ^^ 7 V -» and 









difference^ or answer required. 



Whence g^i/6 the 
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EXAMPLES FOR PRACTICE. 

1. It is required to find tbe difference of 2/50 and 

2. It is required to find the difference of V320 and 
V40. 

3. It is required to find the difference of v^ -and^- 

o y 

4. It is required to find the diflference of 2v^4 and y^ 8. 

5. It is required to find the difference of 3Vt ^°^ 

V72. 

2 9 

6. It is required to find the difference of ^ - and \/— 

7. It is required to find the difference of ^80a*j: and 
V'20tfV. 

8. It is required to find the difference of 8/tf^^ and 

CASE VI. 
To multiply surd quantities together. 

RULE. 

When the sards are of the same kind, find the pro- 
<iuct of the rational parts, and the product of the aurds, 
and the two joined together, with their con9mon radical 
sign between them, will gi?e the whole product re- 
quired i which ipay be reduced to its most simple fi>rm 
by Case III. 

But if the surds are of different kinds, they must be 
reduced to a common index, and then multiplied toge- 
ther as usual. 

It is also to be observed, as before mentioned, that 
the product of difierent powers, or roots, of the same 
(quantity, is foupd by adding their indices. 
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l'« k is reqbipad^o iifiid tb« pfroduct of 3 v^l^ and 2 v^6. 
Here 3 ^8 

Mult»plteci ZVQ 



Gires 6|/48=6V'l6x3=24 \/3 Ang. 
2. II is required to filtdthcf product of iy- and |l/l 



Here ^V- 

2 3 # 

MlilWpliecf - v| 

4 



^"^ i'^7i=i'^5=?<^i=i^^'^' 



3 , .10 3 . .5 3 15 

1 f 

3. It b required to £nd the product of 2 and 3^. 
Here 2*= 2^= (2?)*= 8* 



And 3^=3'=:(3«)'*=:9^ 



"Whmutt (f7)i^ A#9. 
4. It il r^qtlitM «if ^'d tte pi^dtief df 5 V^ arid 3 V^. 

Here 5^asz5a*siia^ 

Aha &rV<i==3a*=Ja* 

Wlietibe 1 9it*as t5 (a»r, of 1 5 V<1*. A*#. 

mm^Lf s foil y«iGTiotf. 

«(. It U vttivAm to find tlife |>i'dddct of 5 %^S itAi i^^S. 
0. It is requfk«d bS'^AA iMpw6\i6t of i/lBAtiA 3 (^4 . 



1 2 

7. ReqtHredf the piMoct 6f - V^ stod -— V9^ 

ti 

8. Required the product'of - VA8 and 5 V^O. 

p. Ilcqttifed tReprodirtrof SF-v/3 and I3f V^i 

JO. Required the product of 72|tf^ and 120|a 
1 1 . Required the pfddort df 4+2 v^'dtrd 2— v^. 






12. Required^ the product of (a-k-b)^ and (a+Z*) 

^ASE VII. 
To divide &ne stitd quantity by another, 

tVLt. 

When thtf surds are of the same kind, find the quo- 
tients of the rational p^tXft, add the quotient of the surd^, 
and the two joined together, with their common Tadical 
sign betwe^tbem^ will eive the whdldqQOtl«at^re()uiiidd. 

But if the ^rds are of different kinds, they must be 
rc^dbced to a cbtntilNDii ind^, Utid then b<!^ divided as be- 

it if ako to be obsenredy that fhe quotkclt of differ«tl€ 
f6fnst» 6t nootfl of ttle smne qtiamlty, i^ fb&nd by sub^ 
mKHing their kudfoey. 

£XAMPLBS, 

1 . It'fe i^ulred fb divide Sv^lOt by 2 ^. 

2V^ 

2. It is required to divide 8^/512 by 4^/2. 

Here ^ =2V256=2V<54x4=8V4 Ans. 

, . J- > 

i. It i^ required to divide ^ V* bj ^ y'a. 
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\^/5 3 5 310 3,^. 
Here i— • =:-4/- = -i/ — =?- »/\Q Ajis. 
IV'i 2^2 24 4 

4. It is required to divide v'7 by V7. 

4/7 7* 7^ 4^ ^ 
Here^ = -i; = ^=7^^=7'^ Am. 

v7 -T 7^ 

5. It 18 required to divide 6 '/54 by 3 v^2. 

6. It is required to divide 4V72 by 2 ^18. 

3 12 1 

7. It is required to divide 5- • -—- by - • - 

5 2 2 3 

8. It is required to divide 3- Vr- by 2- V t* 

^ 7354 

1 2 

(). It is required to divide 4- VO' by 2- V^^* 

2 vf 

2 3 

10. It is required to divide 32- i/a by 13- \/a. 

5 4 

11. It is required to divide S^^' by 4~«'" 

12. It is required to divide v'20+ ^12 by ^5-/3. 

Note. Since the division of surds is performed by sub- 
tracting their indices, it is evident that the denominator 
of any fraction may be taken into the numerator, or the 
numerator into the denominator, by changing the sign 
of its index. 

Also, since -=- = !, or ssa:^^^aP, it follows, that 
a 

the expression €p is a symbol equivalent to unity, and» 
consequently, that it may be always replaced by 1 when- 
ever it occurs. (/) 



(t) To what is above said, we may also feither observe, 
I. That o added to or subtracted from any quantity, makes it 
neither greater nor less; thatis» 
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. BXAMPLBS. 

la"' .1 a"* 

i. Thus, - = — , or a" 5 and — - = --, or a*, 
a J a" 1 

b ha^ a'* I h'* 

2. Alw, -^=— > or la-; and - = ^^;p^, or _ 

3. Let — be expressed with a o^ative index. 

4. Let a ^ be expressed with a positive index. 

1 

5. Let be expressed with a negative index. 

6. Let a(o*— j;*) ^ be expressed with a positive index. 



a -^0=0, and a— o:=a. 

2. Also, if nought be multiplied or difidedby any quantity, both 

the product and quotient will be nought ; because any number of 

times Of or any part of o, is o ; that is, 

. o 
oXa, oraXo=:c, and —no. 

a 

3. From this it likewise follows, that nought divided by nought, 
is a finite quantity, of some kind or other. 

For since cXa=o, or o=dXa, it is evident, that — ==a, 

o 

4. Farther, if any finite quantity be divided by o, the quotient 

will be infinite. 

' h 
For let — r=9« then, if h remains the same, it is plain, the less a is, 
a "^ 

the greater will be the quotient q ; whence, if a be inde6nttely small, 

q will be indefinitely great ; and, consequendy, when a is o, the 

quotient q will be infinite : that is^ 

h I 

— , or — Ziao. 

o o 

Which properties are of frequent occurrence in some of the higher 

parts of the science, and should be carefully remembered. 
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ir^l. 



CASB VHI. 

Tm burnkpt, mr rmr^ smd, fwuuitier to atty power. 



'Wlm ths «wdli a sim|iie qofiitit j« nra&iply !fS index 
by 2 for tbe square, bj 3 for the cabe, &c and it will 
give tbe poi«cr df dw anili pait» wbicb being adbexed 
to tbe proper power of tbe ratiooal part, will give the 
wbole power iranred. Andif itbe a coaapoaodquan- 
dtr, midtipljr it bj itKif tbe pn^ier Dumber of tiroes, 
t» tbo linBl rale, (m^ 



2 ' 
It if leq pa iieJ to find tbe square of-«^ 

^S ^ 9 9 9 

It is icquiied to find tbe cqIk of ^ n/S, 

27 2^ 27 9 



3. It is rafmred to find tbe aqvre of 3 V3* 

4. It kve^osred tofind tbecnbeof 17V21. 

3. It isicqiurediofiiid tbe4tbpowerof g V6. 

C^. It i> irquinrd to nnd tbe square of 3+2^5. 
7* It is f tq idi gd to find fbe cube of ^^x-k-^^. 
a. It is ict^iirod so tod tbe 4tb p ow tt of V3— V2>. 



(•^ When uij souiiitT thK i»4ftcsed wnfa the s^ of the squmre 
nwc, is to be raked cd the scocMd power, or stpaied, it is doDe by 



V •)•, or %^*x ••=«; and (^ m^V^^x^ ^a^Ax^^-f Arrff-hfc 



c^s& lix. 

To find the roots of surd quantities. 

RULE. 

When the surd is a sitnple quantity, multiply its iudejL 
by \ for the square root, by \ for the cube root, &c. and 
it will give the root of the sQPci part 5 which being an- 
nexed to the root of the rational part, will give the whole 
roor required: And- if' if ber a^eompoond quaiHityi fmd 
jts root by the usual ruk; (\r5P 

EXAMPbKS. 

\,.\x,v req,uke4 10 find Uutrft^joarerrodl of 9 V^« 
Here (9^)*=9*x3^^*=9*xa*=3V3 Ans, 

2. It is required to find the cube root of - ^2, 

H0r« [^^f^[^fxi»^^^^ Ads. 

3. It is required to find the tqp aieroot of IC. 

4. Kt9 noMittd lo find the ctv^ ntoC of — a^ 

^ 27 

16 « 

5. It is required to^^ find 'the 4tferoor of ^a^ 



^ (fl) Tfte iitb-reo»of the-iKHvpowcrotaiiy naaib«r'«, . or the mth 

power of the nth roof of >, is- «»• 

>!Uo, the nth root of the-mth roor-of any nt^jOobcf tf, or thetnth 

r ■ 

root of the nth root of a, is a "*"• 

ffrom whieh lasteftpreMion, It appeacn thE^^ that the Miqare root 
oi the. square. root of a is tbei4th root of a ; a«d that the cube root 
of the square root of a, or the square root of the cube root of a, is 
the 6th root of a ; and so on for the fourth, fifth, or any other nu-» 
mcrical root of this kind. 




I 



«4 IRItATIONAI. QUANTITIES, or SUBDS: 

CASE VIIJ. 

r, surd quanlitiet to any power.' 



When the surd "h a simple quantiiy, multiply its indcK 
by 2 for the square, by 3 Ibr ihe cube, &c. and it will 
give tbe power of tbe lurd part, whiuli being annexed 
to the proper power of the rational part, will give the 
whole power required. And if it be a compound quan- 
tity, multiply it by ilrelf the proper number of times, 
accoFdiag to the usual rule, (u) 



1. It b required lo find the square of-o^ 
Here I -a^ )»=-»* =-tt'=-ya* Ans. 

2. It is TCtqrtired to find the cnbe of- ,/3, 

Here^x3'= ^v^7= — ,/Q x 3 = - *'3 Ans, 

3. It is required to fiud the square of 3 i/3. 

4. It ij required 10 find the cube of 17^/21. 

5. It is required lo find the -llh power of ^ v'S. 

6. It is required lo find the square of 3+2v'5. 

7. It 18 n-qulred lo linrl the cube of ^r+3 ^. 
B. It is required to find the 4ili power »f v'3— v"! 




ft 



IHRAXIOSAL QlTASrmES, «« SURDS. M 

CASE IX. 

Tojind the ™o(j -ifsuid quojilitivs . 



When Ibe surd is a simple ijuatiiily, multiply its indc* 
by I ("or tlie square root, by } lor the cube root, 6:c. and 
ii will give the root of the sued pirt ; which being an- 
nexed lu the root of the raiiooal part, will give the whole 
root required. And if it be a compound quanlity, find 
;ts root by the usual rule, {r) 

1. It U rcfiuired to &nd ilie stfture root of 9 V3- 
Herc t9i'3f=9*x3''**=9^x3^=3V3 Ans. 

2. It is required to find ihe cube root of - ■/2, 
Her* (5^)^=(i)^Xt2^^^)'=4Ca')=iV» Aoi. 

3. It is required to find ihc square root of ICf. 
^- Jt-h raqsired to find the cube root of — - n*. 

gt is required to find iha 4lh root of — a^ 

MoTthsBitb powitof any iroooljor 0, or ihe nnh 



'II wot cil ihemili root of anj munbcr a, or ihe "iih 

■"Of *, i, o"^- 

''»«pre«ioji,i,Baw»(sihBl, (hat ihr square roo! 

<* • is II ... ol B ; »nd thai ihe cube root 

a. ,op, u( ihe cube root of a, is 



«4 mnmo»A%. wjAimmEi, »* smsata 

CA6B Vftl. 

i^ To invohe, or rakti surd quantities to any power J^^ 

KULE. 

When the surd'fs a sin^ple qusmtity, multiply its iddex 
by 2 for the square^ by 3 for the cube, &c. and it will 
give the pdwei^ cff tbo tuili part^ wbi«h beiog adbexed 
to the proper power of the rational part, will give the 
whole power recuiired. And if it be a compouod quan- 
tity, multiply it Dv itgelf the proper number of times> 
accoidiog: ta tli& tnual rule; («); 

EXAMPLES. 

24 

1 . It b required to find the square of -a' 

Here ( :n/^ J*s= -♦^ =— a' cb - i^a* Ans. 
V3 / 9 9 9 

2 

2. It is reqtdred to find the cube- of - v3, 

8^8 8 — — 8 

Here— x3'^=t;j'v/27=s— ^^9x3=- v'S Ans. 
27 27 27 "^ 9 

3. It is required to find the square of 3 V^» 

4. It it required to find the cube of 17^21. 

5. It is required to find the 4th power of ^ V& 

6. It Im required to find the square of 3-^2^5. 

7. ft ii^ r«qulr«d toT find the cube of v'jr-f 3 vjr* 

8. It i» required to fiad the 4th power of V3— V2^ 



(u) When any quantity that i*a0lBOted with the sig;n of the square 
root, is to be raised to the second ^wer, or squared, it is doi^e by 
ioppvening the sifii« Thms, 

^•)*, or ^ax '/azia% and (v/'-f ^)^or v'a+ftX^J+S— «4'fc 



CiSLsk lix. 

To find the roots of surd quantities. 

RULE. 

When the surd is a sitnple quantity, multiply its wdtx 
by I for the square root> by y for the cube root^ &c. and 
it will give the root of the sQPcipart 5 which being an- 
nexed to the root of the rational part, will give the whole 
roorrei|«iiredi Mai if it ber a eontpoond quaiHity, fmd 
jts root by the usual rule; (xf 

EXAMPIiKS. 

^. U i^ rccyikfri to tad Uutrsi^jaare roM of 9 V3* 
Here (9^)*=9*x3^^*=9*xS*=aV3 -Ans, 

t 

2. It is required to find the cube root of - ^2^ 

3. It is required to find the tqu a i e r o ot of IC 

4. ft 19 raqsifed lo find the ctv^ ntoC of ~^' 

27 

16 « 

5. It is required f» find Uhe 4tfe"roor of — a^ 



' (fl) Tfte ntbroofof the-niHvpiMveroCaiiy nQmbwr'tf, . or the mch 

power of the nth roof of r, ts- ttZ, 

AUo, the nth root of the-mth roort>f any nt^jOobcf tf, or thetnth 

r 

root of the nth root of a, in a"*"' 

ffrpm whMh-last-e«ipi«S8k>», it appeacs thE^>, that the stiqare root 
oC th«> square. root of a is the«4Jth root of a ; a«d that the cube root 
of the square root of a, or the square root of the cube root of a, is 
the 6th root of a ; and so on for the fourth, fifth, or any other nu-> 
mcrical root of this kind. 



66 IRRATIONAL QUANTITIES, ox SURDS. 

6. It is required to find the cube root of- >/- 

7. It is required to ffnd the square root of a:*— 4r v'a 

8. It is required to find the square root of a+2^a^ 
•f ^. 

CASE X. 

To trantform a hinamial, or a residual surd, into a 

general surd, 

ftULB.- 

Jnvolve the given binomial, or residual, to a power 
corresponding with that denoted by the surd ; then set 
the radical sign of the same root over it, and it will be 
the general surd required. 

EXAMPLES. 

1. It is required to reduce 2-f \/3 to a general surd. - 
Here (2 4- ^)«=4 -f3 4- 4v^=7-f4\/3; therefore 

2 + V3 = ^/7 + 4 \/3, the answer. 

2. It is required to reduce ^"2+ \/3 to a general surd. 
Here (>v/2+ v'3)«=2+3 4- 2^/6=5 + 2^/65 there- 
fore ^2+ 4/3= V'5+ 2^/6, the answer. 

3. It is required to reduce 1/1 -^-1/ A to a general 
surd. 

Here ( ^2+ 1/ 4 )^^6^ 61/2^6 i/4 ; therefore V2 

+ V4 = V6(1+ y^+ \/4, the answer. 

4. It is required to reduce 3— \/5 to a general surd. 

5. It is required to reduce v'2— 2^/6to a general 
surd. 

d. It is required to reduce 4— \/7 to a general sard. 
7. It is required to reduce 2 4^3—3 }/g to a general 
surd. 
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CASE XI. 
To extract the s^piare root of a binomial, or residual surd. 

RULE. 

Sabstitute the numbers, or parts, of which the given 
surd is composed, in the place of the letters, in one of the 
two following formulse, according as it is a binomial or 
a residual, and it will give the root required. 



Where it is to be observed, that if both a and ^/a^^bi^ 
in these formulae, be rational quantities, the root will 
consist either of two surds, or of a rational part and a 
surd, which are the only cases of the rule that are useful. 

BX/kMPLBS. 

1. It is required to find the square root of 1 1 + '•72> 

or ^/i\^6y/2,. 

Here, - 

and 

Whence VI 1+6^/2=3+ \h>t the answer required. 

2. It is required to find the square root of 3 — 2^^2. • 

Here, 

V|a+i%/a^^=\^i+T V'9^= ^1+1= •aj and 



6» 1RIIATIC»7AL OlJMmmES. ok- SUR0S: 
= -I; 

I 

Whence 3— 2\/2=^— I, the answer required. 

3. It is required to find the square root of 6 ±2^/5. 

Ans. ^5±1. 

4, It is required to find 'the squace root of 23 ± 8 a/7* 

Ans. 4.±v'7- 
5'. It is required to find the square roof of 36±10 

6. It~is required to find. the square root of 33 d: 12 V6. 

CASE JJl. 

T\rjtnd suck a multiplier », or muldpliers, as tvill make 
anjf hnomial-surd rational. 

I 

1. When one or both of the* terms are any even roots, 
multiply the given binomial^ or residual, by the same 
expression, with the si^ of one of its terms changed ; 
aad tepeat the ope rM ieo in die same' way*, as- long aa 
there are surds, when the last result will.be ratiofiah 

2. When the terms of the ttitiomial surd are odd roots, 
the rule become«>iaor& c om plic a t ed ; bat for the straa or 
difftmnce of two-oibo nx>is; wisick i* eneo^ the mosT 
useful cases, the multiplier will be a trinomial surd, con- 
sisting of the squares of the twa given tejrm» aod- their 
piodtwt; whh ll»«gii-Gbaiiged.- 

SXAMPLES. 

r. To find a muhipriertKat shalf render 5+v^3 ra- 
tional. 

Given surd 5+ ^/3 
Multipli'sr 5— ^3 

Product 25—3^=22, as required! 



UUUTfONAL dUANTITiES, o« Slirgog. S9 

2. To find a multiplier that shall make y^S-^-^/S 
rational. 

Multiplier v'fi— Vd 

Product i — 3=2, as required. 

3. To find rouUipliers that shall make V^ + V3 
rational* 

Given surd 4^3 4-V3 
1st multiplier V5 — V3 

1st product \/5—^3 
2d !(nttit\p)ier V^ 4- VS 



2d produet <3— 3s=2, .as required. 
4. To find a multiplier that shall make V7 + V3 
rational. 

GivQn^urd ?/7H- ^'8 

Multiplier Vr-*<7X3 + V3« 



74- ^3X7* ; 

-•4/8x7*— V7x»l 

+ 5/7x3*+3 

Product 7 4-3=: 10, as was required. 

5. To find a multiplkcr that shall make ^5^»/x 
fadonal. 

6. To find a multiplier that shall make ^a-^-^h 
rational. 

7. To find multipliers that shall make a-f- »/b ra- 
tional. 

8. It IS required to find a multiplier that hWall make 
1 — yia rational. 

9. It is required to dnd a nultiplier ihat shall make 
4/3 — J V2 rational. 



j2 AAviimxmcMs ^BOPeimoM. 

or 

ARHTHMETICAL PROPORTION 

AND 

PROGRESSION. 

ARiTtrnfE-FitAL Pkopohtiok, IS tfac r^tioH whlch 
two quantities, of fhe same kind, have to two others, 
•wben ibe difii^eiice of ibt fint -^ir M «qutl to that of 
the second. 

Hence^ three quantities are said to be in afithmeiical 
proportion, when the difference of .the first and second 
is equal to the difference of the second and third. 

Thus, 2, 4, 6>, and a, a+l^, a+2Ziy arc quantiltes in 
arithmetical proportion. 

And four quantities m-e said to be In arithmetical 
proportion, when the difusrenoe of the first and second 
is equal to the difference of the third and fourth. 

Thus, 3, 7* J 2, l6, and a, a-^-b, c, a-^-h, are quan- 
tities in arithmetical proportion. 

Arithmbtical Progression is when a aeries of 
quantities increase or decrease by the same comrnon dif- 
ference. 

Thus, 1, 3, 5, 7, 9, &c. and a. a+d, a-^2d, a-i-Sd, 
&c. are increasing, series in arithmetical progression, the 
oooiDon differences of which are 2 and ^. 

And 15, 12, 9, 6, &c. and a, a*^d, a— 2d, a—3(l, 
&c. are decreasing series in arithntetical progression, tlie 
common differences of which are 3 and d» 

The most useful properties o( arithmetical propor- 
tion and progression are contained in the foUowitig 
theorems ; 

1. If four qoarrtities are in arithmetical proportion, 
the sum of the two extremes will be eq.ual to the sum 
of the two means. 

Thus, if the proportionals be 2, 5, J, 10, or «> b, c, 
//; then will 2-f 10=:5H-7, and (2-|-rf— ^^ + c. 

2. And if three quantities be in arithmetical proper- 
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tion, the sum of the two extremes will be double the^ 
mean. 

Thus, if the proportionals be 3, 6, g, or a, b, c, then 
will 3 4-9=2x6=12, anda-|-c=2Z^. 

3. Hence an arithmetical mean between any two 
quantities is equal to halt the sum of those quantities. 

Tbuit, an arithmetical mean between 2 and 4 is 

s= =3 : and between 5 and 6 it is = =5|'^ 

2 2 * 

And an arithmetical mean between a and b b — ; — • 

V 

4. In any continued arithmetical progression, the sum 
of the two extremes is equal to the sum of any two terms 
that are equally distant from them, or to double the raid-^ 
die term, when the number of terms is odd. 

Thus, if the series be 2, 4, 6, 8, iO, then will 2-f- lO 
=4+8=2x6=12. 

And, if the series be a, a-f-rf, a-\'2cl, a-^-Sd, a-{-4d, 
thenwilla-f(a+4(£)=(a+£/)-|-(a-f3fl^)=2x(a + 2rf). 

5. The last term of any increasing arithmetical series 
is equal to the first term plus the product of the common 
difference by the number of terms less one; and if the 
series be decreasing, it will be equal to the first term 
minus that product. 

Thus, the nth term of the series a, a-^-d, a-^2d, 
a+3cf, a+4c?, &c. is a-|-(n— \)d. 

And the nth term of ihe series a, a^d, a*-2rf, a— 3d, 
a— 4</, &c. is a— {n~l)c?. 

5. The sum of any series of quantities in arithmetical 
progression is equal to the sum of the two extremes mul- 
tiplied by half the number of terms. 

Thus, the sum of 2, 4, 6, 8, 10, 12, is =(2+12) X 

6 

-=14x3=42. 

2 

And if the scries be a+(a+(f) + (a+2c/) + (a+3rf) 
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-f (a +4^) &c. . . , -f /, and its sum be denoted by S, we 

n 
shall have iS= (a4 X ~, where / is the last term, and n* 

Jf 

the number of terms. 

Or, the sum of any increasing arithmetical series may 
be fQUQidf without considering the last term, by adding, 
the product of the common difference by the number <? 
termi lens one to twice the first term, and then multi- 
plying the resist by half the number of term<i. 

And, if the series be decreasing, its sum will be fbund 
by subtracting the above product from twice the first 
term, and then multiplying the result by half the num- 
ber cf terms, as before. 

Th««i if the series be a+(<i-f <i) + (fl+ 2<i) +(«-♦• 3<0 
-f («4-4i^, kc. continued to n terms, we shall have 



S=|2a4-(n-lK| X ^. 



And if thc/scries be a-\'(a-d) + (a''2d) + (a—3d) + 
(ft— 4)(/, &c. to n terms, we shall have 



^S^{2a^(n^})d)xl(y). 



(9) The som of any number of terms (n) of the series of natmtl 
nurebera i , ii 3» 4» S> 6, 7, &c. is =: !li2ltLr 



2 

looXioi 



Thus» 1+2+3 4-4-I- 5, &c. continued to 100 terms, is =: jr- 

= 50x1013:5050. 

AlsDi the sum of tny number of terms («) of tke tcriet of odd 
mirobtrs i» 3, 5f 7« 9, 11, kt. it ::. n*. 

Thus, 1+3+5 -1-7 + 9, &c. continued to 50 terms, ift nso^n 
2500. 

And if any three of the quantities a, rf, n, S, be given, tbe fourth 
may t>e found from the ec^uation 

.V-/2«±(Ti-i)rf| -".or(a+Ox-; : 
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XXAMPLES* 

1; The first term of an increasring arithmetical series 
is 3j the common dtderence 2, and the number of terms 
20 ^required the sum of the series. 

Fir8t,3+2(20—l)=3+2X19=3 + 38=41, the last 
term. 

. And (3-f4l)x — = 44 X —i= 44X10 =s 440, the 

2 2 

SOTO required. 

20 
Or, }2xS+(20-l)X2(x— =(6+19X2)XIO=:(^f 

38) X 10=44 X 10=440, as before. 

2. The 6rst tenn of a decneashrg atrthmetrcal series 19 
100, the common difference 3, and the number of terms 
34 ; required the sum of the series. 

First, 100— 3.(34— 1)= 100-^3X33= 100— 99= I, 

the last term. 

34 34 

And (10Q+ Ox— = 10»i X —=101 X 17= 1717, lb* 

2 2 

sum re<j[uired. 

Or, |2X 100- (34-1) X3)x — = (200—33 X ^> 

X 17=(200— 99) Xl7=i01 X 17 = 1717, ai before. 

3. Required the sunaof the natural nurobeTs 1, 2^ 3, 
\^^y 6, &c. continued to 1000 terms. Ans. aOQ50a 

4. Required the sum of the odd numbers 1, 3, 5» 7^ 
9, ^c. c6niinucd to 101 terms. Ans. 10201 

5. How many strokes do the clocks of Venice, which 
go on to 24 o^clock, strike in adjy ? Ans. 3pp 



Whcfe the upper sign 4- is to be used- when the scsiei is tncwashBg, 
und the lovfcc sign — when itisdec«easiiig| alsQ the Uk| term kz:z 
«_i..(n— ijd, as above. 

F 2 
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6. Required the 365th term of the series of even nam- 
bers 2, 4, 6, 8^ 10, 12» &c. Ans. 720 

7. llie first term of a decreasing arithmetical series is 

10> the common difference -, and the number of terms 

3 

21 ; required ttie sum of the series. Ans. 140 

8. One hundred stones being placed on the ground, in 
a straight line, at the distance ot' a yard from each other -, 
how far will a persop travel, who shall bring them one 
by one, to a basket, placed at the distance of a yard f<om 
the first stone ? Ans. 5 miles and 1300 yards. 

OF 

GEOMETRICAL PROPORTION 

AND 

PROGRESSION. 

Gkombtrical Proportion is the relation which two 
quantities of the same kind have to two others, when 
the antecedents, or leading terms of each pair, are the 
same parts of their consequents or the consequent of 
the antecedents. 

And if two quantities only are to be compared toge- 
ther, the part, or parts, which the antecedent is of its 
consequent, or the consequent of the antecedent, is called 
the ratio; observing, in both cases, always to follow the 
same method. 

Hence, three quantities are said to be in geometrical 
proportion, when the first is the same part, or multiple, 
of the second^ as the second is of the third. 

Thus, 3, 69 12, and a, ar, air^, are quantities in geo- 
metrical proportion. 

And four quantities are said to be in geometrical pro- 
portion, when the first is the same part, or multiple, of 
the second, as the third is of the fourth. 
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Thus, 2, 8, 3» 12, and a, or, ^, ^r, are geometrical 
proportionals. 

Direct proportion, is when the same relation subsists 
tietween the first of four terms and the second, as be- 
tween the third and fourth. 

Thus^ Zt 6, 5, 10, and a, or, b, br, are in direct pro- 
portion. 

Inverse, or reciprocal proportion, is when the first and 
second of four quantities are directly proportional to the 
reciprocals of the third and fourth. 

Thus, 2, 6, 9, 3, and a, ar, br, b, are inversely pro- 

portional 5 because 2,6, ~» -, and a, ar, — , -, are di- 
rectly proportional. ^ ^ vr 

GsoMBTjircAL Progrission is when a series ofquan- 
ties have the same constant ratio 5 or which increase, or 
decrease, by a common multiplier, or divisor. 

Thus, 2, 4, 8, 16, 32, 64, &c. and a, ar, arS ar^, ar^, 
&c. are series in geometrical progreission. 

The most usefiil properties of geometrical propor- 
tion and progression are contained in the following 
theorems : 

1. If three quantities be in geometrical proportion, the 
product of the two extremes will be equal to the square 
of the mean. 

Thus, if the proportionaU be 2, 4, 8, or a, b, s, then 
will 2 X 8=:4* and axc=zbK 

2. Hence, a geometrical mean proportional, between 
any two quantities, is equal to the square root of their 
product. 

Thus, a geometric mean between 4 and 9 is = ^36 

And a geometric mean between a and b is ^s^ab. 

3. If four quantities be in geometrical proportion, the 
product of the two extremes will be equal to that of the 
means. 
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Thus, if the proportionals be 2, 4, 6, 12^or Oj l, c* d; 
then will 2x123=4x6, and axd=^bxc. 

4. Hence, the product of the meaos of four propor- 
tional quantities, divided by either of the eKtreaiea, 
will give the other extreme ; and the product . of (he ex- 
treniesj divided by either of the meahs^ win give the 
other nsean. 

ThuSf if the proportionalji htS^Q, 5, l5,or a,h,c,d} 

*k .|i9x5 ,^ . 3x15 ^ . bxc . 

then will ^ =15, «nd — — - = g : also, =a, 

3 5 . n 

, axd 
iind =^. 

€ 

5. Also, if any two products be equal to each other, 
either of the teems of one of them, wIH be to eitlier of 
the termsof the other, as the remaining term of tbe last 
is to the FBmatnin|r term of t}\€^ first. 

Thus, if a£^=:ic, Qr,2Kl5s6x5, then will any of 
the fuUowing forms of these <|4Muautios. be proportknal : 

DiTwtiy, a : * :: c : rf, or 2 : 6 :: «*: w. 

Invertcdiy, b : a y. d : c^ or 6 I 2 :: }5 : 5. 
Akeroatdy, a : c :: ^ : i2, oir 2 : 5 :: 6 : 15. 
Conjunctly, a I a+b H c : c+d, or 2 : 8 :: 5 t 20* 
Disjunctly, a : b '^ a y. c : d^ c, or 2 I 4 IZ 5 : 10. 
Mixedly, ^iha ^ b^ai: d+c/. d'-'C,orB:4::20: 10. 

Ill ^Tl which cases, the product (j( the two extretnes 
18 equal to that of the two means. 

6. In any continued geometrical series, the product of 
the two extremes is equal to the product of any two 
jpieans that are equally distant from them; or to the 
square of the mean, when the number of terms Is odd. 

Thus, if the series be 2, 4, 8, l6, 32 $ then will 

2X42=4 Xl6=8«. 
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J, In zny geometrical series^ the last term is ^qi|al to 
the prodpct aridng firom inultjplying the fir$t term hy 
sobh a power of the ratio as is denoted by the number .pf 
terms less one. 

Thcis> in the series 2, 6, IB, 54, }62, ^e shall have 

And in the series a, ar, ar*, ar^, ar^, &c. continued to 
n tcnns^ the last term will be 

8. Tbesumof anyseri^ of^vi^Qtijtiies ia j^eometri^l 
pro|;ression, either increasing or decreasing, is fooad by 
multiplying the last term by the ratio, and then dtmding 
the di&re.nce of this product and the iirst term by the 
drflerence between the rgtio and unitj. 

Thus, in the series 2/4, 8^ l6, 32, 64, 128, 256, 5X2, 

512x2—2 
we shall have — r,-- — . =l024--2 =s 1022, -the sum 

2^"~ 1 

of the terms. 

Orlfae^sanie rale, without considerinj^ the 'last term^ 
may he expressed thus : 

find such, a power of the ratio as h d<^i;iQiAd./^foy .the 
number of 'terras of the series; then divide the difier- 
.ence between this power and unity,1>ydit dHSennice be- 
tween the ratio and unity, and the result, multiplied bjr 
the first term, will he the sum of the series. 

Thus, in the series a-|-ar+ar*-|-ar'4-ar*, Src, to- 
i ^r*"' , we shall have 

Whone At is to be observed, that if tlie nMie, «f com- 
mon raoiti^ier, r, in tiiislast series, be ^^eper Action,, 
•and cofise^foeirtly the series a decreasing one^ W6 0hitfi 
have, in «hat case^ 



«+a»*+«»^+iW^+<3r*> &c. ad infinitum 



a 
l~r 
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EXAMPLBS. 

1. The first term of a geometrical series is 1, the ra- 
tio 2, and the number of terms 10 ; what is the sura of 
the series ? 

Here 1 x29=l X512=512. the last terra. 

^ 512x2-1 1024-1 ,^^ ,, . , 

An --^ — = = 1023^ the buro required. 

2—1 1 » ^ 

• • • 

2. The first term of a geometrical series is -, the ra- 

tio -, and the number of terms 5 ; required the sum of 

the series. 

Here r^X|-)=-x-- = -^, the last terra. 
2 \3/ 2 61 l62 

And 

— - — ; — = — ; — = — — - X — ss , the sum. 

1— I ^1 V.43 2 102 

3. Required the sum of 1« 2, Ay 8, 16, 32, &c. con- 
tinued to 20 terms. ' Ans, 104857^ 

.«.^» r 1111 1. 

4. Required the sum of 1, -, -, ^, — , — , &c, 

coutioucd to 8 terms. ^ 127 

Ans. 1- — 
128 

w^ . ^ , ' e 111 I- . 

5. Required the sura of 1 , -, , — -, —-, &c. con- 

. 3 9 27 81 

tinned to 10 terms. ' 3280 

6. A person being asked to dispose of a fine horse, said 
• be would sell him on condition of having a farthing for 

the first nail in his ^hoes, a halfpenny fot the second, a 
penny for the third, twopence for the fourth, and so on, 
doubling the price of every nail, to 32, the ouoiber of 
nails in his four shoes ^ what would the horse be sold 
/or at that rate ? ' Ans. 44/3924/. 5s. Z\d. 
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Of equations. 

The Doctrine of Eauatioms it that brancb of al- 
gebra, which treats of the methods of determining th« 
values of unknown quantities by means of their rel^tiQn;^^ 
to others which are known. 

This is done by making certain algebraic exprrssiotis 
"equal to each other (which formula, in that case, is called 
an equation), and then working by the rules xitthe art, 
till the quantity sought is found equal to sbnto given 
«guantity, and consequently becomes knowilf^ " 

The terms of an equation are the quantities of which 
it is composed ; ainl the parts that stand on the right and 
left of the sign =, are called the two members, or sides, 
of the equation. 

Thus, if x=:a+ h, the terms are x, a, and b ; and th« 
meaning of the expression is, that some quantity x, 
standing on the left hand side of the equation, is equal 
to the sum of the quantities a and b on the right hand 
side. 

A simple equation is that which contains only the first 
power of the unknown quantity : as, 

x+as=3^, or axz=zbc, or 2r-|-3a*=5^' j 
Where x denotes the unknown quantity, and the other 
jetters, or numbers, the known quantities. 

A compound equation is that which contains two or 
more different powers of the unknown quantity; as, 
x^-^ax^ib, or ar*— 4a;*-f 3j:=25. 

Equations are also divided into different orders, or re- 
ceive particular names, according to the highest power 
of the unknown quantity contained in any one of their 
terms : as, quadratic equations, cubic equations, biqua- 
dratic equations, &c. 
. Thus, a quadratic equation is that in which the un- 
} known quantity is of two dimensions, or which rises to 
the second power ; as, 

3?*s=20 5 ar«-fax=^,or3a:*-|-lOar=100. 

e5 
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A cubic equation is diaft in ^hich tiie unknown quao- 
itity it' of fehoee dknentiofii, or Mubich. rites io tbe fthird 
ipower : as, . 

.ar»ss^.} Qafi^Sx^SiS ; ^or a* — hlx^A-iIxxs^, 

A biquadratic equation is.tbat lin M^iob sibe unknown 
quantity is ^f £wm' f]ia)ep$iop9, :pr ,whii^ xjtes to the 

Any^9P,/9reqwftUpn5of the 5th^ ftb, ap4 Qtber 
higher ordff jj, wjwh .^e ^aU 4ei?^mM?ls^^ sc^^fjdio^ to 
thc^jghcft pp.Yffjrs^ thjB uoKfW^Q iqv^ntity ccuRt^ined 
i^ any pn^ pf r^l^ terj^. 

The root qf ^n ^quatipn is sucb a nun^|;>erj pr qvigntity^ 
as^being substituted for the unknown quaj^ky^ jviUfiafi&e 
,fa)Otb sides of the equfi^cua va^b» pr becpoie f^^qal to 
«ach other. 

,A.Bin)ple,^qv^tiqQ can jv^ye only one roqt ; b^t every 
jpompoun^ eqpatipn IjMis.as jm^ny roots. as it pp^tain^ di- 
mensions^ or as is denoted by the index of the highest 
poHi:6r of the unknown quantity, ip that equatipa.. 

Thus, in the qu^4ratic equation a^:i^7^s;^id, t|^ root, 
or value .of x, js eitji^er +3 or t-^ j and, ,ia ^he cubic 
equation x^r-Qs^iriGx^/l^, -the roots ftrje Jt, 3, and 4, 
as will be fouqd by subsititutipg eaph of the^e n^unbqrs 
for f . 

In an equation pf an odd num^.qf .dimensions, pne 
of its roots -will ^always be rjtaji ; y/here^^ in an equation 
.pf an even ^uoijl^er .p^ dimepasions, .^U Jits rppts may be 
imaginary ; as /cppts pf ihiis kind always (enter into ^n 
equadpn by nairs> 

Such arc 5^ equation^ j?*— 6jr+l4=0, apd r*r-2x* 

(ji) To the profterties of equations above-mentioned, we .may here 
farther add, 

I. That the sum of all the roots of any equation is equal to the 
coefficient of the accond term of that equation, with its sign 
changed. 



SIMfLE EQUATIONS, &c. tS 

BESOWJTION OF SIMPLE EQUAT40NS. 

Containing only one unknoum Quantity, 

Tbe jfiegcdutioB of simple, as well as-cf i»ciier Q4)«atfons, 
is jkhe .diseB^gmg the norknown <pieni^y, ia all ^ooii ex- 
4>Fessioii6, £ora tbeotberqaaiHtties with whidb itw cod- 
.iO^cted, and making it ataod alaiie, -on tuie «icle <of the 
equation, so as to be equal to such as ave kfi»w« on 4lbe 
othnstde; fbr the per^brmtng ef wbicfa, several fliioms. 
apd pcncesees are required, the fiaost useful and neot maf j 
(«f vJiieb are the foljowing : {a) 



r ^ II ■ n n I < » 1 *' n i 



%. Tfae sum of the products of eviery twaxif the roots, is eqCiiil co^ 
. tbf coefioieat of the diird term, without aiiy change iii iM vign. 

3. The fum of the products of every ^hcee of the rontt* it equal 
to the coefficient of the fourth term, with its sign changed. 

4. And so on, to the last, or absolute term, which is equal to the 
product of all the roots, with the sign changed or not, according as 
tbe equation is of an odd or an even number of dimensions. 

Bee, for. a moK particular account of the generd ihtsory of-equa- 
4kMMt V^* II. of my Treatise on /Ueebra, #yp. 1 jS 1 3 . 

(4) T|>e Qpcr^dons required » for the uorp^ here mis4f40iffi4» Are 
chiefly such as are derived froin the following simple and evident 
prinai^es : 

1. If the some quantity be added to, or svfbtracttd from, -each bf 
two equal quantities, the results will still be equal ; which is the 
same, in e^t, as itaj^ng any quantity fjcom oj9e.<^e^ an^fiquf tion, 
and placing it on the other side, with a contrary sign. 

2. If all the ter^s of a^y two^eq^al qwuHit^ be nuiUj|^iA4» or 
divided, by the same quantity^ the pioducts, or quotients, thence 
arising, will he equal. 

3. If tvfo qu^tities, either sipiple or coyipo^ad, bjc joqual to each 
other, any liKe powers, or roots, of them will also be equal. 

All of which axioms will be found sufficiently illustrated, by the 
I^Qce^a^ arising out of the several examples annexed to the «ix dif- 
ferent cases given in the text. 
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CASE I. 

Any quantity niay be transposed from one side of an 
equation to the other, by changing its sign» and the two 
'members, or sides, will still be equal. 

Thus, if jr -1-3=7 » then willar=7— 3, or jr=s4. 

And, if ^-4+6=8 ; then will x=8+4— 6s=6. 

Also, if x— o-»-/'=sc— rfj then will x=«— ^+r— i/. 

And, if4jr— 8=s3jr-f 20; then 4a:— 3xs=20-h8, and 
consequently x=r 28. 

From this rule it also follows, that if a quantity be 
found on each side of an equation, with the same sign, 
it may be left out of both of them ; and that the signs of 
all the tfrms of any equation may be changed from + 
to — , or from — to -h, without altering its value. 

Thus, if x-^5=7 + ^ ; then, by cancellmg, jr=7. 

And, if a— ar=^— c; then, by changing the signs, 
jr— (2=sc— ^, or jrrsa-f c— ^. 

CASE II. 

If the unknown quantity, in any equation, be multi- 
plied by auy number « pr quantity, the multiplier may be 
taken away, by dividing all the rest of the terms by it -, 
and if it be divided by any number, the divisor may be 
taken away, by multiplying all the other terms by it. 

c 

Thus, if ajp=3(2^— c ; then will xssSh . 

a 

And, if 2jr+4=l6; then will x-|-2ss8, 

or x=8— 2=6. 

Also, if7=5 + 3 5 then will j:=10+6=16. 

2t 

And, if-; 2=4; then 2x— 6= 12, or, by division, 

3 

jT — 3=5, orx=9. 
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CASE III. 

Any equation may be cleared of fractions, by multi- 
plying eachof itt terms, successively, by the denomina- 
xore of those fractions, or by multiplying both sidrs by 
the product of all the denominators, or by any quantity 
that is a muUfple of them. 

Thus, if- + 2 =5, then, multiplying by 3, we have 

V 

Zx 
j7-f — =15; and this, multiplird by 4, gives ^x-^-Zx 

5o 4 
2=60; whence, by addition, JxszGO, or «=s — =8- 

7 7 

X 9 

And, if . + ^ == 10 ; then, multiplying by 12, 

(which is a multiple of 4 and 6,) 3jr+2^=120, or 

120 ^, 

5jr= 120, or x= =24. 

5 

It also appears, from this rule, that if the same num- 
ber, or quantity, be found in each of the terms of an 
equation, either as a multiplier or divisor, it may be ex- 
punged from all of them, without altering the result. 

Thus, if orsa^+oc; then, by cancelling, x=^ 4 c. 

X h c ^ 
And, if- + — = - } then x-f ^=c, or x^sc-^b, 
a a a 



CASE IV. 

If the unknown quantity, in any equation, be in the 
form of a surd, transpose the terms so that this may 
stand alone, on one side of the equation, and the re- 
maining terms on the other (by Case I) ; then involve 
each of the sides to such a power as corresponds with 
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the index of the surd, and the equation will be rendered 
*free from any irrationtl exp Njudon. 

Thus, if V^— 2;=3j then will V'x=3+25=5; or» 
by squaring, a:=5*=25. 

And, if i/3^+4=b5 ; then will 3^+4^5^^, or 3;jr5= 

25 -4=21, or r = ^ =7. 

3 ' 



Also, if V2«'+3+4=8j then will V^xf 3=8-4 
xs4, or 2^-f3is4^=64, and €0Q««^aentiy 2a^s64— 3 

s= OJ, or ar =? — ^30-. 

2 ^ 

If that side of the equation, which contains the un- 
}cnowp qiMOtity* be a qoippleti^ power, the equation may 
be reduced to a lower dimension, by extracting the root 
of the said power on both sides of the equation. 

Thus, ifa;«=81^ then a?= V'^l^siP J and if j:«=27> 
then a;= ^27=3. 

Also, if3;c*— 9;^24| the»3;c*;5:24+9=;33,Dr**= 

3.3 

— =11, and consequently ar= ^11. 

And, if j:*'4-4r4'93c27i then, since tbe left hand 
side of the equation is a complete square^ wegh all bave, 

by extracting the roots, a:+3= ^27=^^9X3=3, '/S, 
or jr=3v'3— 3. 

CASE VI. 

Any analogy, or proportion, may be converted into an 
equation, by ipaking ^le product qf fbe two e^tj^me 
terms equal to jjiat of thjs two ipcans. 

Tbuf, if 3ar : 16:: 5:0; then 3xx6=lgx5, or 

80. 40 4 

18j?=80, or J7= -St: — = 4 -. 

' 1& 9 9 
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And, if-—- : a :: ^ : ci then wilj sso^. or 2c4r=s 

3 3 

Salf i or, by division, xz=z . 

Also, if 12— or : - :: 4 : 1 5 then 12— 0:= — = 2jr, 

^ 2 

12 
OT 2a?-f-jr=r 12^ and consequently ar=: ==4. 



lifISCBI.LANBOUS ESAMPLSS. 

1. Given 5j;— 15=2r-f6, to find ^he value of j;. 
cHiQC^ 64?— 2jr=*6-^lj5,<J!r3J?35^+15p=^l 5 ^a^drtere- 

<* 

2. Given 40— 6ar— 16=120— 14a?, to find tlie value 
of jr. . 

Here 14ar-6j?= 120—40-1- 16 5 or 8^=136--40=5 

4)6 i aqd therefore 4?= ^4- ==i^. 

8 

3. Given 3a?« — 10r=8jr+*», to find the value of jr. 
Here 3j?— 10=dtf4', by dividing by or j orSa?— a;=8 

•f 10=18, by transjH^sition^ 

And consequently 2jr=18, or a?= = — =9. 

4. Given 6ao(^—l2abji^=:>'6cux^+6cuxf^, to find the value 

of AT. 

Here 2cr^4^=:r-|-2, by dividing. by 3aai^\ orlx—x 
^^.4-4^; and therefore ^7=4^+ 2. 

-5. Given j:*-f-2j;-f l = l6, to find the value of j:. 
Here jc+ 1 =4, by extracting the square root of each 
-side. • 

And therefore, by transposition, :r=4— 1=3. 

6. Given 5cMr~33=2^j?-fc, to find the value of x. 
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Here 5ar—2^=c-f 3^5 or (5a— 2<Qar=c-f3fj and 
therefore^ by division, x =s ^ - i . 

«r JT JT 

7. Given k - =10, to find the value of x. 

' 2 3 4 

Here x — — -f -— =20 ; and 3a:— 2a?-|- --- = 60 j or 
3 4 4 

12a:— 8a7+6x=s240; whence iar=:240, ora:=24. 

8. Given ^-^ + f = 20 - ^^5, to find the value 

2 3 2 

of j:. 

2r 
Here X— 3 H =40— a:-f 19} or3x— 9-h2j:=120 

— 3j:+57 5 whence 3j:+2x+3j:= 120+57 +9 i that is, 
Sr=186, ora:=23i. 

2r 

9. Given ^ h5=7» to find the value of x. 

3 

Here ^ — =7—5=2; whence, by squaring, — =::2« 

ss4, and 2r=12, or x=6. 

2d* 

10. Given x+^v/C^-f^) ==-77-1 — -i» to ^nd the 

value of X. 

Here x-v/(o'+a;*)+a*+x«=2a«5 or x-v/(a*-f x«) = 
o*— X*, and X*(o'-f j;*)=a*— 2a'x*+x*j whence a*j:* -I- 

x*=a*— 2aV+x*, and a*a^sza^'-2a^ j therefore 3a*x* 

- a* 0^ . , fl* 

=aS or X* = — - = ~ J and consequently x= ^ — 

j^ .3 a ^ , . . 

= 04/- = av/~ = -v3, the answer required. 

J7 V* 
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KXAMPLBS FOR PRACTICE. 

V i. Given 3x— 2+24=31, to find the value of x. 

Ans. j:=3 

2. Given 4 — 9y = 14— 1 ly , to find the value of y. 

Ans. y=5 

3. GiiBpn JF+ 1 8=3jr— 5, to find the value of x* 

Ans. a:=llf 

4. Given x+ - 4- - = 1 1 , to determine the value of a;. 

2 3 

Ans. x^^6 

X 

5. Given 2x -f l=5jr -2, to find the valve of x. 

Ads. *= - 

7 

JT JT JT 7 

6. Given — h~ — =-::» to determine the value of x, 

2 3 4 10 J 

Ans. x=z\ ~ 

7. Given 1- -=4 .to find t be value of :r* 

Ans. 573=3 — 
13 

8. Given 2-f v'3x=Si/4-h5:r, to find the value of j:. 

Ans. x^\2 

9. Given X'{'a =s -. , to find the value of j:. ^ 

*+*^ Ans. a:= 



2a 



10. Given V^x^ v'fl-|-«^= tz r» <o find the value 

ofx. Ans. d:=- 

o 

^. ax'^h . a ^x hx-^a ^ ^ % 

41. Given h - = > to find the 

4 ^3 2 3 3^ 

value of ar. Ans. x^s, 

3a^2b 
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12. Given -v/5m-?== t^F+?, to find the value of x, 

Ans. j:= 0/ -— 

2a« 

13. 'Given v'«+JF+ Va— j?= v'^ar, to find t!ic value 

ofr. , 4a* 

Afis. y^K' »■■ ^ ^ 
a* +4 

14» Given — 4- -p-^ 5=^, to determine the value 
1+x 1 * 

of *. . b—^a 

Ans. jr=sV — i — 



. 15. Given a+j:= Va*+j?-v/(^«+««),tofind the value 

of X. Ans. xss- — a 

4a 



wfmm» 



16. Given ivr««+3a«— fV-**— a^^ss^-V^a, to Tind 

go' 
the valdebfdT. Ans. x^i^-z — :; — 



17. Gj»eo v'a+JP-f Va— rss^tofindthcva.lueofar. 

t r- 

Aos* x=s - ^4a'^b* 



aa. fiiven ^a+j?+ ^g— jras^^t ofind the value of jf . 

An.. 4?=^yrf- (*-^y 

ig. Given y/a-^j^xss »/ax, to find the value of x, 

/I 
Ans.' X3S' 



■ 

20. GivcnAy-- — -f>^/— *=fl, to determine the 

Tfthieofx. ^ a 

Ans. xx 



V'a«-4 
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21. Given ^a^^-ax^a- t/a^^-ax, to find the value 

of or. A ^ >o 

Ana. jTss-v'S. 



22. Given v'a«— ar'+Xv/ar^— l=a«v'l— -a?** to find 

the value of j;. . /« — 1 \ 

Ans. x=l -i-r:: I 



23, Given Vjr-f-a=c - \/x + ^, to find the value of x. 

An,. x=(^L_).-* 

^, h c 4hc 

24. Given v^-t- 4- V =s V3— -];. tofind the 

a+x a— X IT— X* 

Talueofx. Ans. xssa^jtf.^ 

Of the resolution qfsimpU eqtiations, containing two 

unknoum quantities. 

When there are two unknown quantitieg, and two in- 
dependent simple equations involving them, they maybe 
reduced to one^ by any of the three blowing rules : 

AULB I. 

Observe which of the unknown quantities is the least 
involved, and find its value in each of the equations, by 
iSae methods already explained : then let the two values, 
thus found, be put equal to each other, and there will 
arise a new equation wtib only one unknown quantity 
in it, the value of which may be found as before (h) 

(h) This rule depends upon the well known axiom, that things 
which are equal to the same thing, are equal to eaofa other ; and 
the two ioUowing methods are founded on principles which ire 
equally simple and obviotts. 



I 
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EXAMPLES. 

*l. Given {5^l2^^io} ^° ^"^ *^*® ^^^"" ®^ ^ 
and y. 

23 --3y 
Here, from the first equation, j?= — ^ ' 

It 

And from the second, ar= — - — =^ 

5 

wu K ^3-3y 10+2y 

Whence we have = — ;; — , 

2 o 

Or 115 — I5y=20+4y, or IQyss 115—20=95, 

05 23 —15 

That 18^ ^= — =5, and ar = =4. 

''19 2 

2. Given {^Z]^Z^ } to find the values of x and y. 

Here, from the first equation, x=sa— y. 
And firom the second, x=:^-|-y. 

Whence a— y=^+y, or 2yasa—^, 

And therefore y= , and a?=sa— y, 

Or, by substitution, x^sta — • = — - — . 

2 2 

3. Given 5 f^^il^^g \ to find the values of x and y. 

2y 
Here, from the first equation, orss 14— •^, 

3v 
And from the second, x=24 — —-, 

Therefore, by equality, 14— -^ = 24 ^, 
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Qy 

And consequently 42-2^=72 ^, 

Or, by muUiplication 84— 4y=144— Qy j 
And, therefore, also 5y= 144—84=60, 

Or, by division, y= =12, and x=14— —--=6. 

RULB II. 

Find tbe value of either of the unknown quantities in 
that equation in which it is the least involved $ then sub* 
stitute this value in the place of its equal in the other 
equation, and there will arise a new equation with only 
one unknown quantity in it > the value of which may 
be found as before. 

BXAMFLES. 

1. Given | s^tj^y^Z^ \ ^^ ^^^ ^hc values of x 

andy. 

From the first equation^ ^=17— 2y; which value, 
being substituted for x, in the second. 

Gives 3(l7-2y)-y=2, 

Or 51— 6y-y=2, or 7y=5 1— 2=49, 

40 
Whence y= =7, and :r=17 — 2y=3. 

2. Given < ^^"!" « t to find the values of x add y. 

1^7— y=s 3) ^ 

From tbe first equation, x==J3— y; which value 
being substituted for x, in the second. 

Gives 13— y— y=3, or2y=13-3=10, 

10 

Whence y = - — =5, and a:=l3— y=3. 

2 
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S, Given {^i«^lt:^c ^| ^o ^"^ t^« values of x 

and y. . 

Here tlie analogy in the first, turned into an equa- 
tion. 

Gives hxszaif, or a; = -j-. 
And this value, substituted for x in the second. 
Gives (^^y+y'»=:c, or ^ -»-i^««r, 

Whence we have a«y«+^ys=s^, o^y^^fi^^T^-T^ 

And, eonsecpietttlf i y=*\/-r.'7;' ^^ *^— * V -rm 

KULK III« 

Let one or both of the given. equations be* multiplied, 
or divided, by such numbers, or quantities, aa will make 
the term that containsone of the unknown quantities the 
same in each of them ; then, by adding, or subtracting, 
the two eqoations thus obCaine«l, asthe cane may require, 
there will arise a new equation, with only one unknown 
quantity in it, which nuiy be reaotved as before. 

EXAMPLES. 

1. Given Pflo^^f?! to fiad the values of x 
and y. 

First, multiply the second equation bj 3, and it will 
give ar-f 6ys=:43. 

Then, subtract the first equation from this-, an^ it ^ill 
give 6y— 5y.=?42— 40, or y =2. 

Whence, also, x=14—2yss 14— 4=102 
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!i. Given ja^T^^^?©} to find the valoet of x 

and y. 

Multiply the first equation by 2, and the second by 5 ; 
then lOr— 6y=18, and iar+25y=80. 

A»d if the former of these be subtracted from the 

latter, there will arise 3ly:rz62, or y = — - =ta 

Whence, by the first equation, jr=s ^ sa; .^— sk3. 

,5 5 

SXAMFi^BS FOR PAACTICB. 

1. Given 4jr+y3aK34, and 4y+x=l6, to find the 
valuesof X and ^. Ans. :r=8, ^=2 

2. Given Zr4*3^=Bl^i ^d ar— 2y.5;=.ll, to find the 
values of :r and y^ Aus. ^7=5, ^z= 2 

^ ^. 2x 3y 9 . 3ar 2v 6l 

3. Given — -h -^ =« — , and h -^ a:— , to 

5 4 30 4 5 120 

find the values of ;r and v« .1 1 

^ Ans. x=-, trsi - 

2 ^ 3 

JT V 

4. Given ~ +7j^=99, and ^ +7jr=51, to find the 

vsEitues of AT and y. Ant^ xa^, yssl4 

5. Given-— 12=a^+8,and^i^ ^- ^ — 8 3JI 

2 4 5^3 

— ~ f- 27, to find the values of x and y . 

• Ans. x=£6D, ys£40 

6. Given jr+ya=J> and j;*— y«=rfj, to find the values 
ojfxandy. ^ s*+d s*^d 

2d ' ^ 25 

7. Given j?+y : tf :: r— y : ^,and «*— y*M:c,to6Dd 
the values ^f j? atvd y . 
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8. Given ax-^-by^c, and dx-^ey^zf, to find the 
values of X and y. 

. ce—bf af—dc 

Ans. X = ^, y= -^ — -— 

ae^- bd ^ ae — vd 

g. Given jr+y=a, and x^—y^^sb, to find the values 

ofjrandv* » d^+b a^ — b 

Ans. x= , v= 

10. Given x*-fxy=fl, and y^-i-xyzsb, to find the 

values of x and !/• « a ^ 

^ Ans. xrs ryss. 

ji/a-^-b ^^a-\-b 

Of the resolution of simple equations, containing three or 

more unknown quantities. 

When there are three unknown quantities, and three 
independent simple equations containing them^ ihey may 
be reduced to one, by the following method. 

RULB. 

Find the values of one of the unknown ifuantities^ in 
each of the three given equations, as if all the rest were 
known ; then put the first of these values equal to the 
second, and either the first or second equal to the third, 
and there will arise two new equations with only two 
unknown quantities in them, the valuea of which may 
,be found as in the former case ; and thence the value of 
the third. 

Or, multiply each of the equations by such numbers, 
or quantities, as will make one of their terms the same 
in them all ; then, having subtracted any two of these 
resulting equations from the third, or added them toge- 
ther, as the case may require, there will remain only two 
equations, which may be resolved by the former rules. 

And in nearly the same way may four, five, &c. un- 
Icnown quantities be exterminated from the same number 
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of independent simple equations ; but, in cases of this 
ktnd» there are frequently shorter and more commodious 
methods of operation, which can only be learnt from 
practice. 

EXAMPLES* 

C x+y +« =29) 

1. Given < ar-f-2y-f 3x=62 > to find x, y, and x. 

Here, from the first equation, ar=29— y— %. 

From the second, jr=62— 2y— 3^, 

2 I 
And from the third, ar=:20 — r V— - «> 

Whence 29-y— 2;=62— 2y-.3«, 

And, also, 29— y— %=20— -y— -%^ 

«i 2 

From the first of which y=33— 2x» 

3 

And from the second, y=27— 7-«» 

2 

Therefor© 33— 2a;=27 ^, or xaBi2» 

' 3 

Whence, also, y=33— 2a;=9 

And ar=29—y<— s=8. 

r2x+4y— 3«=23'J 

2. Given < 4a?— 2y-f-5x= 18 > to find x, y, and »♦ 

l6ar-f- 7y—« =<53j 
Here, multiplying the first equation by 6, the second 
by 3, and the third by 2, we shall have 

I2x+24y— 18«=132, 
12JC— 6y4-l5a;-54, 
12x-f 14y— 2-5=126. ' 
And, subtracting the second of these equations sac« 
cessively from the first and third, there will arise 

3py— 33%=:78, 
2(^— 17%=:72. 

F 
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Or« bgr dividing the first of these two equations by 9, 
«ad then multiplying the result by 2, 

20y— I7x=;^2. 
Whence^ by subtracting the former of tliese frona thtf 
latter, we have 5zz£i20, tft ft:fc4. 

And, consequently, by substitution and reduction^ 

y=7 bnd drirS. 

3. Given x-\-y+xz^!i3, x-^2y+3t:^\65, andx+3y 
^4x±:134, to nntl the valoes of a-, y, atld %. 

Afts. xitcU, y^Qi and %=:23 

2^ 3 3 4^^ 

and -ar-^-y-f -%=:12, to find the values of x, y, 

*w 9 It 

and «. Ans. a:=12, y=20, «=:30 

5. Given 7ir+5y+23tt!r79, 8Jf+7y+g*£=I22, and 
'+4y +3<zi.54» to find the values oi 4^ y» and z. 

Ans. :rz:4, ynp, %— 3 

6. Given x+y=sfl, ar+x=r^, and y-\-%^c, to find 
4he values oix, y^ and x. 

MISCELLANEOUS QUESTIONS, 

PRODUCING ^iMFLi EOUAttfHlS. 

The usual method of resolving algcbmieal questions, 
if first to denote the quantitica, that are to be louiuli by 
jr, y, or some of the oth&r final iettcre of the alphabet } 
theih having properly examined the state of the ques- 
tion, perform with these itttler#| and the known quan- 
tities^ by means of the common signs^ • the same opera- 
tions and reasonings that it would oe necessary to make 
if the quantities were koown^ and it was required to ve- 
rify them, and the conclusUm will give the result sought. 

Or^ it is generally best, when it can be done, to denote 
•oijr one of the unknown quantities by x or.y, and then 
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to determine the «&pre9suKi fi>r th« (Hberlj from the 
nature of the queatioQ $ after whkh tb« same method of 
reasoning may be followed^ as above. At)d» in some 
cases, the substituting for the sums and differences of 
quantities -, or availing ourselves of any other mode^ that 
a proper consideration of the cjuestion may suggest, will 
greiitfv facilitate the fcDlutlon. 

1. What ttumber h that v^ho86 third pai^ exceeds its 
fourth part by 16 ? 

Let Xzzz the liumber required, 

1 J 11 

iThen its ~ part will be - x^ and its - part - x. 

And thfefefore -* — -;r=l6, by the question^ 

\i ^ 

3 
That is jf — -rjT =48, or 4jr— 3jp=J92, 

4 •. »■ .. 

Henoe xtfaiga, tlie number required. 

^» It is required to 6nd two numbers wtcb, (hat llicir 

lium shall be 40, and their dilTereBce 1 6. 

Let X denote the least of the two nutpbers required. 

libeti will x+ 1(5= to (he jgreater tiumberj 

And:e'4-*+l6=40, by the question, 

24 
Thai\9 2X^4f0^l§, or jP4bt-^s:9il2feK le«fMfitiro'. 

And ^+I6=l2 + l6zl28c= the greetfir nu^ntoer re* 
quired. 

3. DivMfe lOOOf. between a, b, ahdc, so that a shall 
have 72/.more than b> and c 100/. more than a. 
f^et JTtttg^s share cf the ghretf vain, 
Tben wttt *-ffla a** ibmpe, 
Add ir+ iy3^ c*s ^tfu 
Hence their sum is T-hj:-f 72-f jr*f l?^. 
Or 8jr+244ss 1000, by the queDttoo, 
That is 3;r= 1000— 244=756, 

Or «:± ?^ ii2Wf.i==6'4 dharc, ^ 
• 3 

Ft 
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Hence j? + 72=324/. =a's share. 
And x-f 172 =424/. =c*s share. 
Also, as above, 252/.=ii*s share. 



Sum of all = 1000/. the proof. 

4. It is required to divide 1000/. between two per- 
sons, so that their shares of it shall be in the proportion 
of 7 to 9. 

Let x=z the first person's share. 

Then will 1000— x= the second person's share. 
And X : 1000— j: : : 7 t 9, by the question, 

That is 9r=(1000— j:) X7=7000— 7*, 

7000 
Or 9wr+7ar=7000, or a:= — — = 437/.10j.=Ist share, 

and 1000-jr= 1000—437/. I0s,=s62l. 105.=2d share. 

5. The paving of a square court with stones, at 2s. a 
yard, will cost as much as the enclosing it with pall* 
sades, at 5s. a yard 3 required the side of the square ? 

Let jr= length of the side of the square sought. 
Then 4x= number of yards of enclosure, 
And x^= number of yards of pavement. 
Hence 4jrX5=20a?= price of enclosing it. 
And x*x2= 2x/^ = the price of t he paving. 
Therefore 2jr*=2Cfct:, by the question. 

Or 2a?=20, and ^-=10, the length of the side re- 
quired. 

6. Out of a cask of wine, which had leaked away a 
third part, 21 gallons were afterwards drawn, and the 
cask being then gauged, appeared to be half full ; how 
much did it hold ? 

Let x:= the number of gallons the cask is supposed 
io have held, I 

Then it would have leaked away ~* gallons. 
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Whence there had been taken out of it, altogether, 

21 -f ~x gallons. 

And therefore 21 -f - x = -ar, by the question^ 

3 
That is 63+ar= -x, or 126+2jr=3x, 

Consequently 3jr- 22'=126*, or x=126, the num- 
ber of gallons required. 

7. What fraction is that, to the numerator of which 

if 1 be added, its value will be -, but if I be added to 

3 

the denominator, its value will be -. 

4 

Let the fraction required be represented by -, 

x-t-1 1 X I 

Then = ~, and = -, by the question. 

y 3' y + 1 4' -^ ^ 

Hence 3a?-f 3=y, and 4r=y + lt or x= ^—7—, 

4 

Therefore 3 (^~-) +3=y, or 3y + 3-f-12=4y, 

.,., . J y + 1 15+1 16 

That is y=15, and x = ^^-7- = — 7-- c= — =4, 
^ 4 4 4' 

4 

Whence the fraction, that was to be found, is — . 

8. A market won;)an bought in a certain number of 
eggs at 2 a penny, and as many others at 3 a penny, 
and having sold them out again, altogether, at the rate 
of 5 for 2d., found she had lost 4d. 5 how many eggs 
had she ? 

Let 4r= the number of eggs of each tort^ 
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Tticn will -07= the price of the first sort. 
And - a:= the price of ti|p second sort, 

Bui 5:2:: 2jr(tbe whole number of eggs) : — 

Whence — «■ ch4 price of both «art«^ wbtq fluixed 
5 

tc^getber, at the rate of 5 for 2d.t 

And consequently -a:+ -^x ■t4, by the ^qutslion,'- 

2 3 5 . 

That is 15jr-f IOjt— 24ars=i20,or jrslSO, tlie nyui- 

ber of eggs of e«ch sort, as required, 

9. If A can perform a piece of \rork in 10 days, and b 
in 13 ; in what time will they finish it, if they are both 
set about it together ? 

Let the time sought be denoted by jt. 

Then — = the part done by a in one day. 

And — = the part done by b in one ^iivy, 
•13 

Consequently h — =1 (the whole work). 

That it 18ir4-10Ursl$O,or234:al30^ 

Whence x^ - — ' =5 '-- days, the time required* 

10. If one agent a, alotie, can produce an effect e, in 
the time <i, and unqther agem ft, alon^f io the tioae h \ in 
what time will both of them together produce the same 
effect ? 

Let the time ^ougiit be denoted ^aj x, 

tx 
Then « : e : : v : — 3B part of (be ttifcot pradocMl 

€X 

And b\ § l\ X I — ^s^ part of the effect produced 
by », ^ 
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Hence h — T =« (the whole effect) by ibo qu<^lH>4h 

a b 

Or - 4- - =-; by dividing egch side by e, 
Tbereforf^ J^4- -r- =fl» or bx-^ ax ^at, 

V 

Cpn^qucntiy x^ — -r ss time rcimlrcd. 

• 1 i . How much rye at 45. 6d, a bushel, must be mixed 
with £0 bushelf of wbeat, at 6s, a bushel^ so tbat the 
rpitture may he worth 5s, a bushel ? 

Let jp*^ the number of bushels required, 
Then gx is the price of the rye in sixpep.ces^ 
And dob the prtpe of the wb^al in dittp, 
Also (W-Vj?) >< 10 tto.pricQ of the n^U^are in dUt^j. 
Wh^nqe ftr-f 600=500+ IQr, by the quiestio^A 
' Or, by transposition, I Ox — 9^7=600 — 500, 
Consequently jr= lOQ the number of bushehi requireif^. 

12. A labourer engag^ to iserre for 40 dayfi> mi cen^r 
cUtion th3t for tvtry day he worked he should refreivt 
^iOd,^ bqt fpr every dav bfi wa5 abspnjt be *bpi>ld forfeit 
9(f> ; now, at thr? end pf the Ume, he had^ to recfiirt; 
Xj, lUf si, i hpw na^ny dayi^ did he work. 9Xu\ bQ^jmHf 
was he idle ? 

Let the number of days that he worked be depoteid 

Then will 40— x be the tiumber of days he was idit. 

Also 20x the sum earnt^, jand (40— r) x 8,) 

Or 3ao-i^8r the sum forfeited, 

Wheae8 30x-^(S2iO— 8ar)exd80d.(sl/. iU.Ud.), bj 

the iqiiestion, 

Th;iti3 :jPi??--320+3;r?;?330, 

Or 2^Jp^ 330 + 320^/00^ 

^ , 700 

Consequently ^r=s -— =5^5;, the nupaber of days Im 
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worked, an3 40— x=:40— 25=15, Ihc nnmber of days 
be was idle. 

aUBSTFONS FOR PRACXiCE. 

1 . It is required to divide a line, of 15 inches in length, 
into two such parts, that one may be three-fourths of the 
other. Ans. 8) and 6} 

2. My purse and money together are worth 205. and 
the money is worth 7 times as much as the purse, how 
much is there in it ? Ans. \ys,6d, 

3. A sheplierd, being asked how many sheep he had 
in liis flnck, said. If I had as many more, half as many 
more, and seven sheep and a half, 1 should have just 5Qf}\ 
how many had he ? Ans. I97 

4. A ppst is one fourth of its length in the mud, one 
third in the water, and 10 feet above the water ? what 
u its whole length ? Ans. 24 feet 

5. After paying away - of my money, and then ■- of 

4 5 

the remainder, I had 72 guineas left ; what had I at 
first? Ans. 120 guineas 

6. It \% required to divide 300/. between A, B, and c, 
no that A may have twice as niuch as b, and c as much 
as A and b together. Ans. a 100/., b 50/., c 150/. 

7« A person, at the time he wa^ married, was 3 times 
as old as his wife ; but after they had lived together 15 
years, he wai only twivC as old; what were their ages 
OD their wedding 'd;)y ? 

Ans. Bride's age 1 5» bridegroom's 4^ 

8. What number is that from which, if 5 be subtract- 
ed, two thirds of the remainder will be 40 ? Ans. 65 

p. At a certain election, 1296 persons voted, and the 
successful candidate had a majority of 120 j bow many 
yoted for each ? 

Ans 7O8 for one, and 588 for the other 



^^^ 
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10. A's age is double of b*8^ and b's is triple of c*s^ 
and the sum of all their ages is 140 ; what is the age of 
each ? Ans. a*s 84, b*s 42, and c*s 14 

11. Two persons, a and b, lay out equal sums of 
money in trade; a gains 126/ and b loses 87/* j and a's 
money is now double of b's ; what did each lay out ? 

Ans. 300Z. 

12. A person bought a chaise, horse, and harness, for 
60/. ; the horse came to twice the price of the harness, 
and the chaise to twice the price of the horse and har- 
ness ; what did he give for each ? 

Ant. 13/. 6^. Sd, for the horse, 61, l3s,4(L 
for the harness, and 40/. for the chaise 

13. A person was desirous of giving Sd, apiece to 
some beggars, but found he had not money enough in his 
pocket by 8d,, he therefore gave them each 2d.f and had 
then 3d, remaining ; required the number of beggars } 

Ans. 11 

14. A servant agreed to live with his master for 8/. m 
-year, and a livery, but was turned away at the end of 
seven months, and received only 2/. 13s, 4d, and his 
livery ; what was its value ? Ans. 4/. 1&. 

15. A person l^ft 560/. between his son and daughter, 
in such a manner, that for every half-crown the.soa 
should have, the daughter was to have a shilling ; wiMft 
were their respective shares ? 

Ans. Son 400/. daughter iGOl. 

16. There is a certain number, consisting of two 
places of figures, which is equal to four times the som 
of its digits 3 and if 18 be added to it the digits will be 
inverted ; what is the number ? Ans. 24 

1 7. Two persons, a and b, have both the same in- 
come ; A saves a fifth of his yearly, but b, by spending 
50/. per annum more than a, at the end of four years, 
finds himself 100/. in debt ; what was their income } 

Ans. 125/. 

:«" - 
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18* When a company at a tavern came to pay their 
reckoning, tbey foisncl^ that if there hud been three 
persons noore, tliey would have had a shilling apiece less 
to pay, aod if there bad been two less, they would have 
had a shilling apieoe more to pay 3 required the number 
of persons, and the quota of each ? 

Ans. 12 persons^ quota of each 5s, 

10. A person at a tavern borrowed 4s much money as 
be had about him, and out of the whole $pent I5.3 he 
.then went to a second tavern, where he also borrowed as 
mnch as he had now about him, and out of the whole 
apent Is. ; axid going on, in this manner^ to a third and 
^urtb tavern, he found, after spending his shilling at 
the latter, that he had nothing left -, how much money 
had tie at first ? Ans. 11^. 

20, It is- required to divide the number 7^ into two 
such parts, that three ticnes the greater shall exceed 
seven times the less by 15. Ans. 54 and 21 

91. In a mixture of British spirits and water, f of the 
whole plus 25 gallons was spirits, and j- part minus 5 
gallons was water; how many gallons were there of 
each ? Ans. 85 of wine, and 35 of water 

22. A bill of 120/. was paid in guineas and moidores, 
jind the number of pieces of both sorts that were used 
^vere just 1 00 ; how many were there of each, reckon- 
iug the guinea at 2 1 5., and the moidore at 27^- ^ 

Ans.. 50 

513. Two travellers set out at the same time from Lon- 
^n and York, whose distance is 197 miles 5 one of them 
f^oes 14 miles a day, and the other 16 s in what time will 
tbef meet ? Ans. 6 days ld|- iiours 

24. There is a fish whose tail weighs gib,, his head 
weighs as much as his tail and half his body, and his body 
weighs as much as his head and bis tail ; what is tte 
whole weight of the fish? Ans. 72^ 

25. It is required to divide the number 10 into thme 



»• 
I. 
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rech parts, tlwt, if the first be multiplied by ^, the 8C« 
cond by 3, and tbe third by ^, the three products shail be 
«H tquai. Ans. 4l, 3l, and« 

26. It is required to divide the number 36 jptp t^br^ 
8\ich parts, t))at | the firsts ^ of the second^ ^"4 ^ f^f jt^e 
tbii-^^ shall l)e all equal to each other. 

Ans, The p^rts ar.e ^, 1?, a^^ 1(5 

.27. A person bfis two hors^. and a paddl^, Nf (licb^ of 
it&df^ is worth ^0/. -, nowj if the saddle be put on tb^ 
^Mfik of die first horse, it will make his .value Uoabkc tia$ 
^f,t}ie. second, ^nd if it be put on the bsck.^if ({le jse^^ond, 
jit will opaji^e i(\$ value triple-that of the^r«t.: wl)at.if;tbt 
xalve of <ach bpr^e ? - Aqs. One .30/. pnd the other iiOf» 

28. If A gives u 5^. of his money, -b will havctwice aa 
f9uch as the. other has left ; and if s gives a 5s. of bia 
money, a will have three times as much as the other hm 
left 3 how much had each? Ans. a \3s, and b li)^ '. 

29. What two numbers are those whose ditfkreQfM 
sum, and product, are to each other pis the numben 2>9» 
and 5, respectively ? ^Aps. W^jft^ 

.3.0* A person in pl^y lost a fourth or his money, ^^^4 
then won back 3^., after which he lost a third pf ^(^^ 
he now had, and then won back 2^. ', lastly, he lost a 
seventh of what he then had, and after this found.be tuid • 
but I2s. ipmaining -, what had he at first ^ Ans. ioif^ 

31. A hare is 50 leaps before a greyhound, and takes 
4 leaps to the greyhound's 3, but 2 of the greyhound's 
leaps are as much as 8 of the bare*« 3 jbow naany leaps 
must tbe greyhound take to catch the hare ? Aoa. 9M 

32. It is required to divide the number 90 into fottr 
such parts, that if the first part be increased by 2, the ie- 
cpod diminished by 2> the third multiplied by 2, apd^b^ 
fourth divided by 2, the sum« differopce, p^MCt,>94 
quotient^ shall be all equal? 

Ans. The parts are iS, 22^ IQ, and 40 



» 
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33. The quotient and remainder of af sum in division 
are, each, 21 3 and the divisor is ^ less than their sum : 
what \% the number to be divided ? Ans. 1050 

34. A man and his wife usually drank out a cask of 
beer in 12 days, but when the man was from home it 
lasted the woman 30 days 5 how many dd^s would the 
man alone be in drinking it ? Ans. 20 days 

35. A general, ranging his army in tlie form of a solid 
square, finds he has 284 men to spare, but increasing the 
side by one man, he wants 25 to fill up the square ; how 
many soldiers had he ? Ans. 24000 

36. If A Mid B together can perform a piece of work 
in 8 days, a and c together in g days, and b and c in 
lOdays, how many days will it take each person to per- 
form the same work alone ? 

Ans. A 14|^| days, b 17|t9 >°^ ^ ^/t 
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A Quadratic EauATiON, as before observed, is that 
in which the iteknown quantity is of two dimensions, 
or which rises to the second power ; and is either simple 
or compound. 

A simple quadratic equation, is that which contains 
only the square^ or second power, of the unknown quan- 

^* ojfisz h, or a^ss, - ; where x^l ^- 

a a 

A compound quadratic equation, is that which con- 
tains both the first and second power of the unknown 

^ ^' flx*-|-^x=c, or j:"+ -*= -. 

a a 

In which case, it is to be observed, that every question 
of this kind, having any real positive root, will fall under 
one or other of the three following forms : 



* ■ 
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1. a*+ar=A . . . where x= ± V'Q-r +^)- 

2. «•— ar=^ . . .where j:=+ - ± '^\^ "^^)' ' 

3. s^^ax^^h . , where x=-f- -± V'C— — ^). 

Or^ if the second and last terms be taken either posi- 
tively, or negatively^ as they may happen to be, the gene- 

«r*±^j?=±c, or j^± -x=db- 

a a 

which comprehends all the three cases above mentioned, 
may be resolved by means of the foik>wing rule : 

ft%LB. 

Transpose all the terms that involve the unknown 
quantity to one side of the equation, and the known 
terms to the other > observing to arrange them so, that 
the term which contains the square of the unknown 
quantity may be positive, and stand first in the equation. 

Then, if the square has any coefficient prefixed to it^ 
let all the rest of the terms fa^ divided by it, and the 
equation will be brought to one of the three forms 
above-mentioned. 

In which case, the value of the unknown quantity x 
is always equal to half the coefficient, or multiplier oi x. 
In the second term of the equation, jtaken with a con- 
trary sign, together with ±: the square root of the square 
of this number and the known quantity that forms the 
absolute, or third term, of the equation, (c) 



{c) This rule» which is more commodious in its practical appli- 
^tion, than that usually given, is founded upon the same princi- 
ple ; being derived from the well known property, that in any qui* 
dntic 

IT* ± wr n ± ^, if the square of half the coefficient a 






no ai9ADRATiO HQIUATIOI^. 

JVo/e. AH c^uations^ wjlxlcb hflye the isxdp:^ of the jin- 
knowq qoaotity^ in one of their terms, just double that 
of t))e otber^ are retolved like qviadratic^/ b^ first find- 
ing Jthe value df the square root of the first term^ ac- 
cording tp tlie method used in the above rule^ and then 
taking «ueh .a ^00$, or -power .of ihe reralt, ^as k denoted 
by the reduced inde;x of the unknown quantity. 

IfhuSp if there be t^ken any generad equation of this 
l^ind. as 

we shall bave^ by talcing the square root of x^'^ , and 
ob^^yAQg 4h^ iM^ part jottiifi r\fh, 

:r^=:-5±^(~-f*),andir=|-|±v/ 



(^^OF 



of the lecond t^riQ of the e^uattqp be ac^ded to p^P.li Qf i(9 ni^cs^ fio 
«s to -render it of the form 

^U wiAib ^irtfMfdi iContMns the unkoonm quantity /will 4ien (}e a 
iCPVipl^te s^vtare .^ aw2/i pqQ|if:qv)9n Afi .4^^ c^tra«ting ^e rq9t(9f:efjQh 

jsi^lc, VC sh^U hjlYC 

•Virl^i^jf ^^4%lp»^ASthCjff4e| |^iiMg.0«^ they 

2nay^P(e(ito.b^ 

It may here, also, be otraerved, t^at the fi(qb|euo)is sigfi ^^ 
Which idenota both 4- and — , if prefixed to tl^ie radical p^rt of the 
valiie«f4»4n'€V€f7'exprtMion'Of'tUs kiiAl, btcatisf the -square root 
nf lin|r DontiYCi^van^tyy «iii0% »mdler.4^>cir f- a; for (4- «)x 
(-|-a), or (— o)x^— ^) ftre^i^b qpth^.: b^^^fflnafef^qt ^f 14. 
negative quantity, as — «^9 is imaginaryt or unassignable, there 
being nojquantity, either positiiee^Mr aegative, -that, 4vben multi' 
plied by itself, will give a negative product. 

^o this «K may alio further -addy that from the oonstant occur- 
«eBce.of «foe douUc sign .before the^iailical jMFt of the above «xpf«s- 
mm^ 9t nAOMtaoiy Mioiwfy <that tvery quadratic equation muic 
have two roots ; which are either both ical^ or both imaginaiy^iMi- 
cordingto. - 
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And if the equation^ which is iso be resolved^ be of the 
following form ^ _^J ^^^ 

we shaQ necessarDy bave^ according to ihe wme prin- 
ciple. 



X 






=f±v(^+*>and^= {i±^{T+*) } = 



1. Given a;*+4ar= 140, to find 'the value of ar. 
Here a:*+4a:^=tl40, t)y-dre q oestleq. 

Whence x=z—2± v'4+ 140, ^bj the rule. 
Or, wlJich is tihe sanew ^hiijg, ««= —^4:^144, 
Wherefore j:=— 24-12=10, or — 2-.12z= — 14, 
Where one ftf ibe valn^^f «? # ^ ^itiveniiAdbe other 
negative. 

2. Given ^•—12j;+30=:3, to find the val«erfw. * 

Whence «'=6+ /v/36— ^7, bjr the rule, 
Pr, whi^h is l;he j^me tfcw^ ^^^i: f/9* 
Therefore x=6-H3=r:9, or ^=cj6— 3=3, 
Where it appears that ^ has two posi^ve vjsJues. 

3. Given 2j;*Hh8a?— 2O=70, tp find the value of x. 
Here 2d;<'+Ar^7Pfi^ 20^90, j^lT'iiwij^fl^ 
And j^-}-4ar=45, by dividing by 2, 

Or, which is the jB^me thing, x=:^2+ ^^49, 
Therefore ar=s— 2+7=5, pr =?-^— 7=— 9, 
Whese one of tl|p values of x is positive and the other 
ocgativp. 

4. Given 3x*-*-3j?+6=54., to find the value of x. 

Here 3J:^^3ar=5|— 6=— • by transposition. 

3 
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And a;*— x= by dividing by 3, 

Whence *= - ± %/( •- ), by the rule, 

Or, by tubtracling - from -, ^ = - ± v"^. 

rr,!. r 1.12 111 

Therefore *=j + g= J, or = --- = ., 

In which case a has two positive values. 
Aj^ Given -a« *+20j=42J to find the value of jp. 

Here -*• jp=:42y— -201 =22| by transposition, 

2 3 

2 1 

And^ r;^44y, by dividing by , or multi- 

3 2 

plied by 2, 

Whence we have r= - ±i/ ( — 1-44^), by the rule. 

Or, by adding - and 44| together, xzz -± -• — , 

Therefore x = « +6|=7, or = --6*=:^6|, 

Where one value of x is positive, and the other 
negative. 

6. Given ajfl-k-hxssc, to find the value of x. 

h c 
Here j:^H — x= - by dividing each side by a. 
a a 

h h^ r 

Whence, by the rule, a7= — -- ± i/ (-—. -f -), 

i . ^•-f-4/Mr 
Or, multiplying c and a by 4a, «•= — — ± \/ — jt"* 



Therefore «•= + — s/h^-^-Aac. 

04k ~" 2tf ^ ^ 
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7. Given ax^—lx-^czzd, to find the ralue of jt- 
Here a«* — ^x=</—c, by transposition. 

And X* x=s , by dividing br a. 

X Cw 

Whence x= — ± v'f-— - H r) by the rule, 

2a ^ a ^ 4a* ^ ' 

h 1 

Or, muU8 d—c &aby 4a, ^= — ± — v/4a(«/— c) + ** 

8. Given x^'\'ajfi=b, to find the value of x. 

Hcr« :«*+aa:*=^, by the question. 

Or *•=- 1 ± ^ ^1 +i) = - 1 ± i •(««+44), 

by the rule. 

Whence a:= ± V (— - ± - ^4FTa\X by extraction of 
roots. 

p. Given - a?**- -x* x= to find the value of x. 

2 4 32' 

Here -jt* **= , by the'question, 

Jb 4 . 32 

And *^— - ^ = ^, by multiplyiog by 2, 

Whence jp'= - ± VC-r: ^)*= -# by the rule, 

1 2 1 

And consequently dr= V7 «= V- = - V2. 

4 o 2 



10. Given 2a:^ -h 3x^ =2, to find the value of df. 

K 

Here 2;r4- 3x^=2, by the question, 
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And ir -f -j? — 1, l?y dividing by 2, 
Whence x^^^^iy(^+|)=^^±^^i,or.2 

Th^f fpy^ ^^ (i)»=i, pr (-2]^:^ --8, 

11, GiwBa:*-Ti5Ur»+44:r«— 48a:s=:9CX)9 (a), to find 
the value of jr. 

This eqtialicHi oiay b§ ^iLpre^sed ftp follows^ 

(tf«r^6y)«^ 8(;cg^a y)acaa 
Whence x*— 6|:=-..4± \^l6^a, by the common rule. 
And, by a teoo^d operation, a:=3^ a/!9— 4±\/( lo+o) 
Therefore, by restoring themiu^of ^i, we have 

Or, by extraction of rooti, jr=3l3, the Ans. 

EXAMPLES pox FXACT|CB. (d) 

!• Given x*— 82'+ ICUc I9, to find the value of x. 

Ans. ar=9 

2. Giiiai4r^^aN*-40=?l70, toiijKithevalueof j:. 

Ans. j:=15 

3. Giv^n 3x^-f-2:r— 2^76, to fim} the valine of x. 

Ans.' x=i5 

4. Giyen -af*'- -^jf+7 Jarfi^ to find the value pf^. 

2 3 

Ans. a:=l^ 



(d) The ai)knowp quaodtjr in ^ch of j^he fo|towinj^ ex8^nplc?> as 
well 88 in those gnren abeve^ bss mlways two haloes, as appears 
from the common rule; but the negati^ and imaginary roots 
being, in general^ inH wirt^m vme^ in piieiic«l iqiieacions of this kind 
are htrc suppressed. 
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5. CHrcq v/*'*:^!, lo find theTaltie of*. 

2 3 

Ai». iraB49 



6. tiiven .r4- ^5j?+10=8» to find the value of a:, 

7. Qiven v^io+a;- VlO+^=2, to find the value 
of 9. Am. rrcs^ 

8* (Hv^ 2i?*—**+ 96=99, to find the rAvtt of a?. ^H 

Ans. ors^V^e ^ 

9. Given a;*+2Qs»-**Ws?5$a, t<rfipd the value of x. '. 

Ans. j?=V3 

10. G^ftB^s^-^^Jf^+S^li, tofiud^w^kxeef jr. 

ApSf JJ'=5i/2 

1 1 . &vtn a V#— 3 V^oel^, <le-fiiid «Imb fvliiaof ar. 

Ans. 3^ or i^ 



1^. tSHven =-r/3 + ^i?* = 1 -h - a^> to find jhie v^liie 

3 So 

^* An>. •F=;?^-3 + 3v'2) 



43, Givm ^ •/ — ^W --^r-f ^o find the vaHr 
ofx. Asm. x=(lH — \/2)* 



nv^v 



14. Given - ^X—a^ =a:*, to find (he value of jr. 

15. Given JT ^^(2. -1)= ^(a;R— /iJf), te find the value 

Am. 4?=|fl+ 7 a/ 8^» + tf» 

4 



*• 



'1 
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I 



^ . . 



16. Given V'l f jr—a;«— 2(1+4?— j^) = -, to find the 

value of d?. . 11/. 

Ans. x-='-::-\—.J^\ 
2 O^ 

17. Given ^ fx ) + s/ (^ j=ar, tofind the 

value of X. Ana. xf= f + ^^5 

18« Given ar*"— 2a;**+a;^=s6, to find the value of x. 

Ans. x= Vi+i v'lS 

QUESTIONS 

PRODUCING QUADRATIC EQUATIONS. 

The methods of expressing the conditions of questions 
of this kind, and the consequent reduction of them, till 
they are brought to a quadratic equation, involving onlj 
one unknown Quantity and its square, ar« the same as 
tlbose already given for simple equations. 

1. To find two numbers such that their difiference 
shall be 8, and their product 240. 

Let X equal the least number. 
Then will a:+8=the greater. 
And j:(4r-f"8)=sj:*+8ar=240, by the question. 

Whence jr=-4 + v'10-f 240=-4+ -•256, by the 

common rule, before given. 
Therefore xs 16— 4=12, the less number, 
And jr+8=12-f 83s20, the greater. 

2. It is required to divide the number 60 into two 
such parts, that their product shall be 864. 

Let x= the greater part, 
. , \ Then will 60— jr= ibe less. 

And j:(60— 4?)=60r— a;*=864, by the question, 
Or by changing the signs on both sides of the equation 
T ar«— 6ar=— 864, 
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Whence *=30± V(900— 864)=30±v^36=30±6> 

by the rule. 

And consequently j?=30-f 6=3(5, or 30— (5=24, 

the two parts sought. 

3. It is required to find two numbers such that their 
sum shall be 10 {a), and the sum of their squares 58 (^). 

Let j?= the greater of the two numbers. 

Then will a— a?= the less. 

And :r'-f (fl— J7)'=»23;*— 2ar-|-a*=^, by the^question. 

Or 2x*— 2tfjr=^— «•, by transposition, 

^— a« 

And jT^ — ax=^ , by division. 

2 

a . a* b^a^ a . 1. — 

Whence x=- ± V(--r+ )=- ± -V2^-a* 

2M 2 ^ 22^^ 

by the rule. 
And if 10 be put for a, and 5S for ^, we shall have 



10 



j?= —•{-':; a/I 16—100=7. the greater number. 



JO 



And 10— ar= ^\ 16- 100=3, the less. 

2 2 • 

4. Having sold a piece of cloth for 2AL, I gained as 
much per cent, as it cost me 5 what was the price of the 
cloth ? 

Let jr= pounds the cloth cost. 

Then will 24— a:= the whole gain. 

But 100 : JT :: or : 24— x, by the question. 

Or «*= 100(24— J?)=2400—100r, 

That is, 3^4-100g=2 400, 

Whence ar=— 50+ v'2500-|- 2400= -50+70=^20, 

by the rule. 

And conaequently 202.= price of the cloth. 
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5. A penoD boogbt a number of sbeep for 80/., and 
if he had bought 4 more for the tame money, he would 
have paid 1/. less for each ; how many did he buy ? 

Let X reprs«eQt tbe number of sheep, 

80 
Tli«d i»{\\ -^ b« tba pt\t6 of each, 

80 
And w.;^^ Mfc pried of ^aoh^ if ir^4 cost 80/. 

But ••— = --— +1, by the question, 
jp «* "♦•^ 

Or 80=— ---|-x* by multiplication. 

And 86i+320=8Qr*f j:«+4j7, by the same. 

Or, by leaving ont SOu? oh each side, *H4j;'=320, 

Whence x=s —2+ ^4-f320=t— 2 + 18, by the rule. 

And consequently J^'^l6, th6 number of sheep. 

r 6. It is required to find two numbers such, that their 
sum, product, and difference of their squares, thall be 
all equal to eaeh other. 

I^t a=s the greater nuiAber, and^z= the less. 
'^^^^ {^tjte^-y'J by the question. 
Hence 1 = — -^ zzx^y, or :r=y -f- 1, by 2d equatioi^ 

And (y-|-l)-fy=y(y-|-l) by 1st equation. 

That is, 2y+ 1 =:y«-hy 5 ory*-y=l, 
I /I \ 1 I 

Whence ysz ^'^'^Vi'^^ ^^^5"*"? ^^»^y ^^^^ ^"^^' 

Therefore ysi -f r -•^=1.6180 . . . 
^ 2 % 

O 1 

And :r;=:V + l — -" + -^5=2.6180. . . 
- 3 2 

Where . . ', denotes that the decimal does nof end. 
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7. It is required to find four nuftibers in arithmetical 
pnogtesaloii sutJh, tliat the pfbduct of the tW6 extfdmcs 
shall be 45, aod the product of the means 77. 

Let x^z least extreme, and ys common difFerence, 
Ifcen X, 4r-f y, i?+2y, and x+^y, will be th6 four 

iiuinbitrsy 
Hence j^(i+3i,)=a-+3xy=45 . 

(|desiion. 

And 2y«=:77— 45=32, by subtraction, 

3i 
Or y«=: — = 16 by difision, and y:='»^l634. 

Therefore a;*+3:ry=rj;*+ \1txzz45, by theJ 1st equation. 

And consequently ar=:— 6+ ^^(3^ + 45) js ^0+9=3, 

by the rule, 
Whence the numbers jrfe 3, /^> ll, mid IS. 

8. It is required to find three numbfetn in geometrical 
progfessioi!^ sticfa that thdr ^i*m sfac^l be 14^ itid the 
sum of their squares 84. 

Let x; y, arirf « be thfe thr<5e mirtubert. 
Then a;%it:y*, by the ttatoifc of propdrtidn, 

^""^ { V^'^^^'^i^^im \ ^^ ^^^ question. 
Hence i?-f a;=:14— jr> by ihe «ec«Qd equation^ . 

And ;c«-|-a»r4-«*=l9^7-28y+y!,by sqwaring both 
/r si<iei9^ 

Or jr«+%«+2y«=:196-28v-fyS by putting 2y® for 

its e^xmixz^ 

That is x«+y«-h»«=190^28y by subtraction, 

Or 196—28^=84 byfequ^ity^ 

108—84 
Hence yz=: =4, by tranSpositioA and dirision. 

Again zx=y*=:l6, or *= ~ , by the first equation. 
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And x+y + «= h4 + «=:14, bjr the 2d equation. 

Or l6+4«-f »«=14x, or%«— 10x=— 16, 

Whcncer »=5± V25— 162:5 ±3=8, or 3 by ihe role. 

Therefore the three nmnbers are 2, 4, aod 8. 

9. It is required to find two numbers such, that their 
sum shall be 13(a), and the sum of their fourth powers 
4721 (^). 

Let xzz the difference of the two numbers sought, 

1 1 a4'X 

Then will -a-f -x, or =: the greater nnmbcrj 

2 2 2 * 

And -a x, or = the less, 

2*2 2 

But ^l±f]L 4. (±Zfl! =:^, by the question, 
16 ^ 16 ^ 

Or (a+j7)*+(a— ar)*=l6^, by multiplication. 

Or 2a* -f I2a*j:*-f-2jr*=:l6^, by involution and addition^ 

And a^'{'6a^a/^:^Sb^a*, by transposition and division. 

Whence j:«=:—3a«+ \/9a*-^eb^a*=-3cfl-^ 

V'8(a*+^), by the rule. 



And 37= i/— 3a*-f-2^2(a*+^), by extracting the root. 

Where, by substituting 13 for a, and 4^21 for b, 

we shall have x=-3. 

Therefore — ■ — = — =8, the greater number, 

. . 13— .r 10 , , , 

And — - — s= — =5, the less number, 
2 2 

The sum of which it 13, and 8*+5*=:472l. 
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aUESTIONS FOR PRACTICE. 

1. It is required to divide the number 40 into two 
such parts^ that the sum of their squares shall be 818. 

Ans. 23 and 1% 

2. To find a number such, that if you subtract it from 
10, and then multiply the remainder by the number 
itself, th>5 product shall be 21. Ans. 7 or 3 

3. It is required to divide the number 24 into two s.uch 
parts> that their product shall be equal to 35 tiroes their 
difference. Ans. 10 and 14 

4. It is required to divide a line, of 20 inches in length, 
into two such parts, that the rectangle of the whole and 
one of the parts shall be equal to the square of the other. 

Ans. 10\/5— 10 

5. It is required to divide the number 60 into two 
such parts, that their product shall be to the sum of their 
squares in the ratio of 2 to 5. Ans. 20 and 40 

6. It is required to divide the number 146 into two 
such parts, that the difference of their square roots shall 
be 6. Ans. 25 and 121 

7. What two numbers are those whose sum is 20 and 
their product 36? Ans. 2 and 18 

8. The sum of two numbers is l-|-, and the sum of their 
reciprocals 3y; required the numbers. Ans. | and -I 

Q, The difference of two numbers is 15, and half their 
product is equal tothe cube of the less number^ required 
the numbers. Ans» 3 and 18 

10. The difi^rence of two numbers is 5, and the dif- 
ference of their cubes 1685; required the numbers. 

Ans. 8 and 13 

11. A person bought cloth for 33/. 15s, which he 
sold again at 2/. 8^ . per piece, and gained by the bargain 
as much as one piece cost him ; required the number of 
pieces. Ans. 15 
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12. What two numbers are those^ whose sum, multi- 
plied by the greater, is equal to JT^ and whose difference, 
multiplied by the less, is equal to 12. Ans. 4 and 7 

. 13« A grazier bought al^ many sheep as cost him 60/,, 
and after reserving 15 out of the number, sold the re- 
mainder for 54/., and gained Is, a head by them : bow 
many sheep did he buy ? Ans. 75 

14. It is required to find two numbers, such that their 
product shall be equal to the difference of their squares, 
and the sum of their squares equal to the difference of 
their cubes. Ans. f \/5 and i(5.+ -v/5) 

15. The difference of two numbers is 8, and the dif- 
ference of their fourth powers is 14560 4 required the 
jQumbers. Ans. 3 and 11 

16. A company at a tavern had 8/. I5s. to pay for their 
reckoning 3 but, before the bill was settled, two of them 
'went away 5 in consequence of which those who re- 
jnained had IO5. apiece more to pay than before : how 
many were there in company ? Ans. 7 

17. A person ordered 7/* 4s. to be distributed among 
-some poor people ; but, before the money was divided, 
there came in, unexpectedly, two claimants more, by 
ivbich means the former received a shiUing apiece Jess 
than they would otherwise have done ; what was their 
number at first ? Ans. 16 persons 

16. It is required to find four numbers in geometrical 
progression such, that their sum shall be J 5, and the sum 
4)£ their squares 85. Ans. 1, 2, 4, and 8 

19. The sum of two numbers is 11, and the sum of 
their fifth powers is 17831 -, required the numbers ? 

Alus. 4 and 7 

20. It is required to find four numbers in arithmetical 
progression such» that their common difference shall be 4, 
and tiieir continued product 176985. 

Ans. 15, 19, 23,and!J7 
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21. Two detackments of foot being ordered to a sta»- 
tion at the distance of 39 miles from their present quar- 
ters, begin their march at the same tlmej but one party, 
by travelling 5 of a mile an hour faster than the dthcr, 
arrive there an hour sooner; required their rates ctf" 
inarching ? Ans. 3 J and 3 miles per hour 

22. It is required to find two numbers such, that tbfc 
square of the first plus their product, shall be 140, and 
the square of the second minus their product 73. 

Ans. 7 and 13 

OF 

CUBIC EQUATIONS. 

A Cubic EauATiON is that in whkh the unknowa 
quantity rises to three dimensions -, and like quadratics, 
or those of the higher orders, is either simple or com- 
pound. 

A simple cubic equation is of the ibrm 

ax^zzib, or ^^=: - 5 where jr= V"" 

a a: 

A compound cubic equation is of the form 
ar5-|-ar=3, ^'+ar®=^, or aP-{-(ixf^-^hx=^x;, 
ia each of whioby the koowH quantities a, b, c, may be 
either + or — . 

Or, either of the two latter of these equations may be 
reduced Xp the same form as the first, by taking away its 
second term 3 which is done as follows : 

RULE. 

Take some aewxiaknown quantity, and subjoin to it 
a third part of the coefficient of the second term of the 
equation with its sign changed ; then if this sum, ordlf-> 
fercnce, as it may happen to be, be substituted for th© 
original unknown quantity and its powers, in the 'pro- 

6 2 
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jposed equation, there will arise an equation wanting its 
second term. 

Note. The second term of any of the higher orders of 
equation? may also be exterminated in a similar manner^ 
by substituting. for the unknown quantity some other 
unknown quantity^ and the 4 th, 5tb, &c. part of the 
coefficient of its second term^ with the sign changed^ 
according as the equation is of the 4th^ 5th, &c. power. 

EXAMPLES. 

1. It is required to exterminate the second terra of the 
equation ar^4-3ar®=^, or ^-|-3ar*— ^=0. 

XT 3a 

Here ar=:x =x— a. 

3 ' 

'=x*-3ax«-f3a«x— a' 
Then ^ 3ajr«= -f Zaz^—QaH -f 3a' 

-h 




Whence «s— 3a2%-}-2a5— ^=0, 

Or «3— 3a2«=/i— 2a^ 

in which equation the second power (»*) of the unknown 
quantity, is wanting. 

2. Let the equation x* — 12jr®-|-3jr=: — 16, be trans- 
formed into another, that shall want the second term. 



Here ^=%-|-4, 
(x-|-4)3=x3 4-i2x2+482; + 64 
Then <( — 12(3;-|-4)*=-I2»«-96a;— J92 
3(z-h4) = +3;k +12 



I- 



Whence «5— 45«— 1 16= — 16 

Or x'— 45x=I00 

■vhich is an equation where %*, or the second term, is 
iranting, as before. 
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3. Let the equation x^ — 6x^=10, be transformed into 
another^ that shall want the second term. 

Ans. y^^l2y=z26 

4. Let ^3— 15y*+81y=243, be transformed into an 
equation that shall want the second term. 

Ans. x^'\'6x=iS8 

3*7 9 

5. Let the equation ar^-f --jr®+-ar ^=0,bctrans- 

formed into another, that shall want the second term. 

Ans. y^-{- — :y = ~ 

6. Let the equation 2x^^3x^'\'4x-'5=iO, be trans- 
formed into another, that shall want the second term. 

OF THB 

SOLUTION OF CUBIC EQUATIONS. 

RULE. 

Take away the second term of the equation whent 
necessary, asdiiectedin the preceding rule. Then, if th^ 
numeral coefficients of the given equation, or of that 
arising from the reduction above mentioned, be substi- 
tuted for a and h in either of the following formulae, the 
result will give one of the roots, as required. 



ar = 






|a 



Where it is to be observed, that when the coefficient a, 
of the second term of the above equation, is negative, 

— , as also -, in the formula, will be negative j and if 
^y if 
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tbe.absolute b be negative, -, in ihe formula, will, also, 

bjB negative 3 but — will be positive, {e) 

It may, likewise, bo remarked, that when the equa- 
tion is of the form 

00 This method of solving cubic equations is usually ascribed to 
Card&n, a celebrated Italian analyst of the lOth century; but the 
authors of it were Scipio Ferreus, and Nicholas Tartalea, who dis- 
covered it about the same time, independently of each other, as 
is proved by Montucla, in his Histotre des Mathemailquei, Vol. I. 
p. 5O8, and more at large in Button's Mathematical Dictionary, Art. 
Algebra. 

The rule above given, which is similar to that of Cardan, may 
be demonstrated as follows : 

Let the equation, whose root is required, be xi-^ax^zh. 
And assume jr+zzTX, and Syzzz — a. 

Then, by substituting these values in the given equation, we shall 
have* 

0'+2:)-jrJ-f«5— tfX(r+«)+«X(j'+«)=*, or- 

. yi-^zizzb. 
And if, from the square of this last equation, there be taken 4 
times the cube of the equation j'xiz — ^a, we shall have^ — ^yizi 
-|-»6=2>»+^3, or 

Bat the suni of this equation and yl-\-z^ z: h, is 2yJ — ^+ y^ (^+ 
■^ftt^ and their difference is 2x3 zz^— v^ (*H-^f^ <^); whence 

yzz ^^b+VUb^i-^a^), and «= ^il^^Hi^+^al), 

From which it appears, that y-j-x, or its equal x, is= 
^ifr4-V(^»'+J^fl3;+?^'PIi;/^^+^«^fll), which U the theo- 
rem. • 

Or, since « is =: — — , it Will be y4-zzrr— — , or x=z 

3y sy 

rule. 
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and - is greater than —, or 4a^ greater than 2^1^, the 

solution of it cannot be obtained by the above nilcj- as- 
the question, in this instance, falls under what is:usually 
called the Irreducible Case of cubic equations. (/) 

EXAMPLES. 

1. Given 2a^^l2x^+36x=44, to find the value of ^. 
Here a^— 6x^ — 1 8x =22, by dividing by 2. 
And, in order to exlerminate the second term, 

6 

Put a?=«+ -=Jc-H2, 
3 

(%-\-2y=zz^ + 6z^+l2z + 8 

-6(» + 2)«= -6x^—24% -24 

l&(x4-2) = 18%-f 36 



Then 



= 22 



Whence z^ + 6%-\-20=22, or «3 + 62=2, 

And, consequently, by substituting 6 for a, apd 2 for i^^ 
in the first formula, we shall have, 

, .2 ^4 216,, , ,2 4 216,, 

'2 4 27 ^ '2 4 27 -' 



Vl-V'P^^ ^^1+3"+ VT^= ^4- V2, 

Therefore ar=«4-2= V4— V2 + 2= 2 4-1.587401 — 
1.259921=2.32746^ tbe.aoswcar.. ' 



(f) It may here be farther observed, as a remarkable circuipstaiffM^ 
in the history of this science, that the solution of the Jrreducihlf Case 
above mentioned, except by means of a table of sines, or by infinite 
series, has hitherto baffled the united eflft>rts of the most celebrated 
mathematicians in Europe; although it is well kpown tha( all the 
three roots of the equation are, in this oase, real; whereas, in those 
that are resolvable by the above formula, oniy one of the roots is. 
real,, so that in fact, the rule is only applicable to suoh cubic» w 
have two impossible roots. 
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2. Given x^— 6x:n2, to find the value ofx. 
Here a being equal to —6^ and b equal to 12, we 
shall have, by the formula, 

2 



V6+ ^28 + 3^^^^ ^,3 =!/(6+5.2915) + 

^-^j^=2.2435 + .8957=3.l392 

Therefore ar=3.l392, the answer. 

3. Given ar3-2jr=— 4, to find the value of j;. 

Here a being = —2, and ^= —4, \^c shall have, by 
the formula, 

a;=VS-2+V(4-l)} + VH2-'/(4-^)|, or 

by reduction, z=\/(—2 + — ^/3)-\/(2+ — v'3) = 

V— 2 +1.9245 -V2+ 1.9245 =V-. 0755 — 

V3.9245 = — .4226— 1.5773 = — 1.9999, or —2 

Therefore a:=— 2, the answer, (g) 

Note, "When one of the roots of a cubic equation has 
been found, by the common formula, as above, or in any 
other way, the other two roots may be determined, as 
follows : 

Let the known root be denoted by r, and put all the 

{g) When the root of the given equation is a whole number, this 
method only determines it by an approximation of 9s. in the deci- 
mal part, which sufficiently indicates the entire integer ; but in most 
instances of this kind, its value may be more readily found, by a 
few trials, from the equation itself. 
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terms of the equation^ when brought to the left hand 
side, =0; then if the equation^ so formed, be divided 
by or+r, according as r is positive or negative, there will 
arise a quadratic equation, the roots of which will be the 
other two roots of the given cubic equation. 

4. Given aP—15x=^4, to find the three roots, or 
values of x. 

iFIere x is readily foCind, by a few trials, to be equal 
to 4, and therefore 

ar— 4)a;^— 15a?-4(a?«+4:r+l 
^— 4a;* 



4x'*—l5x 
4x^—l6x 

a;— 4 
0?— 4 

* 

Whence, according to the note above given, 
a:«+4a;+l=0,ora;2+4ar= — 1 -, 
the two roots of which quadratic are — 2+ y'S and —2 
— v^3 5 and consequently 

4, — 24-^^3, and — 2— v'S, 
are the three roots of the proposed equation. 

5. Given x^-i-3x^—6x=8, to find the root of th©^ 
equation, or the value ofx, Ans. a;=2 

6. Given ar'+a?®=5CD, to find the root of the equa* 
tion, or the value of a:. Ans. x=7'^^T 

7. Given a;'—48a?«=— 200, to find the root of thfe 
equation, or the value of a;. Ans. a;=47.9l2S> 

8. Given a?*— 6x=.6, to find the root of the equation, 
or the value of a;. Ans. a?-=V4+ V2' 

9. Given a^-}-gxaa:6, to find the root of the equation^ 
or the value of ;r. Ans. ar=:V9'' V^ 

to5 
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K). €ri!?en :r^-— 22r=24, to find the root of the equa* 
tloofy or the vdoor cf a?. Ans. ^=5.162:^77 

11. Givetra:*— r7a;«+54a:=a5(>, to find the root of 
the equation^ or the value of x, Ans. xr=i 14.95406S' 



OP 

BIQTJADKATIC EQUATIONS. 

A Biquadratic EqziaHon, as before ob^rved^ is one 
that rises to the fourth power^ or which is of the general 
form a^'\-a3i!^-i-la^-{-cx-{-d=zO, 

Or> when its second term is taken away, of the form 

a;^ + ^j;*+ car -hrf=0. 

To which it can always be reduced ; and, in that case> 
its solution may be obtained by the following rule : 

Find the value of z in the cubic equation 

U2 ' TG6 8 3 ' 

and let the root thus determined be denoted by r. 

Then find the two values of ar^ in each of the follow- 
ing quadratic equttions, 

aid they will b6 the four roots of the biquadititic eqtia- 
tiiu required. (A) 






(iV'Tbojiiethod of solving biquadratic equations was finl disco* 
vmtSy umis Ferrari^ a disciple of the celebnittd Cardaoi before 
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Or the four roots of (he given e^atk>D-j iiv ttu9^ last 
case, will be as follows : 

x= + 1 V{;2(r- 1 &)} + ^\ -LJ-- ^^[(r +!«)«- a] } 

EXAMPLES. 

1; Given a;^+llj^--l7=0, to find the four roots of 
the equation. 

Here ax=0, d=rO, c=l2, andcfca — I7j 

mentioned; but the above rule is derived from that gi^^ by Des- • 
cartes in his Geometry, published in 1637, the truth of which may 
be shown as follows : 

Let the given or proposed equation be 

and conceive it to be produced by the multipfieatfon df the two 
quadratics 

**+P^+9=0, and **-{-'*+*— ®» 

Then, since these equationsj as well as the given oue, are each 
=ro, there will arise, by talcing thdr product, 

*H-(/>+'')*^+(*+?+P'')**+(p«+^)*+9*=**+a*»-|rto+r. 

And, c«iM«queiitly!, by equmins the homologeua tefnu of tlxU \^t ' 
eqqaUcin^ we fiMl ha¥€ tl]^ four foUowiag equatimu^ 

p-|-r=Oj 5+g+prziiz; p$-\-qr=zl\ ^rscw* 

Of r 3= — pj * + q-rz. «+?*« *-*^?=tv » 8«^<^» 

Whence, subtracting the square of the thirdof these from Hast 
of the secon^A and then (flanging the sideq of the equationj we shall 
have 
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Whence^ by substituting these numbeis in the cubic 
equation 

M2 108 8 3 

we shall hjtVe, after simplifying the results, 

%3 + 17^=18, 
Where it is evident, by inspection, that «=1. 

And if this number be substituted for r, for b, and 
— 17 for rf, in the two quadratic equations in the above 
rule, their solution will give 

jr= -1^/2+ \/ -H\/18 =~|V2 -1-^ -1+3^2 

^=-f\/2--v/j-i+V;i8=-f\/2- i/-i-}-3_v^ 

J7=H-|i/2+^ -f-v^l8= + |\/2+\/ -|-3^/2 

a:= +IV2- V-i- >v/18=+f V^- V'-i-a \/2 

Which are the four roots of the proposed equation ; the 
two first being real, and the two last imaginary. 



a^ + 2^/''+M — r =4y*> or 4^ ; or /^ 4. zap* + (a«— 4c)/»»=*'». 

Where the value of p may be found by the rule before given for cu- 
bic equations. 

Hence, also, 8ince5+9=^+p^ , and 5->9=-., there will arise, 

P 

by addition and subtraction, 

where p being known, s and 9 are likewise known. 

And, consequently, by extracting the roots of the two assumed 
quadratics jc«-}^-f-ys=o, and«^+rx-{-s=so, or its equal *«— -^-f-i 
=0, we shall have 

which expressions, when taken in + and — , give the four roots of 
the proposed biquadratic, as was required. 

Where it may be observed, that when^, ici the above cubic equa- 
tion, is rational, the question may be solved by quadratics. 
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2. Given **—55a?«-30r+ 504=0, to find the four 
roots, or values ofx. Ans. 3, 7, —4, and —6 

3. Given :r*+2a:^--7a:«— 8a?=;=-.12, to find the four 
roots, or values of jt. Ans. 1> 2, —3, and —2 

4. Given x^Sx^ + l43fi-\-4x=8, to find the four 
roots, or values of x. 

Ans J3+V^5,3~V'5 

5. Given jc^— 17^1^— 20x— 6=0, to find the four roots, 
or values of r. / 

Ans I ^+^7, 2-.v^7 
-^°^- I -2+ V'2, -2- -v/2 

6. Given a;^—27ar3 + l62arH35ar— 1200=0, to find 
the four roots of the equation. 

. C 2.05608, —3.00000 
^ • i 13.15306, 14.79086 

7. Given 2c*— 12jr«H-12j;- 3=0, to find the four roots 
of the equation. 

.60601^, —3.907378 
.858083, -443277 



^°«- {2:1 



OP THE 

RESOLUTION OF EQUATIONS, 

BY APPROXIMATION. 

EauATioNS of the fifth power, and those of highet 
dimensions, cannot be resolved by any rule or algebraic 
formula, that has yet been discovered ; except in some 
particular cases, where certain relations subsist between 
the coefficients of their several terms, or when the roots 
are rational ; and, for that reason, can be easily found 
by means of a few trials. 

In these cases, therefore, recourse must be had to 
some of the usual methods of approximation ; among 
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"wbicb that coaxaoo^ employed is the fbJlowing, which 
is universally applicable to all kinds of Dumepal equar' 
tions> whatever may be the number of their dimensions^ 
and^ though not strictly accurate^ will give the value of 
the root sought, to any required degree of exactness. 

RULE. 

!Rnd> by trials, a number nearly equal to the root 
sought, which call* r ; and let z be made to denote the 
difference between thijs assumed root, and the true 
root .r. 

Then, instead of or, in the given equation, substitute 
its equal r+z, and there will arise a new equation, in- 
volving only z and known quantities. 

Reject all the terms of this equaticHi Fn which z 19 et 
ttro or more dimensions 3 and the approximate value of 
X may then be determined by means of a simple equa- 
tioa. 

And if the value, thus found, be added to, or sub« 
tnrcted from that of r» according as r was assumed too 
little, or too great, it will give a near value of the root 
required. 

But as this approximation will seldom be sufficiently 
exact, the operation must be related, by substituting 
the number thus found, for r, in the abridged equation 
exhibiting the value of x > when a second correction of z 
will be obtained, which, being added ^, or subtracted 
from r, will give a nearer value of the root than the 
fomien 

Aad by again subfttftatiog this ki6t nonaber lor r, in 
tbe abow aicodonied equatioD, atid ropeatiag the same 
ptooesft as ofben as may be thought necessary, a value of x 
may be found to any d^ee of accoracy required. 

IToie, The decimal part of the root, as found both by 
this and the next rule, will, in general, about double it-< 
sdf at each operation ; and therefore it wontd be useless, 
aa ircU as troaJtikaotoQ, to use a much gieater number 
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of figures than these in the several substitutions for the 
values of r. (i) 

EXABTFLES. 

1. Given a?^+j:*-|-a:=90, to find the value of x by 
approximation. 

Here the root, as found by a few trials^ h nearly equal 
to 4. 

Let therefore 4=i^r, and r-f x=x. 
jrS=r3+3r«a+3rx«-|-%3 

Then x*=r^ + 2r» + »« =90. 

And by rejecting the terms z^ + 3r%'-|-»*, as small in 
comparison with z, we shall have 

r5+r«+r-|-3r«% + 2r%4-»=90j 

Whence 
— QO-T^—r^-r _ 90-64—16—4 _ 6 _ 
* 3^+ 2r+ 1 "^ 48+8-f 1 ""57""' 

And consequently ir=4.1, nearly. 



(t) It may hefe be observed, that 9 any of flfae foots of an eqvB- 
tion be whole nnmbeis, they may be detamriBcd by sobstttnting 
i» 2> 3> 4* &c. successiYely, both iii^i» and in mimu, for the un- 
known quantity^ till a result is obtainol equal to that in the ques- 
tion ; when those that are found to suOceed, ^fUl he the toox^ re- 
quired. 

Or, since the last term off any equatioa k always eqoal to tftd 
continued product of all its roots, the number of these trials may be 
generally diminished, -by finding all the divisors of that term, and 
then substituting them both in pita and m/ats, as before, for the un- 
Icnown quantity. When those that give the proper lesuU will be the 
rational roots sought ; but if nMe of them are found to succeed, ic 
may be concluded that the equation cannot be resolved by thia me- 
thod i the rootsi in thst case, being either inatioaal or imaginary. 
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Again, if 4.1 be substituted in the place ofr, in the 
last equation, we shall have 

O0-r3~r*— r 00— 68.021 — 1 6.8 1 -4.1 

x=^—i =^-- ? = .00283 

3r2-f2r4-l 50.43 + 8.2+1 

And consequently a:=:4.1 +.00283=4.10283, for a 
second approximation* 

And, if the first four figures, 4.102, of this number 
be again substituted for r, in the same equation, a still 
nearer value of the root will be obtained ; and so on, as 
far as may be thought necessary. 

2. Given j7*+20a:=100, to find the valu« of x by 
approximation. Ans. 07=4.1421356 

3. Given a:^+9jr®+4ar=80, to find the value of a? by 
approximation. Ans. jm2.4721359 

4. Given ^-38a;^+210a;«+538j?+289=:0, to find 
the value of x by approximation. 

Ans. 57=30.53565375 

5. Given ^H6*—10a?3—ii25;«—207Jc— 110=0, to 
find the value of a; by approximation. 

Ans. 4.46410161 

The roots of equations, of all orders, can also be deter- 
mined, to any degree of exactness, by means of the fol- 
lowing easy rule of double position ; which, though it 
has not been generally employed for this purpose, will 
be found, in some respects, superior to the former, as it 
can be applied, at once, to any unreduced equation, con*- 
sisting of surds, or compound quantities, as readily as if 
it had been brought to its usual form. 

RULE. 

Find, by trial, two numbers as near the true root as 
possible, and substitute them in the given equation in- 
stead of the unknown quantity, noting the results that 
are obtained from each. 
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Then, as the difference of these results is to the dif- 
ference of the two assumed numbers, so is the difference 
between the true result, given by the question, and 
either of the former, to the correction of the number be- 
longing to the result used} which correction being added 
to that number when it is too little, or subtracted from 
it when it is too great, will give the root required, nearly. 

And if the number thus determined, and the nearest 
of the two former, or any other that appears to be more 
accurate, be now taken as the assumed roots, and the 
operation be repeated as before, a new value of the un- 
known quantity will be obtained still more correct than 
the first ; and so on, proceeding in this manner, as far 
as may be judged necessary, (k) 



{K) The abbve rule for Double Position, which is much more 
simple and commodious than the one commonly employed for this 
purpose, is the same as that which was first given at p. 3 x x of the 
octavo edition of my Arithmetic, published in 1810. 

To this we may farther add, that when one of the roots of an 
equation has been found, either by this method or the former, the 
rest may be determined as follows : 

Bring all the terms to the left hand side nf the equation, and 
divide the whole expression, so formed, by the difference between 
the unknown quantity ix) and the root first found ; and the result- 
ing equation will then be depressed a degree lower than the given 
one. 

Find a root of this nc?w equation, by approximation, as in the first 
instance, and the number so obtained will be a second root of the 
original equation. 

Then, by means of this root, and the unknown quantity, depress 
the second equation a degree lower, and thence find a third root; 
and so on, till the equation is reduced to a quadratic ; when the two 
roots of this, together with the former, will be the roots of the 
equation required. 

Thus, in the equation *3— 1 5*?+ 63x3: 50, the first root is found, 
by apprcximation, to be 1.02804. Hence 
X — 1. 02804)^3 — i$a!^-\-6Zx — $o(s^ — 13.971 9607+48.63627=0. 

And the two roots of the quadratic equation, x*—-i 3.971 96x=: 
— 48.63627, found in the usual way, are 6.57653 and 7.39S43. 
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EXAMPLES. 

1. Given ar^+ar'+zzlOO, to find an approximate 
value of or. - 

Here it is' soon found, by a few trials, that the value 
of j: lies between 4 and 5, 

Hence, by taking these as the two assumed numbers^, 
the operation! will stand as follows : 

First Sup» Second Sup, 

1^ . . J?» . . 25 
64 . . 3^ , . 125 



Therefore 



84 
15J5 

84 



Results 
. 5 

. 4 , 



155 
100 

84 



,71 : 1 :: 16 : .225 

And consequently a:=4+. 225 =4.225, nearly. 

Again, if 4.2 and 4.3 be taken as the two assumed 
numbers, the operation will stand thus : 

First Sup. Second Sup, 

17.64 . . a?« . . 18.49 



74.088 



X' 



79'507 



Therefore 



95.928 Results 102.297 
1; 102.297 . . 4.3 . . 102.297 
'95.928 . . 4.2 . . 100 



6.369 



.1 



2.297 



.036 



So that the three roots of the given cubic equation *3 — 15*'+ 63*? 
::=5o, are 1.02804, 6.j;7653,ancl 7.3'^543 ; their sum being 1=15, 
the coefficient of the second term of the equation, as it ought to be 
when they are right. 
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And consequently .r=:4.3-' .036=4.264, nearly. 
Again, let 4.264 and 4.265 be the two assumed num- 
bers; then 

First Sup, Second Sup. 

4.264^ . . or . . 4.265 
I8.I8I696 . . a?«. . I8.I90225 
77,526752 . . x^ . . 77.581310 



99.972448 Results 1.0a.036535 

Therefore 

100.036535 4.265 100 
99972448 4.264 99972448 



.064087 : .001 :: .027552 : .0004299 

And consequently 
ar=:4.264+ .0004299=4.2644299, very nearly, 

2. Given (4^«— l5)*-hrvAr-:gO, tofindanapproxi-r 
mate value of ^. 

Here, by a few trials, it will be soon found, that the 
value of ^c lies between 10 and 1 1 ; which let, therefore^ 
be the two assumed numbers, agreeably to the directions 
given in the rale. 

Then 

First Sup, Second Sup, 

25 . . (^yfi—isy , .84.64 
31.622 . . jry^a? . .36.462 



Hence 



56:622 

121.122 
56.622 



Results 121.122 

11 . ., X21.12'2 
10 . / 90 



64.5 : 1 :: 31.122 : .482 

And consequently xzzl 1 —. 482=^:1 0.5 18. 
Again, let 10.5 and IQfi be the twoassumednumbers^ 
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Then 
First Sup. Second Sup. 

49.7025 . . (-^«— 15)«. . 55.830784 
34.0239 . . x^x. . 34.511099 



83.7254 . . 

90.341683 . . 
83.7264 . . 


Results 

Hence 

10.6 . , 

10.5 . . 


. . 90.341883 

, 90.341883 
. 90. 



6.615483 



: .1 :: .341883 : .0051679 

And consequently 
jr= 10.6— .0051679=10.5948321, veri/ nearly, 

EXAMPLES FOR PRACTICE. 

1. Given x^'\-l0x^+5x=z26O0, to find a near ap- 
proximate value of or. Ans. ^=11.00673 

2. Given 2a7*— l6:r'+40a:«-30ar+l=0, • to find a 
near value of 0?. Ans. ,r= 1.284724 

3. Given J75-|-2^+3^ + 4ar«+5a;=54321, to find 
the value of or. Ans. 8.414455 

4. Given V7'^+4^+ V^Or*- 10ar=28, to find the 
value of J7. Arts. 4.5J0661 

5. Given ^ 1 44:r2— (^2 + 20)« + »/ 1 96x*'- (j?* + 24) * 
= 114, to find the value of a?. Ans. 7.123883 

OP 

EXPONENTIAL EQUATIONS. 

An Exponential Quantity is that which is to be raised 
to some unknown power, or which has a variable quan- 
tity for its index ; as 

a^, a* , x^, or x" , &c. 
And an Exponential Equation is that which is formed 
between any expression of this kind and some other 
quantity, whose value is known 5 as 

a^^b, ar*=a, &c. 
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Where it is to be observed, that the first of these equa- 
tions, when converted into logarithms, is the same as 

x\og.a=h, or 3rz= , ; and the second equation 

log. a 

x^ssza^ is the same as x log. jr=zlog. a. 

In the latter of which cases^ the value of the unknown 
quantity x may be determined, to any degree of exact- 
ness, by the method of double position, as follows : 

RULE. 

Find, by trial, as in the rule before laid down, two 
numbers as near the number sought as possible, and 
substitute them in the given equation, 

X log. x:=. log. a, 

instead of the unknown quatitity, noting the results ob- 
tained from each. 

Then, as the difference of these results is to the dif* 
ference of the two assumed numbers, so is the difference 
between the true result, given in the question, and either 
of the former, to the correction of the number belonging 
to the result used ; which correction being added to that 
number, when it is too little, or subtracted from it, when 
it is too great, will give the root required, nearly. 

And if the number, thus determined, and the nearest 
of the two former, or any other that appears to be hearer, 
be taken as the assumed roots, and the operation be re- 
peated as before, a new value of the unknown quantity 
will be obtained still more correct than the first 3 and so 
on, proceeding in this manner, as far as may be thought 
necessary. 

EXAMPLES. 

1. Given .r^'rslOO, to find an approximate value of x. 
Here, by the above formula, we have 
X log. x= log. 100= 2. 
.And since x is readily found, by a few trials, to b 
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inearly in the middle between 3 and 4, but rather nearer 
the latter than the former, let 3.5 and 36 be taken for 
the two assumed numbers. 

Then log. 3. 5 =.5440680, which, being multiplied 
by 3.5, gives 1.904238= first result; 

And log. 3.6=,S5(i3Q2&9 which, being multiplied by 
3.6, ^ives 2.002689 for the second result. 

Whence 
2.002689 . . 3.6 . , 2.002689 
.904238 . . 3.5 . . 2. 



1.098451 : .1 :: .002689 : .00273 

For the first correction j which^ taken from 3.6, leaves 
x=:3.5g727, nearly. 

And as this value is fi^ond, by trial, to be rather too 
small, let 3.59727 and 3.59728 be taken as the two 
flAsumed numbers. 

Then log. 3.59727= '555973 1> which, being multi- 
plied by 3.59727, gives 1.9999854= first result. 

And log. 3. 59728 =.5553743, which, being multiplied 
by 3.51728, gives 1.9999953= lecood result. 

Whence 
1.9999953 . . 3.59728 . . 2. 
1.9999854 . . 3.59727 . . 1.9999953 



.0000099 : xxxxn :: J0000047 : .00000474747 

For the second correction ; wbiclb added to 3.59728^ 
gives ar= 3. 59728474747* extremely new the truth. 

2. Given a;^=2000, to find an approximate value of ^. 

Ans. ar=4.82782263 

3. Given (6j?)*=g6, to find the approximate value 
oix. Ans. 37=1.8826432 

4. Given j?*= 123456789, to find the value of ^. 

Ans. 8.64(K)268 
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5. Given a?j:— jr=:(2«'— ««) *, to find the valae of ^. 

Ans. a;= 1747033 



OF THB 

BINOMIAL THEOREM. 

The Binomial Theorem is a general algebraical ex- 
pression, or formula, by which any power, or root of a 
given quantity, consisting of two terms, is expanded into 
a series j the form of which, as it was fir&t proposed by 
Newton, being as follows : 

^- J!L m m m — n ^ . m.m—n. 
(p + pa)»=:p«[l+~a+--(——)a«+ --)——) 

n n 271 n 2n 

(^^)a^&c.] 
Or 

(p+pa) "=p » +— Aa+ — — - Ba+ — -— ca+ 

n 2n on 

m—Sn 



Da, &c. 



4« 
Where p is the iir&t term of the binomial, a the second 

term divided by the first, — the index of the power, or 

n 

root, and a, b, c, &c. the terms immediately preceding 
those in which they are first found, including their signs 
+ or — . 

Which theorem may be readily applied to any parti- 
cular case, by substituting the numbers, or letters, in 
the given example, for i», a, m, and n, in either of the 
above formulae, and then finding the result according to 
the rule. (Z). 



</) This celebrated tfafiomB, wkiefa is of tbe most ezteniife me 
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EXAMPLES. 

i. 

1. It is required to convert (a^+ar)* into an infinite 

series. 

^ ^ m 1 

Here p=a*, a= -r-, — =: -, or m= l, and 7z=2 : 

a' n 2 . 

whence 

WW I. 

p « =(a«)"=(a«)*=a=A, 

m 1 a X X 

— Aa= ;r X 7 X — = — =b, 
n 2 i a^ 2a 



in algebra, and various other branches of analysis, may be other- 
wise expressed as follows : 

.2. -_ m ,x. m m — nx^^ , m m—nm—ln 

(a+x)n=an [!+-(-) 4_._^H*+-.-r ^ 

n a n 2n a n 2n 3n 

a 

Or (a+a:)» = 
S-i m, X ^ m m+n, x .^ 7n m-\-n m-^2n 
n a-f-x n 2n a-^x n 2n 3n 

^a+x^ 

m 

Or (a+xy = 

. na+x n 2n a+x n 2n 3n 

d — X - 
a-i-x 

It may here also be observed, that if m be made to represent 
any whole^ or fractional number^ whether positive or negative. 
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w— « 1—2 X X x^ 

m-~2n 1—4 a^ x 3x^ 



3n 6 2.4a3 a* 2.4.6a* ' 

__ca r"^ 2.4.6a5 "^ ~ ""2.4.6.8a7~^' 
w — 4w 1—8 3.5j^ or 3.57j;5 

571 10 2.4.6.8a7' a^ 2.4.6.8.lOa9 

&c. Src. &c. 

I. 

Therefore (a'» + ^)* = 
a; ^^ 3^ 3.5ar* 3.5.7x^ 

2x 2Aa? 2A.6a^ 2.4. 6.8a7 ^2.4.6.8. lOaQ 
Where the law of formation of the several termsi of 
the series is sufficiently evident. 

2. It is required to convert — •, or its equal (^j+ 

I)'*, into an infinite series. 

__ h . vfi _ 

Here pzza. Qn-, and — = — 2,or m=— 2andw=:l: 

a n 

whence 



the first of these expressions may be exhibited in the more simple 
form 



1.2 1.2 

(m— 2) , . 

3 
w(OT—l)(m— 2) [?n— (w — l)]a"y"^ 



1.2.3.4.... n 

Where the last term is called the general term of the series, because if 
^9 ^) 3» 4» &c* ^ substituted successively for n^ it will give all the 
rest. 

B 
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* 

m 2 \ b 2h 

-Aaz:— ~x — X- = r =B^ 

n I a^ a a^ 

m—n —2—1 21 (f 3h'^ 
Ba= X rX-=i =c, 

m— 2n — 2-^2 3Z^« h 4¥ 

— - — ca=: — - — X— r-X~= T =D, 

m— 3n —2-3 4/P t 5Z>* 

4» 4 a* a (t 

^ , 1 1 2/^ 3Z;« 4^' 5Z>* „ 
CoDsequeatly •; — tt'-c:^'^ — ^ H — : r + t &c. 

a* 
3. It is required to convert ., or its equal 

a*(a*— j:) , into an infinite series. 

Here 

jf . m — 1 

p=ia% an -, and- x= — »^, or ««zi — 1 and w=2 : 

wbenoe 

m m 1^ 2 

l« 11 X ^ 

n 2 a c? 2(j? 

m-^n — 1 — 2 X X Sa^ ^ 

"iJT^*"" 4 ^ia^^""^" 2.4a* ""^^ 
wt — 2n —1—4 3a:* a? '3.Sa^ 

3n 6 2.4a* ^ a« 2.4.(5a7 * 
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m—3n —1—6 \d'5x^ x 3.5.7ar* 

'An 8 2.4.6a7 ^ a«""2 4.6.8a9 "" ' 

&c. &c. ^c. 

Therefore 

1 I \,x^ Z ,0^ 3.5 ,0^^ 3.5.7 ,ar*v 

(a«-^)i a^2 a3 ^^2.4^a*^^2.4.6 ^ a*^'^ 2.4.6.8 a» 
&:c. And 

a« ^ 1,;f. , 3 .a:\ , 3.5 V 3.5.; :r* 



(a«— ar)^ 2 a' 2.4 a»' 2.4.6^ a*' 2.4.6.8 a 

4. It is required to convert l/Qy or its equal (8+ 1)t 
into an infinite series. 

Here p=8, a=-, ana — =-, oyr ws=l and «=53 > 

D 71 O 

Whence 

m mi 

p'^=i(8) " =:8^=2=A,^ 

m 12 11 

- Aa= -x-X-r= — s =B, 
n 3 1 23 3.2« 

»i— n 1—3 11 1 , 



J5a = — ^— X-r-rrXrr =— ^ ^^. =gc> 



2w 6 3.2« 2' 3.6.2* 

m-~2n _1— 6 1 ^ _ "^ 

""2^^^ 9" ^ "3":6:2^^^~' 3.6.9.27 ""^' 

mSn 1—0 5 1 $*8 

471 12 ^3.6.9.27 *^2^ 3,6.9.12.2^0 ^ 

fl»-r4» 1—12 5.8 1 5-8.11 

.Ea= X*— ^ -X-^=: 



5n 15 3.6.9.12.2^0 2' ""3.6.9.1245.2'* 

&c. ice. ^ ^c. 

Ii2 
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Tfeerefore V9= 
1 1 5 5.8 5.8.11 

&c. 

5. It is required to convert ^2, or its equal \/(l -f l)> 
into an infinite series. 

,1 13 3.5 , 3.5.7 o 

Ans. 1+ 2r— + ^ — &c. 

2 2.4 2.4.6 2.4.6.8 2.4.6.8.10 

6. It is required to convert %^7, or its equal (8—1)^, 
into an infinite series. 

A .. 1 1 5 5.8 ^ 

Ans. 2 &c. 

3.2« 3.6.2* 3.6.9.27 3.6.9.12.210 

7. It is required to convert ^240, or its equal 

I 

(243—3)^, into an infinite series. 

1 4 4.9 4.9.14 

5.33 5.10.37 5.10.15.3^' 5.10.15.20.3'* 

&C. 

8. It is required to convert (a ±ar)'' into an infinite 
series. 

*- —2a 2.4a'*— 2.4. 6a^ 2.4.6.8a*— -^ 

X 

p. It is required to convert (ajh^)^ into an infinite 

aeries. 

4, h 2b^ 2.5P 2.5.Sh^ ^^ , 

Ans. a^ll±- - j;^,±^^;g;^ - ^^,— ±&^^^ 

10. It is requii^ed to convert (a— ^) into an infioitt 
send. 

i ^ 3b* 3.7P 3.7.11^^ . , 

Ans. fl |i-— -^j^^ 5J.I^""4.8.l2.l6r» ^'^'^ 
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a 

11. It is required lo convert {d-\-x)^ into an infinite 
series. 

i, 2x x^ 4x^ 4.7oc^ 4.7.IOX* „ ^ 

^ 3a 9a« 9V 9«12a* 9«.12. l_5a^ ■' 

12. It is required to convert (1 — ^)Mnto an infinite 

series. 

2x 2.3^2 2.3.8j?3 2.3.8.13a:* , 

Ans. 1 &c, 

5 5.10 5.10.15 5.10.15.20 

13. It is required to convert —^ or its equal 

.1 (a±x))^ 

{^-{■x) into an infinite series. 

1, X 3x'* 3.5x^ 3.5.7X* 

14. It is required to convert , or its equal 

(a + x)'^ into an infinite series, v^-^*^) 

Ans. a xi-»-3-a+5:6:^-^^^+3":6:9T27*^^^-^ 

15. It is required to convert , or its equal 

.i (1 + ^)^ 

{i.-\-x) ^ into an infinite series. 

X 6x^ 6.gx^ 6,9.Ux* 

Ans. 1 + 1 &c. 

5^5.10 5.10.15 ^5.10.15.20 

K J or its equal 

{a-\-x) (a*— x^)'^ , into an infinite series. 

X x^ x^ 3x* 307^ 5x^ 5x'^ 
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OF THE 

INDETERMINATE ANALYSIS. 

In tfie common role» of dlgebrs^ such questions are 
iisually proposed as require some certain or definite 
answer; in t^bieb case^ it is necessary that there should 
be as many independent equations, expressing their con- 
ditions, as there are unknown quantities to be deter- 
xnitied^ or otherwise the proMem would not be limited. 

But in other branches of the science, questions fre- 
quently arise that involvf*, a greater number of unknown 
quantities than there are equations to express them; in 
which instances they are called indeterminate or unlimit- 
ed problenrs ', being snch as usually admit of an indefi- 
nite number of solutions; although, when the question 
is proposed in integers, and the ati^wers ire required only 
in whole positive numbers, they are, in some cases, con- 
fined within certain limits, and in others, the probleni 
may become impossible. 

PROBLEM I. 

To find the integral values of the unknown quantities 
X and y in the equation. 

ax^hy=i+c, or ax+hysKc. 

Where a and l are supposed to be given whole num- 
bers, whieli admit of no conKnon divisor, except when 
it is also a divisor of c. 

RUL£. 

1. Let wh denote a whole, or integral number; and 
reduce the equation to the fofrti 

x=z " • •^ • wh, of a?=2 ^ wh, 

a a 

2. Throw all whole numbers out of that of these two 
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expressions/ to> wbicb llui question belong$^ go that the 

numbers d and e in the remaining parts^ may be each less 

than a j then 

dy + e , e—dy , 

^— —.wh, or ^ azwh. 



a a 



3. Take such a multiple of one of these last foronulsB, 
corresponding with that above mentioned^ as will make 
the coefficient of y nearly equal to a, and throw* the 
whole numbers' out of it as before. 

Or find the sum or difference of -2- and the expression 

* ay 

above used, or any multiple of it that comes near -^, and 

the result, in either of these cases, will still be =^wh, sl 
whole number. 

4. Proceed in the same manner with this last result; 
and so on, till the coefficient of ^ becomes a^l, and the 
remainder ss some number r; then 

— ^zzwh^isp, and y=:ap+ry 

Where p may be o, or any integral number whatever, 
that makes y positive ; and as the value of y is now 
known, that of x may be found from the given equation, 
when the quesiion is possible, (g) 

Note. Any indeterroinate equation of the form 

ax'^bysz-^c, 

in which a and b sire prime to each other, is always p^- 
sible, and will admit of an infinite number of answers 
in whole numbers. 



(g) This mk is founded on the obvious principle, that the sum, 
difference, or proilUict of any two whole Dontbera> is a whole dui»- 
ber ; and th^t, if a noniber divides the whole of aay other numbeii 
and a part of it, it will also divide the remaining part. 
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But if the proposed equation be of the form 

the number of answers will always be limited ^ and, in 
some cases, the question is impossible ; both of which 
circumstances may be readily discovered, from the mode 
of solution above given, (n) 



EXAMPLES. 



1. Given JQo:— 14^=11, to find x and y in whole 
numbers. 

Here ar= — "^ zzzwh,, and also — - =.wh, 

19 19 

^t-i_ u r. . J9y 14y + ll 5v — 11 , 

W hence, by subtraction, —^ = -^2^ =^wh 

^ ' 19 19 19 

., 5y-ll , 2(>y— 44 ^ . 3^— ^ , 
Also, -^ x4=--^ =y— 2-h^^ =z^A. 

19 ^9 ^ 19 

And by rejecting y— 2, which is a whole number, 

19 ^ 

Whence we have y= 19/)-f-6, 



(n) That the coefficients a and b, when these two formulae are 

possible, should have no common divisor, which is not, at the 

same time, a divisor ofc, is evident ; for if azizmd, and hzzzmcj we 

shall have ax±by=meix±Mey=c \ and consequently Jx-\-ey= 

c ,. c 

—. . But d, Cy x,^, being supposed to be whole numbers, —, must 

m m 

also be a whole number, which it cannot be, except when m is a 
divisor ofc. 

Hence, if U were required to pay looA in guineas and moidores 
only, the question would be impossible ; since, in the equation 
21*4*27^=2000, which represents the conditions of the problem, 
the coefficients, 21 and 27, are each divisible by 3, whilst the ab- 
solute term 2000 is not divisible by it. Sec my Treatise of Algebra, 
for the method of resolving questions of this kind, by means of Con- 
i'tnued Fractions, 
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^ ^ 14y-fll 14(J9p + 6)-f 11 266p+g5 

And ^= — =^— = = = 

19 19 19 

14p-f5. 

Whence, ifp be taken =0 we shall have ^=5 and 

y=6, for their least values; the nuniber of solutions 

being obviously indefinite. 

2. Given 2a: +3^=25, to determine x and y in whole 

positive numbers. 

25— 3y 1-y 

Here x= ^=12— vH 

2 -^ ' 2 

Hence, since x must be a whole number, it follows 

that — ^ must also be a whole number. 
2 

1— V 
Let therefore "^ =zwh^p ; 

Then]— y=2p, ory=l— 2/). 
And since 

jr=12-y + -=^ =12-(l-2p)+p=12 + 3p-l. 

We shall have a?= 11+ 3p, and y = 1 — 2/) ; 

Where p may be any whole number whatever that will 
render the values of x and y in these two equations posi- 
tive. 

But it is evident, from the value of y, that p must be 
cither or negative ; and, consequently, from that of x, 
that it must be 0, —1, —2, or —3. 

Whence, if j&=0, /)= — !, _p=— 2, p:=z~-3. 
Then j^=l^>^=f>^=^^=^ 
ly=l, 3^=3, y=5, y=7 

Which are all the answers in whole positive number 
that the question admits of. 

3. Given 3a:=8y— 16, to find the values of x and y 
in whole numbe'**, 

H 5 . 
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ftfere 

a;-:-.£ =:2y— 5+ -^- — aasii/A.: or -^ =«;A. 

3 ^3 ' 3 

Alto ?5^x2=tyr-=:v+^==«tA. 

3 3 -^ 3 

Or, by rgocting y, which is a whole number^ there 

will remain ^ =^wh,=p. 

3 ^ 

Therefbire y=3/)+2. 

And .= 5^=ii = ?^!^^i^ = ?? =8p. 
3 3 3 ^ 

Where, if p be put =1, we shall have or =8 and y=5^ 
for their least values \ the dumber of answers being, as 
in the first question^ indefinite. 

4. Given 21Jr + 17y=2O0O, to find all the possible 
values of x and y in whoVe nurhbers. 

20ao^l7y ^. . 5-17y , 

Here a:= ^^l^ =95+ ^^ ^ ='"^^. j 

Or, oniiliting the 95i ^ J^ =wh. -, 

21V 5— 17z/ 4t/ + 5 
Consequently, by addition, —-+ ^, = oi -^^' 

Or, by rejec^Dg the wkole number l> — ~-^=wh. 

y 31 

Aodj by «ub«»afttioib -^ ^p2.=:^^=M;A.=rj> j 

Whence .y=2l/)+4. 

And .= ^-'7y^ 2000-l7(21i^:f 4^ ^^.^^^^ 
21 21 « 
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Where, if p be put =0^ we shall have the least value 
of y=4, and the oorrespooding, or greatest value of 
x=Q2. 

And the rest of the answera wUl be found by addmg 
21 con tinaaUy to the least value of y> and sobtractiog. 
17 from the greatest value of ^ ; which beic^ done^ we 
shall obtain the six following results : 



37 = 92 


75 


58 


41 


24 


7 


y-4 


25 


46 


67 


88 


109 



These being all the solutions, in whole numbers, that 
the question admits of. 

Note 1. When there are three or more unknown 
quantities, and only one equation by which they can be 
determined, as 

it will be proper first to find the limit of the quantity 
that has the greatest coefficient, and then to ascertain 
the different values of the rest, by separate substitutions 
of the several values of the former, from 1 up to that 
extent, as in the following question. 

5. Given 3ar+5y + 72:=lOO, to find all the different 
values of x^ y, and %, in wbc^e numbers. (0) 

Here each of the least integer values of a? and y are 1 
by the question ; whence it follows^ that 



•*mm 



^ (0) If any indeterminate equation, of the kiad above ^^tcn^ has 
one or more of its coefficients, at c, negative, the equation may be 
put under the form 

in which case it is evident that an indt6ni(e numbtr of values may 
be given to the second «ide of the equ^ttpnt bj means of the indiefi- 
nite quantity z ; and consequently, also,, to t and y in the first. 
And if the coefficients o, b, t, ih atiy stich eqoatitni^ have a coilA- 
mon divicor, wbtle d bs* iip^ tlie queatioiv as ia tbe ftrst cascji be- 
comes impossible. 
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100—5—3 



«=• 



100—8 02 

— — -=|-=13 

7 7 



7- 



Consequently % cannot be greater than 13, which is 
also the 1in)it of the number of answers 3 though they 
may be considerably less. 

By proceeding, therefore, as in the former rule, we 
shall have 

100— 5v—7j« «^ « . 1— 2y— » • 

a?= — ^=33— y— 2%H '=.wh, : 

And, by rejecting 33— y— 2%, 
1— 2y— 2; , 3v 1— 2y— » 7+1 — 2 , 

3 '33 3 



Whence 



y + l-;« 



=p. 



And y=3/)-f2-l 5 

And consequently, putting /)=0, we shall have the 
least value of v=2—l 3 where % maybe any number, 
from 1 up to 13, that will answer the conditions of the 
question. 

When, therefore, %=2 we have y=:l, 



And ar= 



100—19 



=27. 



Hence, by taking %=2, 3, 4, 5, &c. the correspond- 
ing values of jr and y, together with those oi%, will be 
found to be as below. 

6 

7 
3 

Which are all the integral values of x, y, and %, that 
can be obtained from the given equation. 

Note 2. If there be three unknown quantities, and 
only two equations for determining them^ as 



«= 2 


3 


4 


5 


6 


7 


.V= 1 


2 


3 


4 


5 


Q 


a?=27 


23 


19 


15 


11 


7 
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ax-{-by-\-cz=:d, and ex-Yfy+g%z=:.h 

exterminate one of these quantities in the usual way, 
and find the values of the other two from the resulting 
equation^ as before. 

Then, if the values, thus founds be separately substi- 
tuted, in either of the given equations, the correspond- 
ing values of the remaining quantities will likewise be 
determined: thus, 

6. Let there be given a:—23/ + 2i=5, and 2a?-fy— * 
= 7, to find the values oi x, y, and «. 

Here, by multiplying the first of these equations by 2, 

and subtracting the second from the product, we shall 

have 

3+5y 2y , 

32: — 5y=3, or 2= i = l-{-y -^--^zsiwh.i 

And consequently — , or -^ ^ ~ o =w^^»=P* 

*J *J <J %9 

Whence ^=3j&. 

And, by taking j&=l, 2, 3, 4, &c. we shall have y= 
3, 6, 9, 12, 15, &c. and 2=6, 11, \6, 21, 26, &c. 
But from the first of the two given equations 

a:=3:5-f 2y— »} 

whence, by substituting the above values for y and %, 
the results will give x-snS, 6, 7, 8, 9, &c. 

And therefore the first six values of j?, y, and x, are as 
below: 



^=5 
y=3 
%=6 



6 


7 


8 


9 


6 


9 


12 


15 


11 


16 


21 


2(5 



10 

18 
31 



Where the law by which they can be continued is 
sufficiently obvious. 

EXAMPLES FOR PRACTICE. 

1. Given 3a:=:8y— 16, to find the least values of x 
and y in whole numbers. Ans, x^B, y=5 
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2. Given 144rc[ftJy+7» ^o find the least values of x 
and y in whole numbers. Ans. j7=3« 3^=7 

3. Given 27a7« l600>^ l6y> to find the least values of 
^ and y in whole numbers. Ans. .rax48^ y»l^ 

4. It is twqiiited to divide 100 into two such parts^ 
that one df them miy be divisible by 7, and the other 
by 1 1, Ans. The only part* are 50 and 44 

5. Given Qa: 4-13 v=2000, to find the greatest value 
of a: add the least valu^ oft/ in whole numbers. 

Ans» ar=215, y=15 

6. Given I ijt7+5yBt254> to find all the possible values 
of JT and y in whole numbers. 

Ans. j:=19, 14, 9* 4 5 y=9, 20, 31, 42 

7. Given I7:r-fl9y + 2122=400, to find all the an- 
swers in whole numbers which the question admits of. 

Ans> 10 different answers 

8. Given 5a: + 7y + 11»!=224, to fipd all the possible 
values of a:, y, and %, in whole positive numbers. 

Ans. The number of answers is 5p 
9.* It is nsquired tt) find in how many different ways 
it is possible to pay 20i. in half-guineas and half-crowns, 
without using any other sort of coin \ 

Ans« 7 different ways 

10. I owe my friend a shilling, and having nothing 
abaul m« but guineas, and he has nothing but louis- 
d'ors ; how must 1 contrive to acquit myself of the debt, 
the louis being valued at 17^* apiece^ and the guineas 
at 2U. 

Ans. I nlQst give him 13 gutn^as^ and he must 

give me 16 louis 

11. How many gallons of British spirits^at VXs^ 15s.^ 
knd I8s, a gallon, must a rectifier of compounds take to 
make a mixture ^KSMgaUbns, tliateltall be worth IJs. 
a gatioa ? 

ABMk 1 1 ^> At 125.^ ] 1 1^ ai 1^MK» aad fffi at lar. 
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PROBLBM II. 

To find sach a whole number^ as, being divided by 
othbr given humber»^ shall leave given renaflilideri« 

1 . Call the nunaber that is to be determined x, the 
nnmbers by wbieh it is to be divided a, h, c, &c. end 
the given remainders y,^, h, &c. 

2. Subtract each of the remainders from x, and divide 
the differences by a, b^ c, &c. and there will arise 

jw -P J ^ if x^^h 

— ^, - > — -, &€. » whole BttmbenK 
a b c 

x-f 

3. Put the first of these fractions — ^ =6, and sub* 

a ■ 

stitute the value of x, as found in teirms of p, from [this 
equation^ in the pkce of a; in the second fraction. 

4. Find the least value of p in this second fraction^ by 
the last problem, which put =r, and substitute the 
value of X, as found in terms of r, in the pladi of 4? in 
the third fraction. 

Find, in like manner, theledst value of f, in this third 
fraction, which put =5, and substitute the vahxe of x, 
as found in terms of ^, in the fourth fraction, as b^forfe. 

Proceed in the same way with t4M next following frac- 
tion, and so on, to the last ; when the valve ci x, thus 
determi«ed> will gIVe tire whole number required. 

EXAMPLES. 

1. It 18 required to find tbe least wliol6 number^ 
which, being divided by 17; shalHeave a ren^ainder of 
7, and when divided by 2t5, ilhaA Iblive a remainder of 
13. 

Let jr= the number reqitiired. 

Xfctett :^^.and ^^^5^ wtel6nuaitotrB. 
If 26 
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Andj putting — y-=/), wc shall have a:=l7/) + 7. 

Which value of x, being substituted in the second 
fraction, gives -^ = —^—=wh, 

26p 
But it is obvious that — §- is also =zwh, 

A ^ . 26p 17P-6 9P + 6 , 
And consequently -^ ^^ = —^=wL 

Where, by rejecting p, there remains ^——zszwh.z^r. 

Therefore /)=26r— 18; 

Whence, if r be taken = I, we shall havep=8. 

And consequently ar=17p+7=il7x 8 + 7=1^^3, the 
number sought. 

2. It is required to find the least whole number^ 
which, being divided by 1 1, 19, and 29, shall leave the 
remainders 3, 5, and 10, respectively. 

Let ^= the number required. 
Then f=i,£z£, and^:il2= whole number.. 

il 19 29 

And, putting — j— =p> we shall have ;r=llp + 3. 

Which value of x, being substituted in the second 
fraction, gives — ^ ^=iwh, 

^ lip— 2 ^ 22/)— 4 . 3/)— 4 , 
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And^ by rejecting/), there ^^^ll remain — zizx^A. 

19 

^ Ai u i.n 3p-4 ^ 18/>-24 18/)— 5 , 

Also by mult" -^ x6=— i- = — ^ l=wh 

^9 . 19 J9 

Or, by rejecting the 1, — =w^. 

But — - is likewise =«t'A. 
19 

19P 18/)— 5 p + 5 , u- u . 
Whence — ~ = =zwh, which put =:r. 

19 19 19 ^ 

Then we shall have 

p=igr—5y and^=ll(19r— 5)-f.3=:209r— 52, 

And if this value be substituted for x in the third 
fraction, there will arise 

20Qr-62 ^ 6r-4 

^-2 = 7r— 2 + — - — =zwh. 

29 29 

Or, by neglecting Tr—*ly we shall have the remaining 

part of the expression ^.wh. 

But, by multiplication, 
6r— 4 30r-20 r— 20 

29 29 ^ 29 

Or, by rejecting r, there will remain =z^A. 

which put =5. ^9 

Then r=29^ + 20; where, by taking 5=0, we shall 
have r=20. 

And consequently 

a:=209r— 52=209 X 20—52=4128, 

the number required . 
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3. To find a number, which, being divided by 6, 
shall leave (he remainder 2, and when divkled hy 13, 
shall leave the remainder 3. Ans. 68 

^ 4. It is reqinrcd (o find a number, which being di- 
vided by 7, shall leave 5 for a remainder, and if divided 
by g, the remainder sh^ll be 2. Ans. 1 lO 

5. It is required to find the least whole number, 
which, being divided by 39> sbaH leave the remainder 
l6, and when divided by 56^ the remainder shall be 27. 

Ans. 1147 

6. It is required to find the leaet whole number, 
which, being divided by 7> 8, and 9, respectively, shall 
leave the remainders 5, 7^ and 8. Ans. J 727 

7* It is required to fi^nd the least whole number, 
which, being divided by each of the nine digits, 1, 2, 
3, 4, 5, 6, 7i 8, 9, shall leave no remainders. 

Ans. 2520 

8. A person receiving a box of oranges, observed, that 
when be told tbemr out by 2, 3> 4, 5, and 6 at a time, 
he had none remaining; but when he told them out 
by 7 at a time, there rematned 5; how many oranges 
were there in the box } Ans. 180 

OF THB 

DIOPHANTINE ANALYSIS. 

This branch of Algebra, which is so called fi'om its 
inventor, Diophantus, a Greek mathematician of Alex- 
andria in Egypt, vtrho fiourisbed in or about the third 
century after Christ, relates chiefly to the finding of 
square and cube numbers, or to the rendering certain 
compound expressioas free frona sards ; the method of 
doing which is by making such substitutions for the un- 
Itnown quantity, as will reduce the resulting equation 
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to a sknple one, and then finding the value of thai quan- 
tity in terms of the rest, (p) 

These questions are so exceedingly curiouft and abs- 
struse, that nothing less than the* fnost refined algebra, 
applied with the utmost skill and judgment, can sur* 
mount the difficuhies which attend them. And, in this 
respect, no one has extended the limits of the analytic 
art further than Diophantus^ or discovered greater know* 
ledge and penetration in the application pf it. 

When we consider bis work with attention^ we are 



(p) ThatDiophantus was not the inventor of algebra, as has been 
generally imagined, is obvious ; since hig method of applying if is 
such, as could only hatre been used in a very advanced state of the 
science; besides which, he no where speaks of the fundamental 
rules and principles, as an inventor certainly would have done, but 
treats of it as an art already sufficiently known ; and seems to in- 
tend, not so much to teacli if, at to cuhivate and improve it, by 
solving such questions as, bdbre bis time» had been thought too 
difficult to be surmounted. 

It is highly probable, therefDre, that Algebra was known amoAg; 
the Greeks, long before the t\ttit of Didphantta ; but that the worl^il 
of prelceding writers haveb^en destreyea by tihfc ravages ef time, or 
the depredations of war and barbaiisnii 

His AriihmetieaJ Qfustiom, out of which these probleras were 
mostly collected, consisted originally of thirteen books ; but the 
first six only are now extant ; the best editioh of whicfh is that pub- 
lished at Paris, by Bachet, in the year 1670, with Notes byFertnat. 
In this work, the subj^t is so skilfblly handled^ that the mcxierns, 
notwithstanding their other improvements, have been able to do 
little more than explain and illustrate his method. Those who have 
succeeded best in this respect, areVieta, Kersey, De Billy,. Ozanam, 
Prestet, Saunderson, Fermat, and Euler; the last of whom, in par- 
ticular, has ampHfled and illustrated the Diophantine Algebra in a» 
clear and satisfactory a manner as. the subjtettieems to admit of. 

The reader will find a methodical abstract of the several methods 
made use of by these writers, with a variety of examples to illustrate 
them, in the first and second volumes of my TrtattM of Algebra, be- 
fore quoted. 
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at a loss which to admire most^ his wonderful sagaci(7, 
and the peculiar artifices he employs, in forming such 
positions as the nature of the problems required, or the 
more than ordinary subtilty of his reasoning upon them. 

Every particular question puts us upon a new way of 
thinking, and furnishes a fresh vein of analytical treasure, 
which cannot but prove highly useful to the mind, in 
conducting it through other difficulties of this kind, 
whenever they may occur, but, also, in enabling it to 
encounter, more readily, those that may arise in subjects 
of a different nature. 

The following method of resolving these questions 
will be found of considerable service 3 but no general 
rule can be given, that will suit all cases : and therefore 
the solution must often be left to the ingenuity and skill 
of the learner. 

RULE. 

1. Put for the root of the square or cube required, one 
or more letters such that, when they are involved, either 
the given number, or the highest power of the unknown 
quantity, may vanish from the equation : and then, if 
the unknown quantity be only of one dimension, the 
problem will be solved by reducing the equation. 

2. But if the unknown quantity be still a square, or a 
higher power, some other new letters must be assumed 
to denote the root 5 with which proceed as before ; and 
so on, till the unknown quantity is but of one dimension ; 
when, from this, all the rest may be determined. 

EXAMPLES. 

1. To divide a given square number (100) into two 
such parts, that each of them may be a square num- 
ber, {q) 



(if) Ifx-* 10 had been made the side of the second square, in 
^he following solution of this question, instead of za-i-io, the 
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Let ar« be one of the parts ; then lOO—or* will be the 
other part ; which is also to be a square number. 

Assume the side of this second square =2x— 10, 

Then will 100— ar«=(2j7--10)«=4a?*— 40a?-fl00 5 

And, consequently, by reduction, ar=8, and 2a?— 10=6, 

Therefore 64 and 36 are the parts required. 

Or the same may be done generally, thus : 

Let a®= given square number, a;^= one of its parts, 
and a^—af^=i the other; which is also to be a squaie 
number. 

Assume the side of this second square =rjr--a. 

Then will a^—x^=:(rx—af^=r^x^ — 2arX'\'a^; 

And, by reduction, ar= , and rx—a^^ a 

2«r2 ar^-\-a ar^-^a 



r2+l r^+l r«-f. 1 



z= side of the second square. 



Therefore ( r and ( r are the parts re- 

quired ; where a and r may be any numbers, taken at 
pleasure. 

2. To divide a given number (13) consisting of two 
known square numbers (9 and 4) into two other square 
numbers, (r) 



equation would have been i*— 2ox+ioo==ioo — «* ; in which case 
r, the side of the first square, would have been found =io, and 
jr— 10, or the side of the second square =o; for which reason the 
substitution x — lo was avoided ; but 3* — 10, 4*— 10, br any 
other quantity of the satne kind, would have succeeded as well at 
the former, though the results would have been less 'simple, 
(r) To this we may add the following useful property. 
If i and r be any two unequal numbers, of which s is the greater. 
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For the side of the first square sought, put rar— 3 5 and 
for the side of the second, jjf— 2^ r being the greater 
number, and s the less. 

Then will (ra:-3)«+(5r-i.2)«=(r«Jr«-6r*+9)-f (j» 
g;^^4sx+4)—(r*+s^)s^''{67'+4s)x+l3 = }3, or{r^+ 

6t-\- 4s 
From which last equation, we have x= ^ ^ . 

o ^r'^-^rs ^ *3r2+4rf-35« .. 
Whence rar— 3=--— -r 3= r— -r = side 

of the first square sought. 

, ^ 6rs'\'4s* ^ 6r5-2r«4-2j« ., ^ 
And ^x— 2= — r— 1 2= — — - — = side of 

the second. 

So that if r be taken =2, and ^=1, we shall have 



it can then be readily shown, from the nature of the problecn, that 

will be tiie perpendicular, base, and hypothenuse of a right-angled 
triangle. 

From which expressions, two square numbers may be found, 
whose sum or difference shall be square numbers ; for (9rx)^+(j' — 
r*)«=(iM r^)«, and i^+r*)*— (2ri)«=(i»— r«)S or (j» + fa}^i«— 
r'J'=(2ri/ ; where s and r may be any numbers whatever. 

The question in the text, is considered by Diophantus as a very 
important one, being made the foundation of -many of his other pro- 
blems. In the solution of it, given above, th^ values of r and imay 
be taken at pleasure, provided the proportion of them be not the same 
M 4bat of 3 (a) to z{b\ 01 ^•^z(a-k-h) to 3 — i(« — 6) , the reason 
of which restriction is, that if r and s were so taken, the sides of 
the pquares Bought would come out ^be same as the sides of the 
ijcaawn squares which cuiqpo^e the given number^ and therefore the 
<f)poii^ioa .would be useless. 

The excellent old Kersey, after amplifying and illustratip^ this 
fifoblem in a variety of ways, concludes his chapter thus* << For a 
further accnipt of this rare ApecylaVtor\> see Andersonus, Theocem 2, 
of Vieta*« mytUrimM Poctrine of Angular Sections ; and likewise 
Uesj^oniusy fit ihe 4atter -cod ,of the ^t p^me of his Cursus Mathe- 
maticus. 
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= — , aod =- for tne sides 

of the squares^ in numbers^ as was required. 

And if a*+ b^ be put equal to tJae number to be divided, 
the general solution may be given in the same manner. 

3. To find two square numbers^ whose difference shall 
be equal to any given number. 

Let the difference d be resolved into any two unequal 
factors a and b -, a being the greater and b the less. 

Also put or for the side of the less square soi^bt^ and 
X'\-b=: for the side of greater. 

Then (rr-f ^)*— ««=:ic'+2^j7+^^— a*'=2^«?4'^=^ 
=zab. 

And if this be divided by b, we shall have 2X'\rb=a, 

Whence, x = =theside of tbe least square sought, 

d — b , a-{-b , , _ , 

and jT-f *»= 1-^3= 3= side of the giieater. 

2 2 

So that by putting d=^60, and a X ^=2X30, we shall 

30—2 304-2 

have =14, and — -^=16 j or (14)^=196, and 

^i^)«=256, for the squares in mimbers j and to for any 
difference or factots Whatever. 

4. To find two numbers sucb> that, if either of ^em 
be added to tlie square of the otlier, the sum shall be 
a square number. 

Let ihe nuiia^ejs songfat lie v and ^. 

Then jr*thy=a* ^nd ^*-f ap;;;=a. 

And, if r^x be assumed ^r ithe tide of :^ 'first 
square «*+y, we «h4ll have J?"+y^=r'-r-2r«'+x^ or 
y;sir*— 2ra?. 

Therefore, by reduction^ 2ra?=:r* — y, or a?x=-^— ^. 
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Again, if y-f-^ be assumed for the side of the second 
square, we shall have y^-\ ^ :^(y^s)^=y^-}'2sy 

Whence also —-^r^2si/+s^, ov r^'^y:=:4rsy + 2rs*. 

Where, by transposition and division, we shall have 

r«— 2r5* , r« + 7/ 2r2^4-5* 

V= , and jr= ^ =: , 

^ 4rj-|-l 2r Ars^l 

c .k * ^*-2r52 , 2r%+j2 

bo that and are the numbers re- 

4r5+l 4r5-f-l 

quired ; where r and s may be taken at pleasure, pro- 
vided rbe greater than 2^^. 

5. To find two numbers such, that their sum and dif- 
ference shall be both square numbers. 

Let X and x'^—x be the two numbers sought. 

Then, since their sum is evidently a square number, 
one of the conditions of the question is answered. 

There remains, therefore, only their difference ar^ — *lx 
to be made a square. 

And if for the side of this square there be put ;r— r, w^ 
ihall have ar*— 2r^-|-r*ziar*— 2ar, or2rj7— 2a? — r^ 

Whence ar= and or'— j;= [ J*— ^ . 

2r— 2 ^2r— 2' 2r— 2 

So that and (— —)«— — -are the num- 

2r — 1 V 2r — 2/ 2r — 2 

bers required j when r may be taken at pleasure, pro- 
vided it be greater than I. 

6. To find three numbers such, that not only the sum 
of all three of them, but also the sum of every two, shall 
be a square number. 
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Let Ax, s^'-Ax and 2j?+1, be the three numbers 

sought. 

Then {Ax)-\'{3f^-Ax)-af, (jra-4ar) + (2x+l)=a* 
-2X+1, and (4j7+a^— 4a?+2ar+l)=x«-h2j:-M, arc 
evidently squares. 

And, therefore^ three of the conditions mentioned in 
the questions are accomplished. 

Whence it remains only to make the quantity {Ax)-\' 
(2j?+1), or 6j:-hl= to a square. 

Let, therefore, 6j:+l=a*; and we shall have, by 

a«— I 
transposition and divbion, jr= — - — . 

A J ., 4aa-4 /«*-ls^ 4<i*-4 
And, consequently, — ^ — , (— g- ) ^q — » 

, 2a«— 2 2a«-2 a*-26a«-f25 , a«+2 
and -^ +1; or -^-, , and -^— 

are the numbers required; where a may be any number 
taken at pleasure, provided it be greater than 5. 

7. To find three square numb^ra such, that the sum 
of every two of them shall be a square number, {s) 

Let X*, y^, and x«, be the numbers sought j 
Then j;«+%«=n» y*+«* =n> and^+y«=n- 

X^ 1/^ •T^ I/' 

Or ^+i=n,|r+i=D.«'"Jir + ^=°- 

And, by putting - = , and - = , we shall 

3» jbS % mT 



(1) This question is capsible of a great variety of answers ; but 
the least roots, which have yet been found, in whole numbers, are 
44, 117, and 240. See Eulefs Algebra, English Translation, Vol. II. 
vibich is a work abounding with a great variety of particulars relating 
f o the more abstruse parts of the Diopbantine analysis. 

I 
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. fir* 5*'f2^*f 1 , y* r* -far* 4-1 

have -H-l= \,g ,and^+l= .. , 

which are both evidently squares ^ and therefore it only 
retnains to make -— -f -- = square number. 

___= __ = square 

number. 

+J*X(r+l)*X(r— !)«= to a square number. 

And, by making r— 1=5 + 1, or rrrs'-f 2, we shall 
have (j+2)«X(j+l)*X(5-l)«H-5«x(5H-3)«x(5+l)« 
^ to a square number. 

Or(5+2)«x(^-l)*+^*X(5+3)«=2^4-8^+6*«— 4^ 
+4= to a square number. 

Lei;, now, the root of this last square be assumed 

Then, a**4-aj»+6ja-4x4-4=3(|**-j+2)«=4Jj^— i 
5»+5*«-|-5«— 4^4-45 or 2^+85»=.J^— fy'^ or 2^4.8 

Whence 5=— 24, andtae— 22. 

^ _ 5»-l 575 y r«-l 483 

And, xt=. -- — = — -^, aad ^ = -— — = -rrj 
2j 48 2 2r 44' 

^ 575» , 483x 

In order, therefore, to have the answer in whole num- 
bers, let %s=528, and we shall hare ^=6325, and ys 
5796. 

Aad, oomi9q«eii4)y» 628, fi^^j^ and 6325, are 4he 
rootf of the squaift veqiMrtd. 
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8. To find a numbor x soch^ that jr-f- 1 and x—1 shall 
ht both square oumbers. {t) Ans. «3s^ 

9. To find a number or such, that :r+129 and ^+ig2 
shall be both squares. Ans. x^^Qj 

10 To find a number x such, that ^*+.r and a:*— or 
shall be both squares. Ans. ^ 

1 1 . To find two numbers such, that if each of them 
be added to their product, the sums shall be both 
squares. Ans. y and |- 

12. To find three square numbers in arithmetical 
progression. Ans. 1, 25, and 49 

13. To find three numbers in arithmetical prograssi^n 
such, that the sum of every two of them shall be a square 
number. Ans. 120i, 840|, and 1560| 

14. To find three numbers such, that, if to the sqq^re 
of each the sum of the other two be added, the thr^ 
sums shall be all squares. Ans. 4 and ^ 

15. To find two numbers in proportion as 8 is to 15, 
and such that the sum of their squares shall be a square 
number. Ans. 576 and 1O8O 

16 To find two nambert such, that if the square of 
each be added to their product, the sums shall be both 
squares. ^ Ans. 9 and 16 

17. To find two whole numbers such, that the sum 
or difference of their squares^ when diminished by unity, 
sliall be a square. Ans. .8 and-^ 

18. it is reqaiivd to resolve 4225, which is the square 
of 65, into two other mtegral squares. 

Ans. 2704 and 1521 



(f) The answecs to ix^ny ^f the qutstions here given, cannot be 
fetuid in whole numbers. 

I2 
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19. To find three numbers in geometrical proportion 
such, that each of them^ when increased by a given 
number (] 9), shall be square numbers. 

Ans. 81, I and^rfs 

20. To find two numbers such, that, if their* product 
be added to the sum of their squares, the result shall be 
a square number. Ans. 5 and 3, 8 and7> l6and 5, &c. 

21. To find three whole numbers such, that if to the 
square of each the product of the other two be added^ 
the three sums shall be all squares. 

Ans. g, 73, and 328 

22. To find three square numbers such, that their sum 
^hen added to each of their three sides, shall be all square 
numbers. 

Ans. -g%^i, iiUif and ■111-14= roots required. 

23. To find three members in geometrical progression 
such, that if the mean be added to each of the extremes, 
the sums, in both cases, shall be squares. 

Ans. 5, 20, and 80 

24. To find two numbers such, that not only each of 
them, but also their sum and- their difference, when in- 
creased by unity, shall be all square numbers. 

Ans. 3024 and 5624 

25. To find three numbers such, that whether their 
sum be added to, or subtracted from, the square of each 
of them, the numbers thence arising shall be all 
squares. Ans. y/, V?? > an^ W 

26. To find three square numbers such, that the sum 
of their squares shall also be a square number. 

Ans. 9, 16, and '.^ 

27. To find three square numbers such, that the dif- 
ference of every two of them shall be a square number. 

Ans. 485809, 34225, and 23409 
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"as. To divide any given cube number (8) inio three 
other cube numbers. Aii^. I, l^and 'jY 

29. To find ilirec square numbers socb, ibai the dif- 
ference between every two of them and the third shall 
be a square number. Ans. 1-19', 241', and 269* 

30. To find three cube numbers such, that if from 
each of them a given number (1) be fiublracted, the sum 
i^;ttie remainders shall be a square number, 

Ans. -*f^, »^VtS and H 



SUMMATION. AND INTERPOLATION 
OF INFINITE SERIES. 

The doctrine of Inpinite Sehies it a subject which 
has engaged the attention of the greatest mathematician!!, 
both of ancient and modern times,- and, when taken in 
its whole extent, H, perhaps, one of the most abstruse 
and difficult branches of abstract malhemalics. 

To find the sum of a series, ibe number of the terms 
of which, is inexhauslibte, or infinite, has been regardnd 
by some as a paradox, or n thing impossible to be done ; 
but this difficulty will be easily removed, by considering 
that every finite magnilade whatever is divisible in iiifi' 
Ttihtm, or consists of an indefinite number of parts, the 
aggregate, or sum of which, is equal to the quantity first 
pro]»osed. 

A nnniber actually intinile is, indeed, n plain contra- 
diction lo all our ideas ; for any number that we can pos- 

always be determinaic and finite ; so Ihat a greater may 
litill be assigned, and a greater after this; and so on, 
without a possibility of ever coming to an end of the in- 
crease or addition. 
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TJiis ioexbaustibilky, therefore^ in the natare of num- 
bers^ is all that we can distinctly comprehend by their 
infinity ; for thotigh we can easily conceive that a finite 
quantity may become greater and greater without end^ 
yet we are not> by that means^ enabled to form any no- 
tion of the ultimatum, or last magnitude^ which is inca- 
pable of farther augmentation. 

Hence, we cannot apply to an infinite series the com- 
mon notion of a sum^ or of a collection of several par- 
ticular numbers, which are joined and added together^ 
one after another 5 as this supposes that each of the num- 
bers, composing that sum, is known and determined. 
. But as every series generally observes some regular law, 
and continually approaches towards a term, or limits- we 
can easily conceive it to be a whole of its own kind, an€ 
that it must have a certain real value, whether that 
value be determinable or not. 

Thus, in many series, a number is assignable, be- 
yond which no number of its terms can ev«r reach, or, 
indeed, be ever perfectly equal to it } but yet may ap- 
proach towards it in such a manner, as to differ from it 
by less than any quantity that can be named. So that we 
may justly call this the value or sum of the series ; not 
as being a number found by the common method of 
addition, but such a limitation of the value of the series^ 
taken in all its infinite capacity, that, if it were possible 
to add all the terms together, one after another, the suo^ 
would be equal to that number. 

In other series, on the contrary, the aggregate, or 
value of the several terms, taken collectively, has no li- 
mitation ', which state of it may be expressed by saying, 
that the sum of the series is infinitely great 5 or, that it 
has no determinate or assignable value, but may be car- 
ried on to such a length, that its sum shall exceed an/ 
given number whatever. 

Thus, as an illustration of the first of these oases, it 
may be observed, that, if r be the ratio» g the greatest 
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term, and / tbe least, of iny decreasing geometric teries^ 
t-besuni, according to the common rnle, wilt be (rg-^l} 
-4-(r— 1) ; and if we suppose the less extreme, I, to hio 
diminished till ii becomes szO, the sum of the whole 
series will be r^-f-(r— I ) : for it is demonstrable, that 
the sum of no assignable number of terms of tbe serie^ 
can ever be equal to that quotient ; and yet no number 
less than it will ever be equal to the value of the 
series. 

Whatever consequences, therefore, follow from the 
supposition of r|^ -J- (r—1) being the true and adequate 
value of the series, taken in all its infinite capacity, as if 
all the parts were actually determined, and added toge- 
ther, no assignable error can possibly arise from them, 
in any operation or demonstration where tbe sum is used 
in that sense -, because, if it should be said that the series 
exceeds that value, it can be proved, that this excess 
must be less than any assignable difference ; which is, 
in effect, no difference at all ; whence the supposed 
error cannot exist, and consequently r^-f-(r—l) maybe 
looked upon as expressing the true value of the series^ 
continued to infinity. 

-We are, also, farther satisfied of the reasonableness of 
this doctrine, by finding, in fact, that a finite quantity is 
frequently, convertible into an infinite series, as appears 
in the case of circulating decimals. Thus two-third* ex- 
pressed decimally, is | = .66e66 &C.=V'6+T§6 + T^^^7y 

4-7^5^+ &c. continued oc^ i^wi/MOT. But this is a 
geometric series, the first term of which is .^^o. and the 
ratio i^'o J and therefore the sum of all its terms, conti- , 
nued to infinity, will evidently be equal to |, or the num- 
ber from which it was originally derived. And the same 
may be shewn of many other series, and of all circulating 
decimals in general. 

With respect to the processes by which the summa- 
tion of various kinds of infinite scries are usually ob- 
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tained, one of the principal is by the method of differ- 
ences^ pointed out and illustrated in Prob. iv. next fol- 
lowing. 

Another method is that first employed by James and 
John Bernoulli^ which consists in resolving the given se- 
ries into several others of which the summation it 
known J or by subtracting from an assumed series, wheki 
put =8, the same series, deprived of some of its first 
terms ^ in which case a new series will arise, the sum of 
which will be known. 

A third method, which is that of Demoivre, consists 
in putting the sum of the series =s, and multiplying 
each side of the equation by some binomial or trinomial 
expression, which involves the powers of the unknown 
quantity or, and certain known co-efficients; then, taking 
X, after the process is performed, of such a value that 
the assumed binomial, &c. shall become =0, and trans- 
posing some of the first terms, a series will arise, the sum 
of which will be known, as before. 

Each of which methods, modified so as to render it 
more commodious in practice, together with several 
other artifices for the same purpose, will be found suffi- 
ciently elucidated in the miscellaneous questions succeed- 
ing the following problems. 

PROBLEM I. 

Any series being given to find its several orders of 
differences* 

RULE. 

1 . Take the first term from the second, the second 
from the third, the third from the fourth, &c. and the 
remainders will form a new series, called ihe first order 
of differences. 

2. Take the first term of this last series from the se- 
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cond^ the second from the third, the third from the 
fourth, kc. and the remainders will form another new 
series, called the second order of differences » 

3. Proceed, in the same manner, for the third, fourth, 
fifth, &c. orders of differences ; and so on till they ter- 
minate, or are carried as far as may be thought neces- 
sary, (u) 

EXAMPLES. 

1 . Required the several orders of differences of the 
series 1, 2% 3«, 4S 5«, 6«, &c. ' 

1, 4, 9, J 6, 25, 36, &c. 

3, 5, 7, 9, 11, arc. istdiff. 
2, 2, 2, 2, &c. 2d diff. 
O, O, O, &c. 3d diff. 

2. Required the several orders of differences of the 
series 1, 2^ 3», 4', 5', 6», &c. 

1, 8, 27, 64, 125, 216, kc. 

7> 19> 37, 61, 91, &c. Istdiff. 

]2, 18, 24, 30, &c. 2d diff. 

6, 6, 6, &c. '3d diff. 

O, O, &c. 4th diff. 

3. Required the several orders of differences of the 
series I, 3, 6, 10, 15, 21, &c. 

Ans. 1st, 2, 3, 4, 5, kc. ; 2d, 1, 1, 1> kc, 

4. Required the several orders of differences of the 
series 1, 6, 20, 50, 105, ig6, kc. 

Ans. 1st, 5, 12, 30, 45, 9I, kc. ; 2d, 9, 16, 25, 
36, &c. 5 3d, 7> 9p 1 1> &c- 5 4th, 2, 2, &c. 



(«) When the several terms of the series continually increase, the 
AifiPerences will be all positive ; but when they decrease, tha dif- 
exences will be negative and positive alternately. 

I5 
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5. Required the several orders of differences of the 
.1111 1 . 

'"""' 5' ? 8' 16' 3i' ^'' 

PROBLBM II. 

Any series, a, b, c, d, e, &c. being given, to find the 
first term of the Tith order of differences. 

RVLt. 

Let $ stand for the first term of the nth differences. 

Then will a—nv4-n. c — n. — -— . ^ a+72« 

2 2 3 

«— 1 » — 2 w— 3 -, ^ V . 

. . e, &c. ton + 1 terras =sd, when n is 

2 3 4 

an even number. 

. , - n— 1 n— 1 n— 2 . . n— 1 
And — a-f-w— w.- c-fw. .— - — a— n 



2 2 3 2 

72 — 2W— 3 ^ ^ . . ,, 

. . e. Sec, ton-f 1 terms =a, when n is an odd 

3 3 

number, (x) 

EXAMPLES, 

1. Required the first term of the third order of differ* 
ences of the series 1, 5, 15, S5, 70, &c. 

Here a, h, c, d, t, &c. =1, 5, 15, 35, 70* &C' and 
«=3. 

Whence — a+»^— ».-^^f+».— ^,-C^rf=: — a 



. («) When the terms of tfie several orders of differences happen to 
be fisqf great, it will be more convenient to take the logarithms of 
the quantities concerned, wlK>se differences will be smialleri and, 
when the operation is finished, the qiAoHty answering tO' the Ittr 
logarithm may bexasily foand. 
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+3^-3tf-f-rf=: — 1 + 15— 45+33=4= ^he first term 

required. 

2. Required the first term of the fisurth order of dif- 
ferences of the series I, 8/27, ^4, 125, &c. 

Here a, b, c, d, e, &c. =1> 8, 27, 64, 125, &c. smd 
w=4. 

ixrL I . »— 1 «— 1 w — 2 , n— 1 

Whence a^-^nO'^-n^ c— «. . a+«. - 

2 2 3 2 

«-2n— 3 . X, , ^ ^ 

-— -.— — -e=a-4^ + ec— 4fi+e= 1—32+162 — 256 
3 4 

+ 125=0; 80 that the first term of the fourth order 

is 0. 

3. Required the first term of the eighth order of 4if- 
ferences of the series, 1, 3, Qj 27, 81^ &c.. (y). 

Ans. 256 

4. ReqBired the first tena of the fifth order of differ- 

cnces of the series, 1, -, -, ~, ~, — , —, &c. 

2 4 8 10 32 04 ^ 

Ans. 



36 

FRO&LEM III. 

To find the nth term of the series, a, 'h, c, d, e, &c. 
when the differences of any order become at last equal 
to each other. 

RULE. 

Let d, d', d",d^\ &c be the first of the several 
orders of differences, found as hi the last profoiesi. 



{y) The labour, in questions of this kind,^niay b« often abridged* 
by putting; ciphers for some of the terms at the beginning of the se- 
ries; by which means several of the diffiefences will be txfaaX to ^o^ 
and the answer, on that account, obtained in fewer tcnm. 
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Then wjll a-f df-\ . d a . 

1 1 2^12 

n--3 n— In— 2 7i~3w-4^. „ 

-3-^ -f -j-.-T^.-^.—j-rf"' &c. =nth term 

required. 

EXAMPLES. 

1. It 18 required to find the twelfth term of the series 
2, Q, 12, 20, 30, &c. 

2, 6, 12, 20, 30, &c. 

4, 6, 8, 10, &c. 

2, 2, 2, &c. 

O, -^ 0, &c. 

Here 4 and 2 are the first terms of the differences. 

Let, therefore, Az=zd!, 2—d\ andn=12» 

Then a+^J'+!^.^^-= 2 + ll(Z'-f 55i" 
1 12 

=:i-|-444.110=156=12kh term, or the answer re- 
quired. 

2. Required the twentieth term of the series, 1, 3, 6, 

10, 15,21, &c. 

1, 3, 6, 10, 15, 21, &c. 

2, 3, 4, 5, 6, &c. 

I, 1, 1, 1> &c. 

0, 0, O, &c. 

Here 2 and 1 are the first terms of the differences. 

Let, tlierefore, 2s=cr, l=c^"> and n=20. 

Thena-h^c/'+^^^iZ''= 1+19^ + 171^' 

= 1+38+171=210= 20th term required. 

3. Required the fifteenth term of the series, 1, 4, 9, 
16, 25, 36, &c. Ans. 225 

4. Required the twentieth term of the series, 1, 8, 27^ 
64, 125, &c. 
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5, Required the thirtieth term of the series, ^> T» ^» 

10 15 21* 

PROBLEM IV. (%) 

To find the sum of n terms of (he series, a, h, c, d, e, 
Scc» when the differences of any order become at last 
equal to each other. 

RULS. 

Let d', d'y d", d"^ &c. be the first of the several 
orders of differences. 

rwii 'mi I W— 1 ,, W — In— 2„, 71—1 

Then will na-f-n. a -fw. . a +». 

2 2 3 2 

7?— 2n — 3,,,, 71 — 1 w— 2«— 3 n— 4,. ". , * 

.—-—(£"'+71. —-—.----.—_.. d'^ &c.= to the 

3 4 2 3 4 5 

sum of 7t terms of the series. 

EXAMrLKi. 

1. Required the sum of 7i terras of the series, I> 2> 3» 
4, 5, 6, &c. 

Here 1, 2, 3, 4, 5, 6, &c. 
1, 1, 1, 1, 1, &c. 
O, O, O, O, &c. 
Where 1 and are the first terms of the differences. 
Let, therefore, a=: I, dzz^l, and d'^ssO. 

^f ... 72—1 ,, . 7l«— 71 «*+7l 

Then will 7za+7z. d=z n-] = = 

2 2 2 

sum of It termsi as required. 



(ss) When the differences in this or the former rule are finally 
=o, any term, or the sum of any number of the terms, may be 
accurately determined ; but if the differences Ao not vanish, the re- 
sult is only an approximation ; which, however, may be often very 
usefully applied in resolving various questions that may occur in this 
branch of the subject, and which will become continually nearer 
the truth as the differences diminish. 
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2. Required the sum.of n terms of the series^ 1^^ 2% 
3% 4% 5\ &c. or 1, 4, 9, l6, 25, &c. 

Here }, 4, 9, 16, 25, &c. 

3, 5, 7, 9, &c. 

2, 2, 2, &c. 

0, 0, &c. 

Where 3 and 2 are the first terms of the diiFerences. 

Let, therefore, <i= I, d'-=z3, and rf" =2. 

rvii .1. w — 1 ^ w — 1 w— 2,,, 

Then will «a+M . •— r-o +«.— r— •— :r-» =«+3«. * 

- 2 2 3 

n— 1 n — 1 «— 2 3n«— 3» w3_3;j9^2n 
-^+2«-T--^- = -2- + 3 = 

r — » = sum 01 n terms^ as required . 



3. Required the sum of n terms of the series^ 1*> %^, 
3', 4^ 53, &c. or 1, 8, 27, 64, 125, &c. 

Here 1, 8, 27, 64, 125, &c. 

7, 19, 37, 61, &c. 

12, 18, 24, &c. 

6, 6, &c. 

0, &c. 

Where the first terms of the differences are J, 12, 

and 6. 

I^t, therefore, assl, (^=7, rf''=12, and 4^=6. 

^, .„ »— 1 „ n— 1«— 2*. . «— 1 

Then will «a + « . a -f « . * <f + n. 

2.232 

3 4 ' ' 2 2 3 

n*-ln— 2 n— 3 . 7»r*— 7» . « • ^^ - - , 
^ ■. 3 - * -^««+^— 5 — + 2»» - 6«« + 4«i + 

,i»^(^4.11i|9-.^ 4n 14««— 14* 8it*— 24««4-l^ 
4 ^4 ^ 4 ^ 4 



\ 
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H ■ = = sum of « terms, 

4 4 

as required. 

4. Required the sum of n terms of the series^ 2, 6, 12» 

nx(w4-l)x(n+a) 
20, 30, &c. Ans. 3 

5. Required the sum of n terms of the series, 1, 3, 6, 

n w+1 n+2 

10, 15, &c. Ans. - . . " 

12 3 

6. Required the sum of n terms of the series, 1, 4, 10^ 

A « n-fl n + 2 w-f3 

20, 35, &c. Ans. - . — -— . . — — 

' 12 3 4 

7. Required the sum of w terms of the series, 1-*^ 2V 

3*, 4*, &c., or 1, 16, 81, 256, &c. 

«* «* n^ n 
Ans. --+— + 



5 2 3 30 
8. Required the sum of n terms of the series 1^ 2^^ 
3S 4S 5^ &«. 

«« ft* 5W* n» 

PROSLXM y. 

The series a, l, e, 4» ^> &c. being given, whose terms, 
are an unit's distance from each other, to find any inter- 
mediate term by interpolation. 

RULB. 

Let X be the distance of any term v^ that is to b« in* 
terpolated, from the first term, and d\ d", df'^f^Q^ th^ 
terms of the differences. 

Theh will a+xd+x .^^rf^'-f-jp. fZl . fH? e^'' 4. 
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EXAMPLES. 

1. Given the logarithmic sines of V 0', 1* Y, T 2% 
and I'* 3\ to find the log. sine of 1° l' 40". 

Here l* 0' 1" l' 1° 2" 1° 3' 

Sines 8.2418553 8.2400332 8.2560943 8.2630424 

71779 70611 6948I 

— 1168 — 1130 

38 
Whence the first teroos of the differences are 7l779» 
-* 1 168^ and 38. 

Let, therefore, *=:1° 1' 40"— 1° 0'=l' 40"=lf= 
distance of y, the term to be interpolated ; and £/'= 
/^779> ^"=—1168, andcf"=38. 

Then will yzsza-^-xdf+x . (i"4-jr. .-- — rf"' 

•^ ^ * 2 2 3 

=a+^'+^"--^rf'" = 8.2418553 + .0119631 + 
3 ^9 81 

.0000694— .0000002=8.2538876= sine of 1° l'40'% as 

was required. 

^. . . 1 1 I 1 1 „ 'x. ^ 

2. Given the series — , — , — , — , —-, &c. to find 

50 51 52 53 54 

the term which stands in the middle between the two 

terms — and — Ans. 

52 53 105 

3. Given the natural tangents of 88° 54', 88"* 55^, SS^ 
56', 88° 57', 88° 58', 88° 69', to find the tangent of 
88°58'11". Ans. 55.711144 

PROBLEM VI. 

Having given a series of equidistant terms, a, h, c, d, 
e, kc. whose first differences are smidl ; to find any in* 
termediate term by interpolation. 
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BULE. 

Find the value of the unknown quantity in the equa- 
tion which stands against the given number of tenns, 
in the following table^ and it will give the term re- 
quired, .(a) 

_ J. a— ^=0 

3. A— 3^-f 3c-rf=0 

4. a— 4^+6c— 4rf+e=p 

5. a--5^+10e:— 10rf4-5e-/=sO 

6. a~6^4-15c-:20rf-f 15e— ^+^=0 

_ TT—l n—l w— 2 




Or 



d+ 



n . 



n— 1 w— 2 »— 3 ^ 
-— .-— .— -e&c.=0 



EXAMPLES. 

1. Given the logarithms of 101, 102> 104^ and 105, 
to find the logarithm of 103. 

Here the number of terms are 4. 

And against 4, in the table, we have a— 4^+6c— 4(< 



4-e=0; or c=: 



_ 4x(^4-<Q-(fl+g) _ 



= value of the un- 



known quantity, or term to be found. 



Where, taking the logs of 
101, 102, 104, and 105 



as2.0aJ32i4 
^=2.0086002 
d=2.0l70333 
6=2.0211893 



(a) The more terms are gWen, in any series of this kind, the 
more accurately will the equation that is to be used approximate 
towards the true result, or answer required. 
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And consequently 
4X (^ + rf)=l 0.1025340 
a + ezz 4,0055107 



■**i 



6)12.0770333 

2.0128372=:Jojf. of 103, 
as required. 

2. Given the cube roots of 45, 46, 47, 48, and 49, to 
find the cube root of 50. Ans. 3.684031 

3. Given the logarithms of 50, 51, 52, 54r, 55, and 
56, to find the logarithm of 53 . Ans. 1 .7242758695 

PROMISCUOUS EXAMPLES RELATING TO SERIES. 

1. To find the sum (s) of w terms of the series, 1,2^ 
3, 4, 5, 6, &c. 

First, 1 + 2+3 + 4 + 5 &c n=s. 

And « + (7r— l) + (7t— 2) + («— 3) + (n— 4) &c. 

+l = s 

Therefore, by addition, 

(n+0 + {«+0+(»+l)+(« + l) + («+l) &c 

+ (n + l)=2s. 

And consequently w(n+ l=2s3 or s=: : =: sum 

required. 

2. To find the sum (s) of w terms of the series, l, 3, 
5,7,9, 11, &c. 

First, 1+3 + 5 + 7+9 &c (2n-l)=s. 

And (2w— 1) + (272— 3) + (27i-5)+ . . . + 1=5, 

Therefore, by addition, 

27i + 2w+2n+2n+2n+ &c 27i=2s. 

And consequently QHXn=s2%', 
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Or s= — =n*= sum required. 

3. Required the sum (s) of n terms of the series^ a+ 
(a+rf)-f(«+2flO+(tt+3«^)-f(^+4rf) &c. 

First, o+(«+rf)-f*(fl+260+(tf-»-3rf) &c + 

And «+(?«/— cO+«+(w^—2rf)-f-a-f(7wi—3rf)+a4- 

Therefore, by addition, 2a-f-(n£{—- <£) + 2a4- (tz^— i) -f 
2a4-(wrf— rf)&c +2a+(nrf— <i)=2s. 

And consequently (2a'f tu/— cf) X aa2s5 

ft ' 

Or si=(2a + nd-^ df) x - = sum required . . . » 

Or the same may be done in a different manner, as 
follows : 

(+1 + 14-14-1 + 1 &c.)i<a I _ 



(+0+1+2 + 3+4 &c.)x^ 



=s. 



But n terms of 1 + 1 + 1 + 1 + 1 &c. =«. 

fl 

And « terms of 0+1 + 2+3+4 &c. Hi^i2 

2 

tiri- . '«x(n--l)(i , ,, ., w 

Whence s=«aH ^ = |2a+^(w— 1)^ X- 

2 2 

which is the same answer as before. 

4. To find the sum (s) of n terms of the series I, x, x\ 

X^f X*, &c. 

First^+a?+>r2+jr3+:r*, &:c jr"'=5S. 

And ar+j;«+a?3+j74+a:*, &c. . . , . jc"=sjr. 
Whence, by subtraction, ar"— I =sx — s. 

iT"— 1 

Or s=s = sum requirod. 
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And^ when ^ is a proper fractioa^ the sum of the se* 
ries» contlaued ad iofioitum^ may be found in the same 
manner. 

Thu8> putting l+jr+ar*-i-a;*+jr*+jr*, kcscs, 

We shall have x-\-g;^+x^-\~x*^x^, &c.sssr. 

And consequently — Issso?— s; org— s^rssl. 

Whence 8= = sum of an infinite number of 

1 — jr 

terms^ as was to be found. 

5. Required the sum (s) of the circulating decimal 
•999999 &C' continued ad infinitum. 

Fi«t, .999999 ^'c- = :^ + 4 + I^ +1^*^^-= 

^JO ^ IQO 1000 JOOOO ' 

Or, — + 1 1 -— +&c.= -. 

' 10 100 1000 10000 9 

«,. . 11 1 „ 10« 

Therefore. I A h h &c.= — 

^ ^ 10 100 1000 9 

* J ., , 10s 8 9s 

And consequently 1= = — =8 ; 

^ ^ 9 9 9 

Whence 8=1=: sum of the series. 

6. Required the sum (s) of the series a*-f- (a+d)«-f (a 
4- 2rf)*4-(a+3rf)*+(a-f-4cOS &c. continued to n terms. 

Here 
First, fl«=a« 

(a+d)*^a}+2 x larf+ lrf« 
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(ai+3J)«=a«+2X3flrf+9c/* 

(aH-4</)2=a«H-2x4«rf+ l6rf« 

&c. &c. 

Whence 

Sum ofn terms of (1 + 1 4-1 + 1+ kc.)tfi 

+ . . . ditto of (1+2+3+4+ Scc.)2ad 

+ . . . ditto bf (1+4 + 9+10+ &c.)rf* 

But n terms of 1 + 1 + 1 + 1+ &c.=7i. 

» . /. . « n(n— -1) 

And of 1+2+3 +4 &c.= 



Alsoof l + 4+9+&c.= 



1 .2 
w(»~l)( 27i — 1) 

1 . 273 



•«. i. « . r N J . w(w — l)(2w — 1) ,. 

Therefore s=na«+w(n— l>(f + -^^ -^ 'd^=: 

^ 1.2.3 

the whole sum of the series to n terms. 

7. Required the sum (s) ofthesericsa'+(a+d!)^ + (a 
+2c^)'+ (a+3ci)'+ (a+4c?)' &c. continued to n terms. 

First, 0^=0? 

(a+ci)5=ra3^3 X laV+3 X lad'^^U^ / 
(a+2fl03=a3+3x2a^ci+3x4flfl?» + 8fiP 
(o+3fl6'=<»'+3X3aV+3X9<wP+27cP 
(a+4rf)»=a5 + 3x4aV+3Xl6fl^+64flP 
(a + 5<i)3=sa?+3X5a«rf+3x25a^+125(i^ . 
&c. &c. 

Whence 
Sum of n terms of (1 + 1 + 1 + 1 &c.)a* 
+ . • . ditto of (1 +2 + 3 + 4 &c.)3a«<i 
+ . . . ditto of (1+4+9+ 16 &a)3arf» 
+ . . . ditto of (1+8 + 27+64 &c.)i« 
But w terms of 1 + 1 + 1 + 1 + 1 &c.=:n. | 

Ditto ... of 1+2+3+4 8cc.= ^ 

n( n— 1)(2»-1 
I .2.3 



8= 



Ditto • . . of 1+4+9+16 &C.S 
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Ditto . . of 1+84-27+64 &c.z= 



2x2 



Therefore s=na3+ fc22£f!^+<lliX^^^ 

>■ rz sam of « terms^ as was to be fband. 

4 

8. Required the sum (s) of n terras of the series 1+3 
4.7+154.31 &c. 

The terms of this series are evidently equal to 1,(1 + 2), 

(1+2+4), (l + 2+4+S),&c.orto the successive sums 
of the geometrical series 1,2, 4, 8, I6, &c. 

Let^ therefore^ a=l and r^2, and we shall have 

a+ar+ar* + af^+ar* &c.=l + 2+4+8 + l6,&c. 

But the successive sums of 1, 2, 3, 4, &c. terms of this 
series are, 

1. =(r— 1) X 

r— 1 ^ ^ r — 1 

. 2. -— — =n(r*-.l)x 



r-^1 ^ r— 1 

3. ^=t(f«^l)x 



r— 1 ^ ' r— 1 
4. __»(r*-l)x 



r-1 ^ ' r-l 

Therefore s^^^X I «*«7« ''^''trj^,'l"t'^f t 

r — 1 I —n terms of 1 + 1 + 1 + 1 &c. 

But i + l + l + l + l + l+l &c.^» 
And r+r^-^r^-^r^-h «rc.5=(r"— 1) x — -^^ — 

Wfaaooe 8= -^i — -i-x 7— nx 7 =2(2«- — l)n 

^ whoie sum required. 
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9. It is required to find the sum of n terms of the 
sei:ies — 1 ' + -^ — h — &c. 

Here the terms of this series are the successive sum^of 

the geometrical progression -.-f- + -4.-^ '^^<^' 

1 2 4 p 10 

Let^ therefore, a=\ and r=2> then will 
1111^ a a a a a 

a 

--. &c. 

But the successive sums of ], 2, 3, 4, &c. terms of this 
Series are^ 

1. 7 -{-— . = (r-l)X 



(r-l)xi ^ r— 1 

^ (r^— l)xa , 1. a 



(r^)xr ^ , r r— 1 

^ (f»-l)xa , 1. a 

(r— Ixr* 7^ r— 1 
. (r*— l)Xa ■ 1. 



a 
r— 1 



(r-.l)xr* f* r—l 

&c. &c 

Therefor* 

n terms of r+r-j-r-fr+r &c. 



-11, I , 1 . 
— « terms of- + - -1 — ? + — r «c. 



These being the two series derived from the above 
expressions. 

But r+r+t*+r-f-rH-r&c.=nr. 

And -- + - + .-J + ,-- &c.= 



1 ' r ' r« ■ r^ (r-l)r«"* 



i^-^ 



^iV« 
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Whence 
a 



S: 



X (nr — -^ — m^j = Tirz = sum 



(r— l)r"- 



in-2 



r—1 
required. 

10. Required the sum (s) of the infinite series of the 

1 '1 1 1 
reciprocals of the triangular number - -J h ^ H — + 



— &c. 
15 



Let — I h t: H &c. ad iiifinitUTn =s. 

13 10 

^ 1 1 1 1 • 

Ur --- H H 1 &c =s. 

1.1 1.3 2.3 2.5 



Then — + 1 -\ &c. 

1.2 2.3 3.4 4.5 



s 

2 



That IS, (- — - ) 4- ( ) 4 ( ) 4- (- )&c.=- 

^1 2^ ^2 3^ 3 4 M 5^ 2 



Or, 






1 

2 

8 



1 

3 



1 
4 



1 
5 



1 
6 



&c. 



s 
2 



Whence - = -5 ors=2= sum required. 

11. And if it be required to find the sum of n terns 

1111 1 , 
«f the same series, -r -h - -b -^ -h tt -h t-z &c. 

13 10 15 

Let x=\ + ~ + \ + 2 + i&cto ~, 

12 3 .^4- 5 n 



Then 



1 1 J 1 l« 1 
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Aad % 1- =-.+-- 1— 4._&c. to- 



1 «+l 2 3 4 5 n+l 

Therefore =-+-+ — +_&c,to - 



1 n + l 2 6 12 20 n n-f 1 

Or = -+-+ h— &c.to 



n+l 2 6 12 20 n(n+l) 

wu 2« 1 1 1 1 „ 2 

Whence = — i — »--+ — &c. to —^ :. 

n+l 1^3^6^10 n(n+l) 

^1111.1 2 2n 

Or -+-4--^ &c. to — r = «: sum. 

1 3 6^10 15 n(n+l n + l 

of n terms of the series^ as was required. 

12. Required the sum of the infinite series^ h 

^ 1.2.3 

1 1 1 „ 

+ -r^-r + -T-^ &c. 



2.3.4 3.4.5 4.5.0 

Let %•=. -H 1 1--. + - &c. ad innntturo.. 

1 2 3 4 5 

mi. 1 1 J I 1 , . 

Then % — - = « "*" a "^ 7 ^" I ^^- °>^ transposition. 

•i ^ o 4 o I 

And i=i.^+i-+±+-i&c. by subtiaction. 
'^•'*"''' ^= TX5+ ^+ ilAii *^*=- byubtraction. 

^12.2 2 2 

Or - _ h H 1 ^ &c. 

2 — J.2.3 ^ 2.3.4 3.4.5 4.5.6 

And - -4-2= 1 V + &e. 

2 1.2.3 2.3.4 ^ 3.4.5 ^ 
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« 1 1 ,. ^ A 1 1 

But -H-2=a-i th^xetoxe ;;+~T^+rT" + 



2 4 1.2.3 2.3.4 3.4.5 4.5^.6 

ad iofinitutn = -* which is the sum required. 

13. And if it were required to find the sum of n terms 

of the same series 1- 1 -^l ^&c. 

1.2.3 2.3.4 3.4.5 4.5.6 

111. 1 

Let«=: j 1 h&c. to 



J.2^2.3 3.4 ' n(7i + l) 

ThenjB = 1 1 — fec.to -7 r. 

2 2<3 3.4 4.5 n{n^l) 

*^**""2"^(n+l)(n+2)""2^ 3Ti'^4.5 5.6 ""■ 

11 , 1 . 

— — I &c. continued to -7 -r; — --t- terms. 

6.7 7.8 (n+l)(w + 2) 

1 1 2 2 2 

to'fi tenns, by subtraction. 

to n terms by division. 

And consequently + —— ■ + —-7 &c. continued 

1.2.3 2.3 rv 3.4.5 

to n ternw = - — ^ . . ,w . ^n = ^um required. 
4 2.(n+l)(«+2) 

14. Required the sum (s) of the series - — T+g — 

11 

— r H &c. continued ad infinitum. 

10 ^ 32 
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1 X 

Let ar= - and s 



2 l+x 

Then — - =ar(l— ar-ha«— ar^-f jr* &c.) 

An4 »=(l +*) X (x-^4.a:*--:F*-f-ar* arc,) 
Whence, by multiplication^ 



+ a;«— jts 4- ar*-^ &c. 

Whose sum is — a:-f O+O+O+G &c. 

Therefore «=:a?, andar — ar*+a;*— ar*+ar*ft:c.— -, — 

Iffap 

^111 1 1, i 1 

Or— -^— H — — — A &c.= — ^— r 5= — x= sum rt- 

quired. 

15. Required the sum of the series — h -4—^ — -+ 

3cc. continued ad infinitum. 

1 •»' 

Let 07= - and s = 



2 (1— j;)» ' 

Then - — ^ =ar+2a;«H-3««H-4a:*4-5«^ &c. 
(1— ^)« 

And %=(! — y)*X (^ + 2^4-3J?'4-^ar*+5arM(c.> 

Whence, by multiplication, 

ar+2a?«+3ar»+4ar*&c. 

l-.2;r+3;* 



ar+2a;*+3^H-4r» &c. 

^2x^^4xi-^6x^ &c. 

+j;»+2^&c. 



Whose sum k =37+0+0+0+0 &c. 

k2 • 
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Therefore %ssx. 

And xH-2jp*-f3a:'-f4r»+5jr*&c.= -— ^^^. 

(1—*)* 

^1.234 5 6„ * 

sum of I be infinite series required. 

l6. It is required to find the sum (s) of the series 

I 4 9 l6 25 

-H 1-^3+7:"+ —r- &c, continued ad infinituna. 

3 9 27 81 243 

Let x=i - and -=:s. 

3 (1— x-)' 

Then j-^-^ zzx+4x*+9x^ + l6x*+25a^ 8cc. 

And 2;=(1— ar)5x(j7+4jr*+9r3^1(5ar*&c.)=J:-|-Jr«, 
as will be found by actual multiplication. 

Therefore *+ar*==«. 

And x-\'4x^'\-9x^+ \6x* ftc. =7—-—. 

(I— jr)» 

Or 

17. Required the sum (s) of the series — | -f- 

tn fftr 

^•{-2(1 a+3d 

— - + T- &c. continued ad infinitum. 

i?ir* mr 

1 « 

Let OTss -, and s= 



s a fl+rf a'\'2d a-^Sd . 
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^ « a+d a^2d a+3i/. 

That is, * 



And «=:(1— T)«x{aH-(a+^)j?+(fl+2J)J5«-h(a+3(0 

as will appear by actually moltiplyiog by (1 — *)• 

a 

Therefore «= ( 1 — jr)a + dx ; and consequently — h 

^ &c.= — i -A — r-TT— r = ium of the 



_r f a(r~l)H-rf 7 



infinite series required. 

EXAMPLES FOR PRACTICE. 

1 . Required the sum of 100 terms of the series 2, 5, 
8, 11,14, &c. Ans. 15050 

2. Required the sum of 50 terms of the series 1+2F 
+ 3«+4«+5«&c. Ans. 42925 

3. It is requited to (ind the sum of the series 1 +3jr-i- 

6r*+ iar' + 15ar^ continued adinfinilum, &c. when x it 

less than 1 . .1 

Ans. 



(l-*)» 

4. It is required to find the sum of the series 1 +4:t*-|- 

l0jr'+20ir'+35;K^ &c. continued ad infinitum, when * 

is less than 1. .1 

Ans. 



(l-jr)* 

5. It is required to find the sum of the hifinite series 

1 I 1 1 „ .51 

h 1 1 &c. Ans. -—, or - 

1.3 3.5 ^ 57 ^ 7.9 10 2 

(J. Required the sum of 40 terms of the series (1X2) 

+ (3x4) + (5x6) + (7x8) to. Ans. 22960 

k3 
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7. Required tke $xua of n tcrtos of the series ■ ■ 

+ — : h &c. Ans. n( ) 

2*^2x2* ^2jr' 

8. Required the sum of the infinite series t--^ — h 

111 1 

+ r-rr-s" + ■ . . ^^ &c. Ans. — 



2^.4.5 3.4.5.6 4.5.6.7 ' 18 

o. Required the sum of the series - H h 1 

^ ^ 1^410 20 

1 3 1 

H- rr &c. continued ad infinitum. Ans. -, or 1-- 

35 2 2 

10. It is required to find the sum of n terms of the 

series 1 + 6x+273fi + 64x^ + 1 25af* &c. . 1 +4* 4-«* 

Ans. — ; — - 

(1-ar)* 

1 2 
1 1 * Required the sum of n terms of the series - + — — 

r y* 

.3 4 5 , 6 „ ^ I 1 r«r+r-l 7 

ff9^f4^r^'jfi (r— 1)» r* I (r— !)• 3 

I2« Required tlie sum of the series —^ 4. *_ + ^ — 
^ 2.6^4.8 6.10 

I a 1 



8.12 2n(4+2n) 



^ 3 5n-f3«« 

Ans. Sir-r:. 8= 



K^ 32+48r+i6ii* 

13, Required the sum of the scries 1- 1 

3.8 0.12 Q,lO 

^ 12.20 *''• • • '^3n(4+4ny 

Ans. Sa: — , 8= 



12 12+ 12s 



.(^) The symbol z^ made use of in these, and some of the fbllow- 
Itag series, denotes the sum of an infinite niimber of terms, and S 
the sum of n terms. 
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14. Required the sum of the series -— - + h 

^ 2*7 7.12 

+ ---— r&c. . . .+ 



12.17 17.22 (5n-3).(5n+2) 

3 39 



5' 2*t-6fz 



15. Required the sum of the series — -^ — s-rH" r^ttv 
^ 3.(5 o.a g.io 



+ &c ± 



12.12 ^ "" 3n(4 + 2»)* 

Ads. 2=—-, sr: 



24' "■2(3+6n 4(6+& 

2 3 4 

1^. Required the sum of the series — ^ — — - -f- 



+ &c. . . . ± 



3.5 5.7. y.g 



9.11 ^ (l+2n).(3+2ny 

A ^ 1 1 i 

Ans. 2= — , s= — — ^^ 

12 12 4(3+4») 

^ 6 

17. Required the sum of the series -— — + r-r-:+ 

1.2.3 2.3.4 

H- , , ^ &c. . . .+ 



3.4.5 4.5.6 n(l+n).(2+ii) 



3 3 2 1 

Ans. 2=-, s = •- + TTT'ifi) 

2 2 l + n 2+.n^' 



(#) The series here treated of are such as are usually called a%e- 
bfaical ; which, of course, embcace only a small part of the whole 
doctrine. Those, therefore, who may wish for farther iaforroatitfi 
on this abstruse but hifi^y curious subject, are referred to the 
JdRsceZknen Anahgtka of Deiiioivre, Sterlii^s Methid, Differ, J^mes 
BeraoulU de Seru hfin.^ Simpson's Mot^ mnert^ Waring's Utiii. 
Jmaigi^f Chtfke'fl tgaaslation of Lorgneft Serkt^ the various works «f 
Ruler, and Laccoix lMiS4m Cuk^ Ihff. <t M» wbeie Cb^ will 



200 LOGARITHMS. 



Of logarithms. 

(m) Logarithms are a set of numbers that have 
been computed and formed into tables, for the purpose 
of facilitating many difficult arithmetical calculations ; 
being so contrived, that the addition and subtraction of 
them anarwers to the multiplication and division of the 
natural numbers with which they are made to corre- 
spond, (d) 

Or, when taken in a siVnilar but more general sense, 
logarithms may be considered as the exponents of the 
pqjvers to which a given, or invariable, number must be 



find nearly all the materials that have been hitherto collected re- 
specting this branch' of analysis. 

(H) This mode of computation, which is one of the happiest and 
mostusefal discoveries of modern times, is due to Lord Napier, 
Baron of Mcrchiston, in Scotland, who first published a table of 
these numbers, in the year 1614, under the title of Camit Mtrifi- 
cmn Logari/hmorum ; which performance was eagerly received by the 
4etraed throughout Europe, whose efforts were irainediately directed 
to the Improvement and extension of the new calculus, that had 
so unexpectedly presented itself. n 

Mr. f^enry Briggs, in particular, who was, at that time, professor 
of geometry in Gresham College, greatly contributed to the ad- 
vancement of this doctrine, notonly by the very advantageous alte- 
ration which he first introduced into the system of these numbers, 
by making i the logarithm of 10, instead of 2.302.(852, as had been 
done by Napier ; but also by the publication, in 1624 and 1633, of 
his two great works, the Arilhmetica Logarithmica, and the Trigomme- 
'Mii Britamca, both of which were formed upon the principle above 
•mentioned ; as are, likewise, all our common logarithmic tables, 
-at firesent in use. 

See, for farther details on this part of the subject, the IntrodQction 
to my Treatise of Plane and SfheriealTrigommetrf^ 8fo. 2d Edit. iSrj ; 
and for the construction and use of the tables, oonxolt those of 
Sherwin, Hutton, Taylor, Callet, and Borda, where tverjmecesiary 
infiMtnation, of this kind» may be readily obtained. 
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raised^ io order to produce all the common, or natoral 
numbers. Thus, if 

a'zzy, a''zzy\ a^'^y", &c* 

then will the indices x, x\ x'\ &c. of the several powers 
of a, be the logarithms of the numbers y, y', y", &c. in 
the scale, or system, of which a is the base. 

So that, from either of these formulae, it appears, that 
the logarithm of any number, taken separately, is the 
index of that power of some other number, which, wbto 
involved in the usual way, is equal to the given number. 

And since the base a, in the above expressions,^ can 
be assumed of any value, greater or less than 1, it is 
plain, that there may be an endless variety of systems of 
logarithms, answering to the same natural numbers. ' * 

It is, likewise, farther evident, from the first of these 
equations, that when y^zl, x will be =0, whatever 
may be the value of a 5 and consequently the logarithm 
of 1 is always 0, in every system of logarithms. 

And if ar=l, it is manifest, from the same equation, 
that the base a will be =y ; which base is, therefore, 
the number whose proper logarithm, in the system \o 
which it belongs, is 1 . 

Also, because o'^^y, and ax-s^y, it follows, from the 
multiplication of powers, that of x ^, or aJf+*'=yy'j 
and consequently, by the definition of logarithms, given 
above, jr-faj'= log. yy\ or 

And, for a like reason, if any number of the eqi^i- 
tions a*'=-yy a^^iy', a*"=y", &c. be multiplied toge- 
ther, we shall have a*+*'+*" ^' rryyy &c. 5 and con- 
sequently jT-foZ+jr" &c.=:log. yy'y" &c. j or 

^og. yyY &c.=log. y 4- log. y' + log. y" &c. 

From which it is evident, that the logarithm of the 
product of any number of factors is equal to the sum .of 
the logarithms of those factors. 

k5 
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Hence, if all the factors of a given number^ in any 
case of this kind, be supposed equal to each other ^ and 
the sum of them be denoted by m, the preceding pro- 
party will then become 

From which it appears, that the logarithm of the mth 
power of any number is equal to m times the logarithoi 
of that number. 

In like manner^ if the equation a^s=:y be divided by 
to/ssy', we shall have, from the nature of powsrs^ as 

before. —7, or a^^zz —• : and by the definition of lo- 
af^ y 

garithms, laid down, in the first part of this article^ 
4P-a?'= log. -^, or 

^ ^^s-S = ^°s- y- ^^s- y'- 

Hence the logarithm ofa fraction, or of the quotient 
ariidng fron^ dividing one number by another, is equal 
to the logarithm of the numerator minus the logarithm of 
fhe denominator. 

And if each member of the common equation a^^^y 

in 
he raised to the fractional power denoted by — , we shall 



m 



have, in that case, «"'""y" 
And, consequently, by taking the logarithms, as before, 

— af=log. y % or log. y7=t -log. y. 

H II 

Where it appears, that the logarithm of a mixed root, 
or powerj of any number, is found by multiplying the 
logarithm of the given number by the numerator of the 
index of that power, and dividing the resnh by the di^ 
nominator. 

And if the numerator m^ of the fractional index^ be. 
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ia tfai& casej^ taken equal to l^ the above ^mula wifi 
then become 

log.y =-log.y. 

Ftom which it follows, that the logarithm of the nkh 
root of any number is equal to the »th part of the loga- 
rithm of that number. 

Hence» besides the use of logarithms in abridging tha 
operations of multiplication and division, they are equally 
applicable to the raising of powers and extracting of 
roots; which are performed by simply multiplying the 
given logarithm by the index of the power, or dividing 
it by the number denoting the root. 

But, although the properties here mentioned are com^f 
mon to every system of logarithms, it was necessary, for 
practical purposes, to select some one of them from the 
rest, and to adapt the logarithms of all the natural num- 
bers to that particular scale. 

And as 10 is the base of our present system>of aritfa* 
metic, the same number has accordingly been chosen 
for the base of the logarithmic system, now generally 
iMed. 

So that, according to this scale, which is that of the 
common logarithmic tables, the numbers 
. . . 10*, 10*3, 10«, 10 '^ IQP, 10^ 10«, 10^, 10*, kc. 

Or 

1 111 

• • ' ....^ ^ t:;;^:* rrr* — » 1> 10, 100, 1000, 10000, «tc. 
10000 1000 100 10 

have for their logarithms 

. . . —4, — 3, —2, —1, O, 1, 2, 3, 4, &c. 

Which are evidently a set of numbers in arithmetic;^! 

progression^ answering to another set in geomettipgl 

progression ; as is the case in every system of logarithms. 

And therefore^ sinoe the common, or tabular, loga- 

jsthm of any nucober (n) is the index of that power-Qf 
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10, which when involved, is equal to the given number, 
it is plain, from the following equation, 

lOx^n, or 10'^=-, 

n 

that the logarithms of all the intermediate numbers, in 
the above series, may be assigned by approximatioD, 
and made to occupy their proper places in the general 
scale. 

It is also evident, that the logarithms of 1, 10, 100, 
KKX), &c. being O, 1, 2, 3, &c. respectively, the loga- 
rithm of any number, falling between O and 1, will be O 
and some decimal parts ; that of a number between 10 
and 100, 1 and some decimal parts ; of a number be- 
tween 100 and 1000, 2 and some decimal parts; and so 
on, for other numbers of this kind. 

And for a similar reason, the logarithms of — , — , 

^ lO' 100 

, &c. or of their equals .1, .10, .001, &c. in the 

1000 ^ 

descending part of the scale, being —1, —2, —3, &c, 
the logarithm of any number, falling between O and I, 
will be —1 and some positive decimal parts; that of a 
number between .1 and .01, —2 and some positive de- 
cimal parts; of a number between .01 and .001, —3 
and some positive decimal parts ; &c. 

Hence, likewise, as the multiplying or dividing of any 
number by 10, 100, 1000, &c. is performed by barely in- 
creasing or diminishing the integial part of its logarithm 
by 1,2, 3, Sec. it is obvious that all numbers, which 
consist of the same figures, whether they be ibtegral, 
fractional, or mixed, will have, for the decimal part of 
their logarithms, the same positive quantity. 

So that, in this system, the integral part of any loga- 
rithm, which is usually called its index, or character- 
istic, is always less by 1 than the number of integers 
which the natural number consists of; and for decimals, 
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M5 



it is4:he number which denotes the distance of the first 
significant figure from the place of units. 

Thus, according to the logarithmic tables in cocninon 
use, we have Numbers. Logarithms. 



K36820 


0.1361496 


20.0500 


1.3021144 


335,260 


25253817 


.46521 


1 .6676490 


.06154 


2.7891575 


&c. 


&c. 



Where the sign — is put over the index, instead of 
before it, when that part of the logarithm is negative, in 
order to distinguish it from the decimal part, which is 
always to be considered as -f, or affirmative. 

Also, agreeably to what has been before observed, the 
logarithm of 38540 being 4.56591 17» the logarithms of 
any other numbers, consisting of the same figures, will 
be as follows; 



Numbers. 


Logarithms. 


3854 


3.5859117 


385.4 


2.5859117 


38.54 


1.5859117 


3.854 


0.585gil7 


.3854 


7.58591 17 


.03854 


2.5859117 


.003854 


3.5859117 



Which logarithms, in this case, as well as in all others 
of a similar kind, whether the number contains ciphers 
or not, differ only in their indices, the decimal, or posi- 
tive parti being the same in them all. (e) 

(e) The great advantages attending the common, or Briggcan 
system of logarithms, above all others, arise chiefly, firom the/eadi- 
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Aad as the iodioes, or integral i>8rta» of tbeiogarkhini 
of any numbers whatever^ in this system, can alwiya.be 
iho$ readily found, from the simple consideration oi^the 
rule above mentioned, they are generally omitted in tbe 
tables^ being left to be supplied by the operator^ as 
occasion requires. 

It may here, also, be farther added, that, when the 
logarithm of a given number, in any particular system, 
is known, it will be easy to find the logarithm of the 
same number in any other system, by means of the fol- 
lowing equations, 

a*=in, and e^^^n j or log. nssx, and /. n=:x. 

Where log. denotes the logarithm of n, in the system 
of which a is the base, and 1. its logarithm in the system 
of which e is the base. 

For, since a«=e*', or a*'= e, and exzz: a, we shall 
have, for the base a, —7= log. e, or xszx' log. e ; 

X 

and for the base e. — =1. a, or ar'=ar 1. a. 

X 

Whence, by substitution, from the former equations, 
log. «=1. »xlog. 6 3 or log. n=l. wx-^ — 

Where the multiplier log. e, or its equal -j — , ex- 

neis with which we can always find the characteristic or integral 
part of any logarithm from the bare inspection of the natural num- 
ber to vrhich it bdongi, and the circumstance, that multiplying or 
dividing any number by 10, 100, 1000, &c. only influences the 
characteristic of its logarithm, without aflRpcting tne decitmd part. 
That, for instance, if t be made to denote the index, or mtegiml 
fMtof the logarithm of any number n, and d its decimal .part, we 

shall have log. N=:t-|-d ; log, io"XN^(f+m)-f d ; log =('- 

IP" 
fli)-f W ; where it is plain that the decimal part of the logarithm, ia 
«f these OBsca, f«BHttQs the same. 
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presses the constant relation which the logarithms of n 
have to each other in the systems to which they belong. 

Bot the only system of these numbers, deserving of 
notice^ eiKcept that above described, is the one thai itti>- 
Dishes what have been usually called hyperbolic or Ne*> 
perian logarithms, the base e of which is 2.71^B281828 

Hence, in comparing these with the common or ta* 
bular l<^arithms, we shall have, by putting a in the lat- 
ter of the above formolsB as lO, the expression 

log. n=l. n X TTjr* 9^ ^' «=log. n xl. 10^ 

Where log. in this case, denotes the commoii tabular 
logarithm of the number n, apd 1. its hyperbolic loga* 

rithm ; the constant factor, or multiplier, r— , whijch is 

-, or it equal .4342944819, 



2.3025850929 
being what is usually called the modulus of the common 
system of logarithms. (/)• 

PBOBLEM I. 

To compute the logarithm of any of the natural num- 
bers 1, 2, 3, 4, 5, &c. 



(/) It may here be remarked, that, although the common logfi* 
iMhms have supeneded the use of hypeibolic or Ncperian logarithms, 
in all the ordinary operations to which these numbers are gemtnU^ 
applied, yet the latter are not without some- advantages peculiar to 
themselves ; being of Sequent occurrence inlhe application of the 
Fluzionary Calculus, to many analytical and physical problems, 
w4ierethey are required for She finding of certain fluents, wliich 
could not be so readily determined without their assistance ; o» 
v^ch account, great pains bava been taken to calculate tables of 
hyperbolic logarithms, to a considerable extent, chiefly for this 
purpose. Mr. Barlow, in a CoUectkn of MathmuOlcai Tables lat^ 
published, lifts giftn i§Mm for Hie fifst lOood-tMOBbert. 
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BULB I. 

1. Take the geometrical series^ 1, 10, lOO, 1000, 
10000> kc, and apply to it the arithmetical series, O, l, 

2, 3, 4, &c. as logarithms. 

2. Find a geometric mean between 1 and lO^ 10 and 
100, or any other two adjacent terms of the series^ be- 
twixt which the namber proposed lies. 

3. Also, between the mean, thus found, and the near- 
est extreme, 6nd another geometrical mean^ in the same 
manner ; and so on, till you are arrived within the pro- 
posed limit of the number whose logarithm is sought. 

4. Find, likewise, as many arithmetical means between 
the corresponding terms of the other series, 0,1,2, 3, 
4, &c, in the same order as you found the geometrical 
ones, and the last of these will be the logarithm an- 
swering to the number required. 

EXAMPLES. 

1. Let it be required to fkid the logarithm of p. 
. Here the proposed number lies between 1 and lO. 

First, then, the log. of 10 is 1, and the log. of 1 is O. 

Therefore V(10X1)= -• 10=3.1622777 is the geo- 
metrical mean ; 

And|(l-|-0)=f=.5 is the arithmetical mean; 

Hence the log. of 3.1622777 is .5. 

Secondly, the log. of 10 is 1, and the log. of 3.1622777 
is ,5, 

Therefore v'(10X3.l622777) =5.6234132 is the 
geometrical mean -, 

And 1(1 + .5) = .75 is the arithmetical mean ; 

Hence the log. of 5.6234132 is .75. 

Thirdly, the log. of 10 is 1, and the log. of 5.6234132 
is .75 5 

Therefore v'ClOX 5. 62341 32) =7.4989422 is the 
geoitietrical mean } 

And Kl + 75)ss.875 is the arithmetical mean 1 
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Hence the log. of 7.4989422 is .875. 

Fourthly, the log. of 10 is 1, and |he log. of 7.4989422 
is .875 ; 

Therefore -•(10X7) .4989422) =8.6596431 is the 
geometrical mean. 

And 1(1 + .875) =.9375 is the arithmetical mean; 

Hence the log. of 8.6596431 is .9375. 

Fifthly, the log. of 10 is 1, and the log. of 8.6596431 
is .9375. 

Therefore ^/(lOX 8.6596431) =9.3057204 is the 
geometrical mean. 

And f(i-|-. 9375)= .96875 is the arithmetical mean ; 

Hence the log. of 9.3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the log. 
of 9.3057204 is .96875 i 

Therefore v' (8.659643 1 x 9-3057204) =8.97687 13 is 
the geometrical mean, 

And ^(.9375 + . 96875)=. 953 125 is the arithmetical 
mean: 

Hence the log. of 8.9768713 is .953125. 

And, by proceeding in this manner, it will be found, 
after 25 extractions, that the logarithm of 8.9999998 is 
.9542425 5 which may be taken for the logarithm of 9, 
as it differs from it so little, that it may be considered as 
sufficiently exact for all practical purposes. 

And in this manner were the logarithms of all the 
prime numbers at first computed. 

RULE II. 

When the logarithm of any number (n) is known, 
the logarithm of the next greater number may be readily 
found from the following series, by calculating a suffi* 



I 
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«eot number of itx terHMj and tben ttddkig the giv«n lo- 
pritkn to theksiMft. 

Or 



2n + l 3(2n+l)« 5(aii-fl)* 

Wkere A^ B^ c^ &c. repreient the terms immediately 
preceding those in wbicb they are first used, and it's 
twice the modulus =.8(585889638 . . . . (^} 

EXAMPLES. 

1. Let it be required to find the common Jogarithn 
of the number 2. 

Here, because n+l=2> and cnnsequentiytzscl and 
2» + 1 =3> we shall have 

m' .8685880638 ^ , , 

•5^^ = 3^^ =.289529634 W 

3(2n + l)« 3.3« . ' ^ ^ 



(g) It may here be remarked^ that the difference between the 
logarithms of any two consecutive numbers, is so much the less as 
the numbers are greater ; and consequently the series which com- 
prises the latter part of the above expression, will in that case con- 
verge so much the faster. Thus log. n and log. (n+ i)i or its «qual 

lo^n-f lof;. (14- ~)> will, obvioasljy difier but Ucde from eadi 

n 

other whoi n 1% a liige number. 
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SB 3 X .010723331 



I ft I ■ ■ ^ SX,' ■!»■» ' tr'% 



. , „ _• .0007 14660 (o) 

. ac 5 X .000714888 r>M\nfi^%- /M 

— I ? i r r , j db •"" ^ — - =■« .iXXJ0o07^/ \D) 

7(2»+l)* 7.3« / / V / 

.7.D. ^ 7 X. 0000^0787 ,,,,,^,,0,,,^ , V 
9(2n+l)« 9.3' «~— »-. V 

11(2» + 1)« • ll.3« ^ 

llp 1 1 X .000000446 , ^ 

^ ^^^^ =.000000042 (g) 



13(2n + l)* 13.3« 

13g i3 X .000000 042 
15(2»+1)1**^ '' I5.3« 



= .000000004 (fi) 



MUM^ 



Sum of 6 terms . . .3010209^ 
Add log. of 1 . . . .000000000 

Log. Of 2 3Ol(t£0gQ5 

Which logarithm is true to the last figure iocluweljr* 

2. Let it be required to compute the logarithm of 4be 
number 3. 

Here, since n+l=3> and conseqaendy n=2, and 
2n+ 1:=5, we shall have 

^jj:^ = j~ . . =.173717793 (A) 

3(2»+l)« ^J' 002310237 (b) 

3fi 3X.002316237 ^^^^^ ^ , ,. 
— u . . i =.000055590 (c) 



5{2ii+l)« 5.«« 
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7(2«+i)* 7.5* 

7d 7X .000001588 



=.000000060 (ft) 



9(^» + l)* 9.5« 

OS Ox. 000000050 ' ' ^ ' 

. , . ^ -- S^^'^^^^^^^^^ ^ X)00000002 (F) 

' ll(2n+l)* 11.5« ^ ' 

Sam of 6 terms . . . .17609126O 
Log. of 2 301029995 

Log. of 3 ..... .477121255 

Which logarithm is also correct to the nearest anit in 
the last figure. 

And in the same way we may proceed to find the lo- 
garithm of any prime number. 

Also^ because the sum of the logarithms of any two 
numbers gives the logarithm of their product, and the 
difilerence of the logarithms the logarithm of their quo-^ 
tient^ &c. ; we may readily compute, from the above 
two logarithms, and the logarithm of 10, which is 1, a 
great number of other logarithms, as in the following 
examples : 

3. Because 2X2=4, therefore log. 2 .301029995 

mult, by 2 2 

gives log. 4 .602059990 

4. Because 2X3=6, therefore tol 301020095 

add log. 3 .477121255 
gives log. 6 .77BI 51250 
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5. BecaHse 2^=8^ tberefoie log. 2 ^01039995 

mult, by 3 3 

gives log. 8 .903089985 . 

6. Because 3«=9, therefore log. 3 477121255 

mult, by 2 * 2 

gives log. 9 .954242510 

7. Because '^^=5, therefore from 7 ,.000000000 

log. 10 3 
take log. 2 .301029995 

gives log. 5 .698970005 

8. Because 3x4=12, therefore 7 A^'7to^o'iK 

to log. 3 3 -4771^1-455 

add log. 4 .602059991 
gives log. 12 1 .0791 81246 

And thus, by computing, according to the general 
formula, the logarithms of the next succeeding prime 
numbers 7, H, 13, 17, 19, 23, &c. we can find, by 
means of the simple rules, before laid down for multi- 
plication, division and the raising of powers, as many 
other logarithins as we please, or may speedily examine 
any logarithm in the table. 

MULTIPLICATION BY LOGARITHMS. 

Take out the logarithms of the factors from the table, 
and add them together -, then the natural number an- 
swering to the sum will be the product required. 

Obs^ving^ in the addition^ that what is to be carried 
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fromjklie decimal part of the Togaritiiins is 8!w«y« aflir- 
inatlve, and must, therefore, be added to tbe indices, or 
integral parts^ after the manner of positive and negative 
quantities ia algebra. 

Which method will be found much more convenieot, 
to iboH who possess a slight knowledge of this adeooe, 
thaQ that of usmg the arithmetical complements. 

EXAMPLES. 

1. Multiply 37.153 by 4.086, by logarithms. 

Nos, Logs, 

37.153 .... 1.5699939 
.41286 . . . 0.6112984 

Prod. 151.8O71 , 2.I8I2923 

2. Multiply 112.246 by 13.958, by logarithms. 

Nos. Logs, 

112.246 .... 2.0491709 
18.958 .... 1.1448232 

Prod. 1563.128 . 3.1939941 

3. Multiply 46.7512 by .3275, by logarithm^. 

Nos. Logs. 

46.7512 .... 1^.6697928 

.3275 .... 1.5152113 
Pro4. iS.ailO^ 1.1850041 



Here^ the -h 1> that is to be carried from the decimala,' 
cancels the t- i, and consequendy there remains 1 in the -. 
upper line to be set down. i. > / 
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4. Mqkiply ^7916 bf .iH?S^, by k^^ritfam. 

Nos, Logs, 

.37816 .... i^77(^7SG 

.04782 .... 2.6796096 



^^^y— I I !■ ■ i>i 



Prod. .0180836 . 2.2572852 



■ M I ■! 



Hece the 4- 1 that is to be carried from the decimals, 
daatroysthe — 1» la the upper line, as before, and there 
reomuis tjie —2 to be set down. 

9. Multiply S.76S, 2.053, and .0076^, togitlier. 

Nos. Logs, 

7.768 .... 0.5761109 
2.053 .... 0.3123889 

.007693 .... 3.886O997 
Prod. .059511 . 2.7745995 

Here the + 1> that is to be carried from the i^omfikp 
when added to *^3, makes -^2, to be set down. 

6. Multiply 3.586, 2.1046, .8372, and .0294, toge- 
ther. 

Nos. Logs, 

3.586 a5546lQ 

2.1046 .... 0.323170 

.8372 T.922829 

0294 2.468347 

Prod. .I8576I8 . T.268956 



■*" 



Here the +2, that is to be carried, canc^l^ the —2, 
and there remains the — JL to be set down. ' 
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7. Multiply 23.14 by 5.062^ by logarithius. 

Ans. 117.1347 

8. Multiply 4.0763 by 9-8432^ by logarithms. 

Ads. 40. 12383 

g. Multiply 498.256 by 41 .2467, by logarithms. 

Ans. 20551.41 

10. Multiply 4.026747 by .012345, by logarithms. 

A08. .0497102 

11. Multiply 3.12567, .02868, and .12379, together, 
by logarithms. Ans. .09109705 

12. Multiply2876.9,.10674, .098762, and .0031598, 
by logarithms. Ans. 0958299 



DIVISION BY LOGARITHMS. 

From the logarithm of the dividend, as found in the 
tables, subtract the logarithm of the divisor, and the 
natural number, answering to the remainder, virill be the 
quotient required. 

Observing, if the subtraction cannot be made in the 
usual way, to add, as in the former rule, the 1 that is to 
be carried from the decimal part, when it occurs, to the 
index of the logarithm of the divisor, and then this result, 
with its sign changed, to the remaining index, for the 
index of the logarithm of the quotient. 

EXAMPLES, 

1. Divide 4768.2 by 36|954, by logarittihis. 
Nos, Logs, 

4768.2 . • . • 3.6783545 
36954 .... 1.5676615 

Qubt. 129.032 . 21106930 
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2. Divide 21754 by 2.4678, by logarithmi. 

Nos. Logs, 

21.754 .... 1.3375391 
2.4678 .... C.3923100 

Quot. 8151 8 . . 0.9452291 

3. Diyidc 4.6257 by .I76O8, by logarithms. 

Nos. Logs. 

4.6257 .... 0.6651725 

.176O8 .... 1.2457100 
Quot 26.2741 1.4194625 

Here —1, in the lower index, is changed into -f 1, 
rhich is then taken for the index of the result. 

4. Divide .27684 by 5.1576, by logarithms. 

Nos. Logs. 

.27684 .... 1.4422288 
5.1576 . . . . 0.7124477 



.«■ 



Quot. .0536761 . .2.7297811 

Here the 1 that is t6 be carried from the decimals, is 
taken as —1, and then added to —l, in the upper in- 
dex, which gives —2 for the index of the result. 

5. liivide 6.9875 by .O75789, by logarithms. 

Nos, Logs. 

6.9875 .... 0.8443218 
.075789 .... 2.8796O62 

Qaot. 92.1967 . . 1.9647156 

L 



■■ 
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Here the l, that is to be carried from (he decinaalf, 
18 added to —2, wbich makes —1, and this put down, 
with its sign changed^ is -J- 1 . 

6. Divide .19876 by .0012345, by logarithms. 

Nos, Logs. 

.19876 ... . r.2083290 
.0012345 . . . 3.0914911 

Quot. 161.0051 . . 2.2068379 

Here —3, in the lower index, is changed into +3, 
and this added to —1, the other index, gives +3 — 1 
or 2. 

7. Divide 125 by 1/28, by logarithms. 

Ans. .0723379 

8. Divide 1728-95 by I.IO678, by logarithms. 

Ans. 1562.144 

9. Divide .1023674 by 4.96523, by logarithms. 

Ans. 2.061685 

10. Divide 19956.7 by .048235, by logarithms. 

Ans. 413739 

11. Divide .067859 by. 1234.59, by logarithms. 

Ans. .0000540648 

THB 

RULE OF THREE, OR PROPORTION, 

BY LOGARITHMS. 

For any single Proportion, add the logarithms of the 
second and third terms together, and subtract the loga- 
rithm of the first from their sum, according to the fore- 
going rules ', then the natural i\|^mber answering to the 
result will be the fourth term reqahred. 
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But if the proportion be compound^ add together the 
logarithms of all the terms that are to be multipHedy and 
from the result take the sum of the logarithms of the 
other terms^ and the remainder will be the logarithm 
of the term sought. 

Or^ the same may be performed more conveniently 
thus. 

Find the complement of the logarithm of the first 
term of the proportion, or what it wants of 10, by be- 
ginning at the left hand, and taking each of its figures 
from 9, except the last significant figure, on the right, 
which must be taken from 10 -, then add this result and 
the logarithms of the other two terms together, and the 
sum, abating 10 in the index, will be the logarithm of 
the fourth term, as before. 

And if two or more logarithms are to be subtracted, 
as in the latter part of the above rule, add their com- 
plements and the logarithms of the terms to be multi- 
plied together, and the result, abating as many lO's ia 
the index as there are logarithms to be subtracted, will 
be the logarithm of the term required ; observing, when 
the index of the logarithm, whose complement is to be 
taken, is negative, to add it, as if it were afiirmative, 
to 9 ; and then take the rest of the figures from 9, as 
before. 

BXAMPI.ES. 

I. Find a fourth proportional to 37*125, 14^703, and 
135. 27Q, by logarithms. 

Leg. of 37.125 . . . 1.5696665 



Complement . . . 6.4303335 

Log. of 14.768 , . . 1.1693217 

Log. of 135 .279 . . . 2.1^12304 

Ana. 53.&iqS9 • . 1.73098^6 



i«M«i 



L2 
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2. Find a fourth proportional to ,05764, .7186, and 
^472 1^ by logarithms. 

Log. of .05764 . . . 2.7607240 



Complement 
Log. of .7 186 
Log. of .34721 . 

Ans. 4.328681 



IJL.239276O 

J^.8564872 

1.5405922 

0.6363554 



3. find a third proportional to 12.796 and 3.24718, 
by logarithms. 

Log. of 12.796 . . . 1.1070742 



Complement . . . 8.8929258 

Log. of 3.24718 . . . 0.5115064 

.Log. of3.24718 . . . 0.5115064 

Ans. .8240216 . . r.9159386 



4. Find the interest of 279Z. 5s, for 274 days, at 4f 
per cent, per annum, by logarithms. 

Comp. log. of 100 . . . 6.0000000 

Comp. log.of365 . . . 7.4377071 

Log. of 279.25 . . . 2.4459932 

Log, of 274 .... 2.4377506 

Log. of 4.5 .... 0.6532125 



Ans. 9.433296 . . 0.9746634 



5. Find a fourth proportional to 12.678, 14 065, and 
100.979^ by logarithms. Ans. 1 12.0263 

6. Find a fourth proportional to 1.9864, .4678, and 
f0.4667» by logarithms. Ans. 11.88262 
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7. Find a fourth proportional to .09958* .24958, and 
.OO8967, by logarithms. Ans. .02317234 

8. Find a mean proportional between .498621 and 
2 9587, and a third proportional to 12.796 and 3.24718 
by logarithms. Ans. 17.55623 and .8240216 



INVOLUTION, 

OR THE RAISING OF POWERS BY LOGARITHMS. 

Take out the logarithm of the given number from the 
tables^ and multiply it by the index of the proposed 
power ', then the natural number^ answering to the re- 
sult, will be the power required. 

Observing, if the index of the logarithm be negative, 
that this part of the product will be negative ; but as 
what is to be carried from the decimal part will be af-^ 
firmative, the index of the result must be taken accord- 
ingly. 

EXAMPLES. 

I. Find the square of 2.7568, by logarithms. 

Log. of 2.7568 . . . 0.4402477 

2 



Square 7-59^9^6 . . 0.8804954 

2. Find the cube of 7-0851, by logarithms. 

Log. of 7.0851 . . . 0.8503399 

3 



Cube 355.6475 . . . 2.5510197 

L 3 V 
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a. Find the fifth power of .87451, bj logarithms. 
Log. of .87451 . . . 1.9417648 



Fifth power .5 1 14^5 . 1 .708824O 

Where 5 times the negative index I, being — 5, and 
+4 to carry, the index of the power is l. 

4. Find the 365th power of 1 .0045, by logarithms. 
Log. 1.0045 . . 0.0019499 

365 



97495 
116994 

58497 



Power 5.148888 . 0.7117135 



5. Required the square of 6.05987, by logarithms. 

Ans. 36.72203 

6. Required the cube of ,176546, by logarithms. 

Ans. .005502674 

7. Required the 4th power of .076543, by logarithms. 

Ans. O0OO343259 

8. Required the 5th power of 2-97643, by logarithms. 

Ans. 233.6031 

•I 

9. Required the 6th power of 21 JO576, by logari tbnas. 

Ans. 87187340 

10. Required the 7th power of I.O9684, by logarithms. 

Ans. 1909864 
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EVOLUTION, 

OR THE EXTRACTION OF ROOTS, 

BY LOGA-RITHMS. 

Take out the logarithm of the given number from 
the table^ and divide it by 2 for the square root^ 3 §ot 
the cube root^ &c. and the natural number answering to 
the result will be the root required. 

But if it be a compound root, or one that consists 
both of a root and a power, multiply the logarithm of 
the given number by the numerator of the index, and, 
divide the product by the denominator, for the logarithm ' 
of the root sought. 

Observing, in either case, when the index of the lo- 
garithm is negative, and cannot be divided without a 
remainder, to increase it by such a number as will ren- 
der it exactly divisible 3 and then carry the units bor- 
rowed, as so many tens, to the first figure of the decimal 
part, and divide the whole accordingly. 

EXAMPLES. 

1. Find the square root of 27-465, by logarithms. 
Log. of 27.465 . 2)1.4337796 

Root 5.2407 . .7193898 



2. Find the cube root of 35-6415, by logarithrfS^r 
Log. of 35-6415 . . . 3)1-5519560 ' 

R«ot 3.29093 . . . .5173186 



3. Fmd the 5tb root of 7-0825, by logarithms. ' 
Log. of 7.0825 . . . 5)0.8501866 

Heot 1.479235 ... .1700373 
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4. Find the 365th root of 1.045, by logarithcnt. 
Log. of 1045 . . 365)0.0191163 

Root 1.000121 . . 0.0000524 



5. FiDd the value of (.001234)^ by logartthmi. 
Log. of 001234 . . . 3.0913152 



3)6.1826304 



Ans. .00115047 . • '1.0608768 

Here, the divisor 3 being contained exactly twice in 
the negative Jndex —6, the index of the quotient, to be 
put down, will be ~2. 

Find the value of (.024554)*, by logarithms. 

Log. of .024554 . . 2.3901223 

3 



2)5.1703669 



Ans. .00384754 . . 3.5851834 

Here 2 not being contained exactly in —5, 1 is added 
to it, which gives —3 for the quotient ; and the 1 that 
h borrowed being carried to the next figure, makes 1 J , 
which, divided by 2, gives .58 &c. 

7. Required the square root of 365.5674, by loga- 
rithms. Ans. 19.1 198I 

8. Required the cube root of 2.987635, by logaritbnas. 

Ans. 1.440265 
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9. Required the 4th root of 967845, by logarithms. 

Ans. .9918^24 

10. Required the 7th root of 098674, by logarithms. 

Ans. 7183146 

21 * 

11. Required the value of (- — )^, by logarithms. 

Ans. .146895 

1 12 — 

12. Required the value of ( ) % by logarithms. 

Ans. .1937115 

MISCELLANEOUS EXAMPLES IN LOGARITHMS. 

2 "^ 

1 . Required the square root of — -, by logarithms. 

Ana. .1275153 

2. Required the cube root of ■ , by loga- 

rithms. Ans. .0827842 

3. Required the .07 power of .00563, by logarithms. 

Ans. .6958821 
i « 

4. Required the value of (D* ^ (i ) .by logarithms. 

Ans. .04279825 

1 5 7 

5. Required the value of - -• - x .012 V Tr> by loga- 

/ o 11 

rithms. Ans. OOII65713 

garithms. Ans. .3009158638 

logarithms. Ans. 49.3871St 

L5 



MS 



MISCELLANEOUS QUESTIONS, 

1 . A person being asked what o'clock it was^ replied 
that it was between eight and nine^ and that the boor 
and minute hands were exactly together; wbat was the 
time? Ans. 8h.43min. 387^ sec. 

2. A certain number, consisting of two places of 
figures, is equal to the difference of the squares of its 
digits, and if 36- Le added to it the digits will be in- 
verted } what is the number ? Ans. 48 

3. What two numbers are those, whose difference, 
lum, and product, are to each other as the numbers 2, 
3, and 5, respectively ? Ans. 2 and 10 

4. A person, in a party at cards, betted three shillings 
to two upon every deal, and after twenty deals found 
he had gained five shillings ; how many deals did he 
win? Ans. 13 

5. A person wishing to enclose a piece of ground with 
palisades, found, if he set them a foot asunder, that he 
should have too few by 150, but if he set them a yard 
asunder he should have too many by JO; ; how many 
had he? Ans. 180 

6« A cistern will be filled by two cocks, a and b, 
running together, in twelve hours, and by the cock a 
alone in twenty hours; in what time will it be filled by 
the cock B alone ? Ans. 30 hours 

7. If three agents, a, b, c, can produce the efiects a, 
k^€, in the times e,/, g, respectively) tp what tine 
would they jomtly produce the effect a, ' 

Ans. <£-+-(- + - + f ) 

8. Wbat number is that, which being severally addied 
Itt^ 19^ and 51, sliall make the results in geometrioil 
pcogression ? Ans. 13 
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9. It is required to find two geometrical mean pro- 
portionals between 3 and 24; and four geometrici} 
means between 3 and 96. 

Ans. 6 and 12; and Q, 12, 24, and 49 

10. It is required to find six numbers in geometrical 
progression sucb, that their sum shall be 315, and the 
sum of the two extremes l65. 

Ans. 5, 10, 20, 40, 80, and I6O 

1 1 . The sum of two numbers is a, and the snra of 
their reciprocals is l ; required the numbers. 

Ans. ^±ivji(fl^-4){ 

12. After a certain number of men bad been employed 
on a piece of work for 24 days, and had half finished it, 
16 men more were set on, by which the remaining half 
was completed in I6 days: how many men were era* 
ployed at first ; and what was the whole expencc, at 
1^. 6tf. a day per man ? Ans. 32 the number of men, 

and the whole expence 1 15/. 45. 

13. It is required to find two numbers such, that if 
the square of the first be added to the second, the sum 
shall be 62, and if the square of the second be added to 
the first, it shall be \^Q, Ans. 7 and 13 

14. The fore wheel of a carriage makes six revolu- 
tions more than the hind wheel, ingoing 120 yards; but 
if the circumference of each wheel was increased by 
three feet, it would make only foui revolutions more 
than the bind wheel in the same space ; what is the cir- 
cumference of each wheel ? Ans. 12 and 15 feet 

15. It is required to divide a given number a into two 

fdch parts, x and y, that the sum of mx and ny shall be 

ofoal to some other given number I, 

, h^an , am— I 

Ans. *= and y=: 

fit— n ^ 
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16. Out of a pipe of wine, containing 84 gallons, 10 
gallons were drawn ofF^ and the vessel replenished with 
10 gallons of water; after which, 10 gallons of the mix- 
ture were ag^in drawn off, and then 10 gallons more of 
-water poured in; and so on for a third and fourth time; 
which being done, it is required to find how much pure 
wine remained in the vessel, supposing the t\iro fluids to 
have been thoroughly mixed each time? 

Ans. 48f gallons 

17< A sum of money is to be divided equally among 
a certain number of persons ; now if there had been 3 
claimants less, each would have had 150/. more, and if 
there had been 6 more, each would have had 1 20l. less ; 
required the number of persons, and the sum divided. 

Ans. 9 persons, sum 2700/. 

18. From each of sixteen pieces of gold, a person filed 
the worth of half a crown, and then offered them in pay- 
ment for their original value, but the fraud being de- 
tected, and the pieces weighed, they were found to be 
worth, in the whole, no more than eight guineas ; what 
was the original value of each piece ? Ans. I3s. 

19. A composition of tin and copper, containing 100 
cubic inches, was found to weigh 505 ounces; how many . 
ounces of each did it contain, supposing the weight of a 
cubic inch of copper to be 5i ounces, and that of a cubic 
inch of tin 4i ounces. 

Ans. 420 oz. of copper, and 85 oz. of tin. 

20. A privateer running at the rate of 10 miles an 
hour, discovers a vessel 1 6 miles ahead of her, making 
way at the rate of 8 miles an hour ; how many miles 
will the latter run before she is overtaken ? 

Ans. 72 miles 

21. In how many different ways is it possible to pay 
100/. with seven shilling pieces and dollars of 4s.6d. 
each } Ans. 6 different ways 

22. Given the sum of two numbers as 2, and the tam 
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of their ninth powers =32, to £nd the numbers by a 
quadratic equation . Ans. 1 ± v^(2 v^34~ 1 1 ) 

23. It is required to find two numbers such, that their 
product shall be equal to the difference of their squares^ 
and the sum of their squares equal to the difference of 
their cubes. Ans. |\/5 and ^(5+ ^5) 

24. The arithmetical mean of two numbers exceeds 
the geometrical mean by 13, and the geometrical mean 
exceeds the harmonical mean by 12; what are the num- 
bers ? Ans. 234 and 104 

25. Given T^y-f v'J^=:3, and ir^y'+y^jr*=7, to find 
the values of X and y. ^ 

Ans. ar=i(v'5-|-l),y=i(v'5-l) 

26. Given ^-f y + jc=23, jry-|-xx-fyz=l67, and xy% 
=385, to find x, y, and z, Ans. j:=5, y=7, «=sll 

27. To find four numbers, x, y, z, andtt^, having the 
product of every three of them given; viz. xyx^z'lZl, 
xyw^420, yzw=s\540, and xzwzz660. 

Ans. xsz3, y=:7» 2(=H, andu;=20 

28. Given x+y2;=384, y4-J^x==237, and x-^xyss 
192^ to find the values of x, y, and x. 

Ans. «=10, y=l7, andx=22 

29. Given aj*4-fy= 108, y'+y«=69, and »*+ar»z= 
580, to find. the values of x, y, and z, 

Ans. xzzQ, y=i3, and zsigO 

30. Given :r«+ary+y«=5, and ar*+jt«y«-f y*s:ll, ta 
find the values of x and y by a quadratic. 

2 1 2 1 

Ans. j:=-V10+-^5,^as-/lO— -V^ 
5 5 00 

31. Given the equation x^"— 2^^3*4. j^^s a, to find the 
value ofx by a quadratic. 

Ans. «i+Vlj±l/(«-l-i)} 
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32. It 18 required ta find the number by which m 
people must iocrrase annually, so that tbey may be 
doubled at the end of every century. 

Ans. By 144^ nearly 

33. Required the least number of weights, and the 
weight of each, that will weigh any number of pounds 
from one pound to a hundred weight. 

Ans. 1,3, 9,27,81 

34. It is required to find four whole numbers such, 
that the square of the greatest may be equal to the sum 
of the squares of the other three. 

Ans. 3> 4, 12, and 13 

35. It is required to find the least number, which being 
divided by 6, 5, 4, 3, and 2, shall leave the remainders 
5,4, 3, 2, and 1, respectively. Ans. 5^ 

36. Given the cycle of the sun ^8, the golden number 
&, and the Roman indiction 10, to find the year. 

Ans. 1717 

37. Given 256^7—87^=1, to find the least possible 
values of ;r and y in whole numbers. 

Ans. x:=,52, andyz=l53 

39. It is required to find two different isosceles trian- 
gles such, that their perimeters and areas shall be both 
expressed by the same numbers. 

Ans. Sides of the one 29, 29, 40 ) and of 

the other 37> 37, M 

39. It is required to find the sides of three right aqgled 
triangles, in whole numbers, such, that their areas shall 
be all; equal to each other. 

Ans. 58,40,42; 74,t4>70) 113, U, IMI 

X 

4K>. CUven a^ssl.2K055> to find a near approximate 
value of jr. Ans. 3.820 IS 
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41. Given x'=:5000, and y*=3CXX), to find the va- 
lves of X and y, Ans. x=4.6Qi445, and y =5. 3 10132 

42. Given ar'+y =285, and y^— a?'= 14, to find the 
valnesof .randy. 

Ans. a?=4.0l6698, and y=2.82571(5 

43. To find two whole numbers sdch, that if unity b^ 
added to each of them, and also to their halves, the sums^ 
in both cases, shall be squares. Ans. 48 and 1^80 

44. Required the two least uonqaadrate numbers x 
and y such, that «f +y* and jr^+y^ ghgH ^e both squares. 

Ans. ar=364 and y=279 

45. It is required to find two whole numbers such, 
that their sum shall be a cube, and their product and 
quotient squares. 

Ans. 25 and 100, or 100 and 9OO, &c. 

46. It is required to find three biquadrate numbers 
such, that their sum shall be a square. 

Ans. 12*, 15*, and 20* 

47. It is required to find three numbers in continued 
geometrical progression such^ that their three differences 
shall be all squares. Ans. 567, 1008, and 1792 

48. It is required to find three whole numbers siidi^ 
that the sum or difference of any two of them ahall be 
square numbers. Ans. 434657« 420968, and 15Q568 

49. It is required to find two whole numbers such, 
that their sum shall be a square^ and the sum of their 
squares a biquadrate. 

Ans. 4565486027761 and 106l65229352O 

50. It is required to find four whole numbers such, 
that the difiference of every two of them shall be a square 
number. 

Ads. 1873432^ 2288168^ 2399057^ and6560657 
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1 2 

51. tt is required to find the sum of the Berie« — h •• 

3 9 

3 4 . . 3 

+ — + h&c. continued to infinity. Ana. - 

27 81 ^ 4 

52. It is required to find the sum of the infinite series 

3 9 27 81 ^ 243 . ^3 

4 16 (54 256 J024 7 

53. It is required to 6nd the approximate value of the 

infinite series i — --|- --f &c. 

4 9 16 25 

Ans. .822467 

54. Required the sum of t he series 5-f6+7-f8-h9-|- 

n 
&c« continued to n terms. Ans. ;- (r+9) 

Sb, It is required to find how many figures it would 
take to express the 25 ih term of the series 2* 4-2*-!- 2* -f 
2»-|-2»<'&c. Ans. .5050446 figures 

5Q, It is required to find the sum of 100 terms of the 
series (1 X2) + (3 X4)^ (5 X6) -f (7 + 8) + (9^ lO) &c. 

Ans. 343400 

bT. Required the sumof l*-|-2«+3«+4«+5«&c. . .. . 
+ 50% which gives the number of shot in a square pile, 
the side of which is 50. Ans. 42Q25 

SB. Required the sum of 25 terms of the series 35 +36 
X2 + 37X3+38X4+39X5&C. which gives the number 
of shot in a complete oblong pile, consisting of 25 tiers, 
the number of shot in the uppermost row being 35. 

Aof. 16575 
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OJ THE APPLICATION OF ALGEBRA TO 

GEOMETRY. 

IM the preceding part of the present performance, I 
have considered Algebra as an independent science^ and 
confined myself chiefly to the treating on such of it^^ 
most useful rules and operations as could be broaght 
within a moderate compass; but as the numerous appli* 
cations, of which it is susceptible, ought not to be whollj 
overlooked, I shall here show, in compliance with the 
wishes of many respectable teachers, its use in the reso- 
lution of geometrical problems; referring the reader to 
my larger work on this subject, for what relates moro 
immediately to the general doctrine of curves (a). 

For this purpose it may be observed, that when any 
proposition of the kind here mentioned is required to bie 
resolved algebraically, it will be necessary, in the firsf 
place, to draw a figure that shall represent the several 



{a) The learner, before he can obtain a competent knowledge of 
the method of application above mentioned, mast first make nin»-> 
self master of the principal propositions of Euclid, or of those con- 
tained in my Elements of Geometry ; in which work he will find 
all the essential principles of the science comprised within a much 
shorter compass than in the former. 

And in such cases where it may be requisite to extend this mode 
of application to trigonometry, mechanics, or any other branch of 
mathematics, a previous knowledge of the nature and principlctof 
these subjects will be equally necessary. 
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parts, or conditions^ of the problem under consideratioOi 
and to regard it as the true one. 

Then, having properly considered the nature of the 
question, the figure so formed, must, if necessary, be still 
farther prepared for solution, by producing, or drawing, 
such lines in it as may appear, by their connexion or re- 
lations to each other, to be most conducive to the end 
proposed. 

This being done, let the unknown llne^ or lines^ which 
it is judged will be the easiest to find, togetner with 
those that are known, be denoted by the common alge- 
braical symbols, or letters ; then, by means of the proper 
geometrical theorems, make out as many independeot 
equations as there are unknown quantities employed ; 

5 id the resolution of these, in the usual manner^ will 
ve the solution of the problem. 

Bat as no general rules can be laid down for drawing 
the lines here mentioned, and selecting the propercst 
quantities to substitute for, so as to bring out the most 
single conclusions, the best means of obtaining experi- 
ence in these matters will be to try the solution of the 
Mime problem in different ways^ and then to apply that 
-which succeeds the best to other cases of the same kind, 
when they afterwards occur. 

The following directions^ however, which are ex* 
ftacted, with some alterations, from Newton*s Univertai 
Arithmetic, and Simpson's Algebra and Select Exercises, 
will always be found of considerable use to the learner, 
by showing him how to proceed in many cases of this 
kind^ where he would otherwise be left to his own judg- 
inefnt. 

1st. In preparing the figure in the manner above men- 
tioned,, by producing or drawing certain lines, let them 
be either parallel or perpendicular to some other linesc is 
it, or be so drawn as to form similar triangles ; and, if 
an angle be given, let the perpendicular be drawn oppo- 
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site to \t, and so as to fall^ if possible^ from one end of a 
given line. 

2d. In selecting the proper quantities to substitute 
for, let those be chosen, whether required or not, that 
are nearest to the known or given parts of the figure^ 
and by means of which the next adjacent parts may be 
obtained by addition or subtraction only, without using 
surds. 

3d. When, in any problem, there arc two Hum, 6» 
quantities, alike related to other parts of the figure or 
problem, the best way is not to make use of either of 
them separately, but to substitute for their sum^ difhi" 
ence, or rectangle, or the sum of their alternate quotients; 
or for some other line or lines in the figure, to which « 
they have both the same relation. 

4th. When the area, or the perimeter, of a figure ill* 
given, or such parts of it as have only a remote relation 
to the parts that are to be found, it will sometimes be of 
use to assume another figure similair to the proposed one, 
that shall have one of its sides equal to unity, or to some 
other known quantity ; as the other parts of the figure, 
in such cases, may then be detei mined by the kaowo 
proportions of their like sides, or parts ; and thence the 
resulting equation required. 

These being the most general observations that have 
hitherto been collected upon this subject^ I shall dowk 
proceed to elucidate them by proper examples ; leaving 
such farther remarks as may arise out of the mode of 
proceeding here used, to be applied by the learner, as 
occasion requires, to the solutions of the miscellaneous 
problems given at the end of the present article. 

PROBLEM I. 

The base, and the sum of the hypothenuse and per- 
pendicular of a right angled triangle being given, it k 
rehired to determine the triangle. 
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Let ABC, right angled at c^ be the proposed triangle; 
and put BC=:^ and Ac=r. 

Then, if the sum of ab and Ac be represented bj s, 
the hypothenuse ab will be expressed by j— j:. 

But, by the well known property of right angled trian- 
gles (Euc. I. 47) 

AC*-|-BC*=AB*, or 

* ' Whence, omitting afi, which is common to both sides 
of the equation, and transposing the other terms, we 
shall have 

2jj:=j«— ^S or 

47s— , .... \P) 

which is the value of the perpendicular ac } where s and 
b may be any numbers whatever, provided ^ be greater 
than h. 

In like manner, if the base and the difference between 
the hypothenuse and perpendicular be given, we shall 
have, by putting x for the perpendicular and d-^x for 
the hypothenuse, 

ar«-|-2rfr+fl/«=s^«+jr«, or 

2d 



{b) The edition of Euclid, referred to in this and all the following 
problems, is that of Dr. Simson, London, 1 8oi ; which may also be 
used in the geometrical construction of these problems, should the 
student be inclined to exercise his talents upon this elegant, but 
more difficult branch of the subject. 



AXGEBRA TO GEOMETRY. 



237 



Where the base (h) and the given diflference (d) maj 
be any numbers as before^ provided b be greater than d. 



PSOBLBM II. 



The difference between the diagonal of a square and 
one of its sides being given, to determine the square ' 




Let AC be tho proposed square, and put the side bc, 
or CO, zsx. 

Then, if the difference of bd and bc be put =id, the 
hypothenuse bo will be =jr-f> J. 

But since, as in the former problem, bc*+co*, or 
2bc'=sbd% we shall hive 

2««=*«+2<teH-«i8, or 
*•— 2cte=sci*« 

Which equation, being resolved according to the rule 
laid down for quadratics, in the preceding part of the 
work, gives 

x=J+<iv'2. 
Whicli is the value of the side bc, as was required. 

PROBLBM III. 

. The diagonal of ajrectangle abco, and the perimeter, 
or sum of aU its four sides, beiAg giveOj to find the sidts 
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Let the diagoaal AC=:rf, half the perimeter ab-|-bc 
^=>a, and the base fic=:;r; then will the altitude abs: 
a— jr. 

And since, as in the former problem, ab*-|- bc*=ac*, 
we shall have 

a}^2ax+ot^'^sfiszd^, or 

2 
Which last equation, being resolved, as in the former 
instance, gives 

Where u must be taken greater than d and less 4ihan 

PROBLEM IV. 

The base and perpendicular of any plane triangle abc 
being given, to find the side of its inscribed square. 




=Iiil««heCbeki8tfiibiBdiqbare; and pot Mi 
mA 1^ Mb of dietifuamsfl or w»mi^. 



ti^»*»j 
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Then^ because the triangles abc> a»h, are similar^ 
(Euc. VI. 4), we shall have 

AD : Bc :: Ai : eh, or 
p : b :: ip—x) : x. 

Whence, taking the products of tlie means and ex- 
tremes, there will arise 

px= hp — hx. 

Which, by transposition and division, gives 

hp 



xzs 



b+p 



Where I and p may be any numbers whatever, either 
whole or fractional. 

PROBLEM V. 

Having the lengths of three perpendiciCars, ef, so, 
EH, drawn from a certain point e, within ^n equilateral 
triangle abc, to its' three sides^ to determine the sides. 




B DJF C 

Draw the perpendicular ab, fend having joined ma, 
SB, and EC, put evszo, moszi^, zussc, and bd (which 
it iBc)=sjr. 

Then^ since ab, bc^ or ca^ arc each ss2x^ we shall 
have^ by Euc. i. 47, 

ad=:\/(ab»— BD«)=s \/(4x«— a^)5S ^x^=^^3. 

And because tte area of any phmettitnde is eqtuS to 
half the rectan^^e of its basp add pcrpcaimciilar^ il^fbl- 
lowB»Uiat 
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ABEC = iBCX EFsOTXa ssOT, 

Aabc = |acXEG =:jrx^ ss^x. 

But the last three triangles, bsc, aec^ aeb, are^ toge- 
ther, equal to the whole triangle abc ; whence 

*• \/3 =: flj? + ^jr + car. 

And, consequentlj, if each side of this equation be 
divided by x, we shall have 

jr>v/3=a+^+c, or 

a+^ + e 



ar=- 



\/3 



Which is, therefore, half the length of either of the 
three equal sides of the triangle. 

Cor. Since, from what is above shown, ad is z^x \/S, 
it follows, that the sum of all the perpendiculars, dmwo 
from any point in an equilateral triangle to each of its 
sides, is equal to the whole perpendicular of the triangle. 

PROBLEM VI« 

Through a given point p, in a given circle acbd, to 
draw a cord cd, of a given length. 




Draw the diameter apb; and put CDssa, apsI, 
PBst, and opaajTi then will pd=:0— jt. 
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But, by the property of the circle, (Euc. iii. 35,) 
CPXPD=APXPB> whence 

j;(a— a:)=ic, or 

Which equation, being resolved in the usual way, 
gives . 

Where x has two values, both of which are positive. 

PROBLEM VII. 

Through a given point p, without a given circle aboc^ 
to draw a right line so that the part cd, intercepted by 
the circumference, shall be of a given length. 




Draw PAB through the center o; and put CD=ra 
PA=^, PB=c, and pc=ar5 then will PD=a:-|-a. 

But, by the property of the circle, (Euc. iii. 30> cor.). 
pcXPD=sPAXPB3 whence 

t x{X']rCL)=-hc, or 

af^-^-cLx^^hc. 
Which equation being resolved, as in the former 
problem, gives 

here one value of x is positive and the other sega- 
tifc (c). 



(Ir) The two last problems, with a few slight altemtions, maybe' 
leadily employed for finding the roots of quadratic equations by 
conitmctkm; but this, as well as the methods frequently given 
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TROBLBM Vill. 

^ The base bc, of any plane triangle abc, the sura of the 
sides AB, AC, and the line ad, drawn from the vertex to 
the middle of the base, being given, to deteroaioe the 
triangle. 




Pat BD or Dc=a, ad=^, ab + ac=5, and AB=xi 
then will ac=5— x. 

But, by my Geometry, B. ii, 19, AB*^-Ac«=:2BD•-f- 
2AD'*5 whence 

x*+ (*— jr)«=2a2-f-2^S or 

Which last equation, bdng resolred as in the Ibrmer 
instanqe^, gives 

for the values of the two sides ab andAC of the triangle; 
aking the sign + for one of them, and — for the other, 
and observing that a*+.^^ roust be greater than.^j*. 

PROBLEU IX. 

The two sides ab, ac, and the line ad, bisecting the 
vertieal angle, of any plane triangle, a«c, bei&g gifen^ 
to find the base bc. 



■ii im I 



jfor eonstmcctfi^ cubic and tome of the higher orrlei9 ef-equatldiisr 
is a matter of IHtle im(>ortance in the pi«aent state of mathcMa- 
tieal science; analysis, hi these cases, feeing generally fhou^K m 
irore commodious instrument thtn geometry. 
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B 

Put AG=a, Aczz^, ADsszc, and sc^zx; then^by£uc. 
Ti. 3y we shall have 

Ancl^ consequentlj, by tire composition of ratios (Eac. 
V. 18,) 

ax 

a-\-v 

and 

Ix 
a-^b \h y. x\ DC= -, 

But, by-Euc. vi, 13, bdKdcH- ad*=ab x acj where- 
fore, also, 

ahx'^=i{a^Vfy.{ab^c*). 
From which last equation we have 

Which is the value of the base bc, as required* 

^Ofit.1^ X. 

HaWnis gitim tiift ien^tis of ttvt) t}bie», 4.1^ lii^> dhH^n 
frsiti ibe vcute ;an^aot & r^ ^aoglcd If iaugife itiic, t6 
4iM middle of >Uio opposite Me^ \ii% MM|CHftid to^tfjh- 
mine the triangle. 

m2 
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Put Ai>=a, BE=^, CDoriCB=r, and cb qr 4cA=yj 

then, since (Euc. i, 4?) cd* + ca«=:ad% and ce«4-cb* 

=: BE% we shall have 

^a+4^*=aS 

3^'+4a;«=^«. 

Whence, taking the second of these equations from 
four times the first, there will arise 

15y*=:4fl*— Z>S or 

^ ^ 15 
And, in like manner, taking the first of the same 
equations from four times the second, there will arise 

15a:«=4^«— a% or 

Which values of x and y are half the lengths of the 
base and perpendicular of the triangle ; observing that k 
must be less than 2a, and greater than |a. 



PBOBLBM XI. 



Having given the ratio of the two sides of a plane 
txiangle abc, and the segments of the base, made bj a' 
ptfpeodicular falling from the vertical angle^ to deter- 
lainetbetriaogle* 
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Put BD=a^ Dcszbf K^zsx, Acsyy and the ratio of 
the sides as m to n. 

Tben^ sidc^^ by the question, ab : ac ZI m : 9z> and 
by B. II, 16, of my Elements of Geometry ^ ab*— ac'ss 
BD*— DC*, we shall have 

x\ y WmX n^ and 

But^ by the first of these expressions^ nx^^my^ or y= 

nx 

— : whence, if this be substituted for y in the second, 

m '' 

there will arise 



ofi -ar^ssa'— ^Sor 

And, consequently, by division and extracting tha 
square root, we shall have 

xss.mJ'-i -, and 

which are the values of the two sides ab,. AC, of the 
triangle, as was required. 

^ROBLBM XII. 

Given the hypothenuse of a right angled triangle abc, 
and the side of its inscribed square do, to find the other 
two sides of the triangle. 







Pii£^ jKisib, hb, Qt imsizs^ Acszx, and coxs^ ^ tktn, 
by similar triangles^ we shall have 

AG(r) : CB(y) :: Av(x^s) : Fnfy>. 

And, consequently, by multiplying the mcan&aiid exr 
tremes^ 

ary — sy=:sx, or 
xyz=is{x+yy, ... (1) 

But since, by Euc. i, 47, ac^+cb*=ab», we rfwll 
likewise hawe 

X^Jfy'z=:h (2) 

Whence, if twice equation (J) be added to eqaatioxr 
(2), there will arise 

ar'4-2jry+y«=/5'*+25(jr+y), or 

Whfch equation, being resolved aftcrthe manner of 
a quadratic^ gives 

x-\-ysss±sy/{je-{^^\ or 

Hence, if this value be substituted for y in equation 
(1), there will arise 

x\s-^x±J{fP'\-f)}^s\s±s/(,ff'\-f)\, or 
x^-\s±^{h''+s')\x=:-s{s±^{h}-\'^)\. 

And, consequently, by fesolviog tkit last equation, we 
shall )i^VC 
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and 

Which are the rahies cff the perpendicular ac and 
base BC^ as was required. 

FROfiLISM XIII. 

Having given the perimeter of a right angled trfangle 
ABC, and the perpendicular cd, falling from the right 
Migfa oa tlk« JS^ypotbennoe^ to deteHnkre the trkIig^e. 




Put p= perimeter, cb=a, Ac=jr, and Bc=y 5 then 

' But, by right angled triangles (Euc. x,.47) ac*+*bc^ 
=:ab'3 whetu^e 

Or, by transposing the temas and dividing by 2, 

p{^^y)-ir^3:9 (1) 

And since, by similar triangle*, ab ! bc :! ac !* ctr, 
we shall also have, by multiplying the means and ex- 
tremes, . abxcd=bcxac, or 

ap^a{x^y):=zxy (2) 

Whence, by comparing e(}uation (1) with equation 
(2), there will arise 

(a-\-p)x{x-\-y)=:ap^lp\ 
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Where • 

^ a+p 
And^ if these values be now substituted for x-^-t/ and 
y in equation (2)^ the result, when simplified and re- 
•duced, will give 

(a +p)jr«— p(a+ |^)x= - |ap«. 

From which last equation and the value of y, above 
found, we shall have 



X or Acr: 4^ — ~^-f 



and 

And, if the sum of these two sides be taken from p, 
4he result will give 

Whioli expressions are, therefore, respectively equal 
to the values of the three sides of the triangle. 

FAOBLBM XIV. 

Given the perpendicular, base, and sum of the sid^s of 
lin obtuse angled plane triangle a'bc, to determine the 
two sides of the triangle. 

A 




C B 
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Let t^G perpendksolar ADtap, the bese BC±r^^ Ahc 
sum of AB aird jke:ms, and t^eir cR'fference srr. 

Then, ^nee half Ihe tiffiereBce^ef asy tvi^ quanltries 
added to half their sum gives the greater^ and^ irben 
subtracted^ the less> we shall be;ire 

ABssf (i^j?), and AGsaf (j — ar). 

But, by Euc. 1,47, €»«=»ac*— ad*, ©r cd=>v/^}(5— 
•^)*— /^U andi by bL ir, 12, ab«^»c*+ Ac»-f 2bcx cd 5 

5ar^«=5aJvy<f — »>*— p*{. 
A^^«M^ €tf ih&fides'qC th>s laftequfl^cmtesquarc^, 
there will arise, by transposition and si0i|4ifj|[iag Xhie; St** 
sult> 

Whence^ bf addit«aa a«draubtFai^tk)f3> we^shAU have 



3- k 



•). 



Which are the gidca o£ tie. triangle^ a«i was-icfiivMl*. 

PROBBEMr XV. 

ki^nqwml ladfiaw jtri|^ Ifae; Brsfma^ttie'of this 
an^lM 9!«f a flvisa iq^zpti m», Botbaft lli9:{Mtt >b^ kilnK' 

cepted by db and do, shall be of a given lengtk. 

A jg E 
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Bisect FB in o, and put.AB or Bc=a, fo or OBst^ 
and BQszxi then will BEzzx-^-b and bf=:j7 — ^» 

But since, by right angled triangles^ ab^sibb^— ab% 
we shall have 

And> because the triangles bcf^ bab, are similar, 

bp ! Bc :: bb : ab, or 

Whence, by squaring each side of this equation, and 
arranging the terms in order, thet« will arise > 
or*— 2(a«+ ^«)x«=^(2a»— ^»). 
Which equation, being resolved after the manner of a 
quadratic, will give 

xz=z ^|a«H-^«±a^(a'+4^') \ 
And, consequently, by adding 6 to, or subtracting it 
from this last expression, we shall have 

BE= >v/{a«+ ^"±a^ra«+4^*)} + 1» or 

Which values, by determining the point b, or p, will 
satisfy the problem. 

Where it may be observed, that the point o lies in the 
circumference of a circle, described from the centre d 
with the radius po, or half the given line. 

PROBLEM XVI. 

The perimeter of a right angled triangle abc, and the 
radius of its inscribed circle being given, to determine 
the triangle. 
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Let the perimeter of the triangle zzp, the radius od, 
OE^ or of the inscribed circle =r, ABs=:r, and bd=^. 

Then^ since in the right angled triangles aeo> kfo, 
OE is equal to of, and ao is common, af will also be 
equal ab, ox x. 

And, in like manner, it may be shown, that bp is equal 
to BD, or y. 

But, by the question, and Euc. i, 47> we have 
(a:+r)H-(y4-r)H-(x+y)=p, and 
(^+r)»+(y-hr)«=(*H.y)«. 
Or, by adding the terms of the first, and squaring 
thoser of the second, 

^+y=f/— ^>and 

Hence, since, in the first of these equations, y=(fp—r) 
—x, if this value be substituted for y in the second, there 
will arise 

a?*— (|/> — r)jr=5: — r(|p— r. 
Which equation, being resolved in the usual manner, 
gives 

and 

y=K4/>-0=F^{i(4^-r)»-Ki/>-.r)}. 

And« consequently, if r be added to each of these last 
expressions, we shall have 

and 
BC=i(ip+r)+i/{i(|p-r)«-rap-r)}, 

for the values of the perpendicular and base of the trian* 
gle, as was required. 

PROBLEM XYII. 

From one of the extremities a, of the diameter of a 
given semicircle adb, to draw a right line as, so that the 
part DB, intercepted by the circumference and a perpen<^ 
dicular drawn fromr the other extremity, shall be of a 
given length. 
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Let th^ dMQMDC^ M^^^j VM^a, mA ABssjf^ and 
join BD. 

Then^ because tlie aogle. ad» is ^ xtgktagigle, (£ac» 
"ij 31:0 ^0 t^ai^les A3E, Atff^are.mjjflr. 

And^ consequently^ by comparing tbour like sides, wt 
shall have 

AE ! AJB-:: AB ! AB^Cir 

a? I ^ :: <i : jp— a. 

WImdco^ molfetflying the means ao^ extrcmes^ of tjbeqe 

proportionals^ there will arise 

Wbk^ eq«tttk)B^ being re9e)v64 after tfio tMtial man- 
ner, gives 

Tq describe a circle tbrQqgJ>. two gir.ep poijota^Ap, q^ 
that sbalt touch a right line cd giyeii^,|tQvtipiV/^ 




Jioin AJr^ ^umL thoonghi o^ thr assuoMdi etatev 41^ tto 
requifiod-. cifde^ diMnr' is perpoadifalar Ip- mb } vpiiicli- 
wik btfcttf it. 'm. s (Eiie;< im^ 9^ 

Also, join oB 5 and draw bb, og, perpeadiflHiar tm 
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CD ; the latter of which will fall od the point of contact g 
(Euc. Ill, 18). 

Hence, since a, e, b, h, f, are given points, put 
EB=za, EF^by £H=c, and bo=x;' which will give 
OF==:i— ar. 

Then, because the triangle oeb is right angled at e, 
we shall have 

OB*=Bo*+EB*, or 
oB=:v'(a?*+a2). 

But, by similar triangles, fb : eh :: fo I oo or ob; 
or ^ : c : : l^x t ob } whence, also, 

OB= ^(b^x). 

And, consequently, if these two values of ob be put 
equal to each other, there will arise 

Or, by squaring each side of this equation, and sim* 
plifying the result. 

Which last equation, when resolved in the usual man- 
ner, gives 

ior the distance of the centre o from the chord ab ; 
where b must, evidently, be greater than c, and c greater 
than a, 

PROBLEM XIX. 

The three lines ao, bo, co, drawn from the angular 
points of a plane triangle abc, to the center of its in- 
scribed circle, being given, to find the radius or the circle^ 
and the sides of thn triangle. 



2M aenjjcjltion: ob 




Let o be the centre of th'? circle, and, on ao pro- 
duced, let fall the perpendicular!! cv 3 and draw ob, of, 
OQ, to the poiotei of contact i, f, Gv 

Then, because the threcaogles of tbe tcmigle. abc are, 
together, equal to two right angles, (Euc. i, 32,) the 
sum of their halves oAC*f oca +o[BB will be equal to one 
right angle. 

But the sntif of the twcr former of tiiese^ OAc^ook, 
is equal to the external angle doc ; wbenoe* €h«r sum of 
Doc+OBE, as also of doc+ocd, is equal to a right 
angle; and, consequently, aBaavocD. 

Let, therefore, A0=a, boz:^, co=c, and the radius 
01S, OF, or 09sE7^. 

Then, since the triangles bob, cod, ar&stnriTkir^ saT 
OB :: CO : oiXpK L : x U ^ l o*d; wkkh gives 



,4—1 



ex , _ « c*x\ c 



ODzzy, and cd= \/(c'— — ) or-v^C^ — ar«i. 

Also, because the triangle aoc i& obtuse asgled at o> 
we shah have (Euc. 11, 12) 

AC«=AO^-i-CO'-}-2AOXODj €T 

Ac= v'(a*+c'4- -y-) or V-^ -^ ~)^ 

But the triangles agd,.aof, being likewise sinailar, 

AC : CD : : Ao : of,, or 
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Whence, »iiltipl3FiRg ^ meana artd ^exiremes^ and 
squaiiogthie reguUx thfire will arise 

Off, by collecting tlae terms togetJafix, and dividing by 
the coefficient of the highest power of ^« 

,ab ac tc. . abc 

From which last equation. or ma^ be determined, and 
thence the. sides.of the triangle (^). 

PROBLEM icx/ 

Given the three sides ab^ bc, cd, of a trapezium abcd, 
inscribed in a semicircle, to &kI the diameter, or re- 
noalniqg side ai%. 




Let AB=a^ bc=:^, ejy=:c, and awzix; (ben, kf 

EOC. VI, 0» ACXBDcnAOXBC4-ABXCD = ^ar + aC. 

But ABO, ACD, being right angles, (£uc. iii, 31,) we 
shall have 

Acn vTad'— i>c''), or V(^'— c*), and 
bd=\/(ad*— ab'), or V'(j:*— a*). 

Whence, by substituting these two values in the for- 
mer expression^ there will arise 



(i) This, and the UAHawiog. probteair caoBOt be cooctiuQ|«il 
gtomelncalLy, or by mcanft only of ligbt lioca and a circle, beii^ 
"wAvax the ancienta usually dendouaatcd solid pioblcms, Iroia the 
ciicumatance of tbeic involviug an equation of more than two di- 
^mensions ; in wbicb casea they geocially employed the cqom 
sections, or some of the higher orders of curves. 
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Or, by squaring each gide^ and reducing the result, 
a;»_ (<^ 4- ^« 4- <*)x=z2ahc. 

From which last equation the value of x may be found, 
as in the last problem {e), 

MISCELLANEOUS PROBLEMS. 

|>B0BLEM I. 

To find the side of a squdre^ inscribed in a given semi- 
circle, whose diameter i%d, ~ l , ^ 

Ans. -a ^5 

PROBLEM II. 

Having given the hjpothenuse (13) of a right angled 
triangle, and the difference between the other two sides 
(7), to find these sides (/). Ans. 5 and 12 

PROBLEM III* 

To find the side of an equilateral triangle, inscribed in 
a circle, whose diameter is d; and that of another cir- 
cumscribed about the same circle. 

Ans. |cf^3, and</^3 

PROBLEM IV. 

To find the side of a regular pentagon, inscribed in a 
circle, whose diameter is d, Ans. J(rf\/(10— 2v/5) 

(e) Newton, in his Unhersal Anthmetie, Fnglish edition, 1 728, has 
resolved this problem in a variety of different ways, in order to 
show, that some methods of proceeding, in cases of this kind, fre- 
quently lead to more elegant solutions than others; and that a ready 
knowledge of these can only be obtained by practice. 

(/) Such of these questions as are proposed in numbers, should 
first be resolved generally, by means of the usual symbols, and 
then reduced to the answers above given, by subiRtituting the nu- 
meral values of the letters in the results tbUt obtained. 
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PROBLEM y. 

To find the sides of a rectangle^ the perimeter of which 
shall be equal to that of a square, whose side is a, and 
its area half that of the square. 

A ns. a + ia >/2 and a~|a\/2 

PROBLEM VI. 

Having given the side (10) of an equilateral triangle, 
to find the radii of its inscribed and circumscribing cir- 
cles. Ans. 2.8868 and 5.7/36 

PROBLEM VII. 

Having given the perimeter (12) of a rhombus, and 
the sum (8) of its two diagonals, to find the diagonals. 

Ans. 4+^/2 and 4— ^^2 

PROBLEM VIII. 

Required the area of a right angled triangle, whose 
hypotjienuse is 3^*, and the base and perpendicular oi^ 
and x*. Ans. 1.029085 

PROBLEM IX. 

Having given the two contiguous sides ((z, I') of a pa- 
rallelogram^ and one of its diagonals ((/), to find the other 
diagonal. Ans. y:;j;2a«4-2i*— rf*) 

PROBLEM X. 

Having given the perpendicular (300) of a plane trian- 
^e, the sum of the two sides (1150), and the difierence 
of the segments of the base (495), to find the base and 
the sides. Ans. 945, 375, and 780 

PROBLEM XI. 

The lengths of three lines drawn from the three angles 
cf a plane triangle to the middle of the opposite sides, 
being 18> 24, and 30, respectively ; it is required to find 
the sides. Ans. 20, 28,844^. and 34.17(S 
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PROBLEM XII. 

In a plane triangle, there is given the has^ iSO), tbe 
area (796), and the difference of (be sides (lO)^ to fiad 
the aides and the perpendicular. 

Ans. 36^ 46^ and 33.261 

PROBLEM XIII. 

Given the base (ip4) of a plane triai^e^ the line that 
bisects the vertical angle (66), and the diameter (200) of 
the circumscribing circle^ to find the other two sides. 

Ad9« 81.36587 and 157.43865 

PROBLEM xrv. 

The lengths of two lines that bisect the acute angles 
of a right angled plane triangle, being 40 and 50 re- 
spectively, it is required to detmviine tbe three sides of 
the triangle. Ans. 35.80737, 47.40728> and 5:9^1143 

PROBLSM %V. 

Cfven the altitude (4), the base (8), and the sum of this 
sides (12), of a plane triangle, to find the sides. 

Ans. 6h — i/5and6 ^5 

3 5 

PROBLEM xvi. 

Having given the base of a plant triangle (15), its area 
(i45), and the ratio of ks other tm^ sides is 2 to 3, it is 
nquimd to detdrmios the leagdis «f ttese sidieft. . 

Am. 77915 md lijS&j^ 

PROBLEM XVII. 

Given tbe perpendiDDlM' (34), the line bisecting the 
tes«<40)» aad iha lioe biaecUng tkte vertical •ftg4e (^) 
to^t^nniae the triangle. 260 

Ant. lltebBso "7"^ 

Vtotti wbteh Ate other two sides may be readily found. 
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FSOdBi^BM XVUi. 

Oiveia the hypothenuse (It)) of a right apgkd triangle, 
4UBd t^ di^forence of two lines drawn from its extremi- 
ties to the centre of (*he inscribed circle (2J9 to deterimae 
the base aod perpendicular. Ans. 8.08004 and ^^447 

PRO'BLStt XIX. 

Having given the lengths {n, h^) of two chords, cut- 
ting each other at right angles^ in a circle^ and the dis- 
tance (c) of their point of intei'sectTOn frotti the centre, to 
deteroime the diaaieter of the circle* 

Ans. V'l8(a*+^«)+2c«} 

Two trees, Standing on an hoH^ontal plane, ave 120 
ifeet asunder ; the height of the highest of which is ]00 
feet, and that of the shoitest 80 ; whereahouts in tlie 
plane must a person place himself, 90 that his distaiMje 
froin the top of each tree, and the distance of the tops 
themselves, shall be all equal to each other? 

Ans. 20^/21 feet from the bottom of the shortest, 
and 40 \/ 3 feet firom the bottom of the other. 

FKOBLBM XXI. 

Having given the sides of a trapezium, inscribed in a 
circle, equal to 6, 4, 5, and 3, respectively, to determine 
the diameter of the circle. 

Ans. —-•(130x153) or 7Xi5l5gS 

PXOBLEM XXII. 

Supposing the town a to be 30 miles from b, b 25 
miles from c, and c 20 miles from a ; whereabouts 
must a house be erected that it shall be at an equal dis- 
tance from each of them ? 

[Ans. 15^.1 85>66 RiildB fr^aoMii 



260 APPLICATION, &c. 



PROBLEM XXllU 



Given the area (100) of an equilateral triangle abc, 
whose base bc falls on the diameter^ and vertex a in the 
middle of the arc of a semicircle ; required the diameter 
of the semicircle Ana. 20V^ 

PROBLEM xxir. 

In a plane triangle, having given the perpendicular 
ip), and the radii (r, r) of its inscribed and circamscrib- 
ing circles, to determine the triangle. 

/)— 2r 

PROBLEM XXV. 

Having given the base of a plane triangle equal to 2^, 
the perpendicular equal to a, and the sum bf the cubes 
of its other two «ides equal to three times the cube of the 
base 5 to determine the sides. 

Ans, a{2+-y/6)anda(^ j^6J 




THE END. 
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" The ol>fioaii utility of thiH plan in nurli %4 to MMfaln; no conment. Mr. HoriMiey ha« execniedil 
io a DiaonKr bighijr rrciliiabk to hit ingenuity and iiiduHtry: for be bas contrired not only to cnnci 
the proposed inflMmiatiou lo his yoaor naden, bat to Mend with it niidi niorml ajid lelfcioia inatnc- 

tion.** AMtirjM. 

THE PRONOUNCING EXPOSITOR; or, A NEW SPELLING 

BOOK. In Three Parts. By JOHN HORNSEY. In ISmo. Price S«. boond. 



THE CHILD'S 3IONITOR; or, Parental Instruction. In Fife 

Parts, contniniup gri at Variety of Progrenive Lessons, adapted to tbe Comprehen* 
•Ion of Children : calculated to instruct them in Readinip, lu the Use of Stops, is 
Spellinir, and in dividing Words into proper Syllables ; and at the same time to giTC 
them some Knuwledye of Natural Hifitory.of the Scrfptores, and of aeveral otter 
•abllme and imiiortant Subjects. By JOHN IIORNSKY. Fifth EidtHon, Price 4*. bd. 

'* This is one or the \t&n roncrived and mo-tt prantii-ally iifirful pub.irationa for chiMrrn that «( 
have aeen. The tiile-|i'.igr. Hnflirinntly explains the iiitiillificnt autbor'r. plan and desirn, and we cm 
stfcly assure our readers that he has executed them with equal bkill and Qdelity." Aiui-Jae» 



The SCHOLAR'S SPELLING ASSISTANT. Intended for the 

Uoe of Schools and private Taition. By THOMAS CARPENTER,Maater of Ike Acs- 
demy, Ilford, Essex. A new Edition, corrected and improved. Price Is, B4L bound. 

AN ENGLISH VOCABULARY, in which the Words are arranffed 

iadlscriminately ; desigiied as a Sequel to the Scholar's Spelling Assistant, for tiw 
Purpose of gfouudini^ younf^ Persons more effectually in Spelbnr and I'ronunci' 
ation. To which are added. Miscellanies (m the most useftil and interestuiir Sub- 
jects. By THOMAS CARPENTER, in l^mo. Price Sc. bound. 

POETRY for CHILDREN ; consisting of Selections of eaflv unci 
Interesting Pieces fhnn the best Poets, Interspersed itith Original Pieces; adapted 
to Children between the Age of Six and Twelve. By Miss AIKIN. Price 2». 

CLASSICAL ENGLISH POETR^, consistinjsr of from Three to 

Tour Hundred of the best short Pieces in the Langnake. selected for the Use of 
Schools and young Persons, from the Wi>rks of the British Poets, with some original 
Pieces. By Dr. MAYOR and Mr. PRATT; with a Prefhce, indlcatinf^ the several 
Species of Poetry, and their best Modes of Recitation. Closely printed in Duode- 
cimo* A New Edition. Price 6». bound. 

A SEQUEL to the POETICAL MONITOR, censistin|sr of Pieces 

Select and Original, adapted'to improve thtr Minds and Manners of Youbk PersttM^ 
By ELIZ. HILL. The Second Edition. Price dto. hovkud, ^^ 



FIRST LESSONS in ENGLISH GRAMMAR, adapted to the 

Capacities of Children, from Six to Ten Years nid. Designed as an Introdnctioa 
to the Abridgment of Murray's Grammar. Fifth Editi )n. Price 9d. sewed. 

An ABRIDGMENT of MURRAY'S ENGLISH GRAMMAR. 

with an Appendix, cont<iining Exercises in Parsing, in Orthography, in Syutai, 
and in Pnnctuation. Designed for the younger Classes of Learners. Sixty- 
fourth Edition. Price 1«. bomid. •. 

ENGLISH GRAMMAR, adapted to the diflerent Classes of 

Ijeam<*rs. With an Appendix, containing Rules and Observations fbr naslstlnjr Uie 
wnotT advanced Students to write with l\;Mpicuily and Accuracy. By LTNdLbT 
MURRAY. Thirty-second Edition. Price 4y. hound. 

An EWGLIf^H GRAMMAR., comTiTeViexMlm^ the PRINCIPLES 

Mnd niJLES of th^ LiANGU'AGK, mustraVed b-j a"5(VT«^T\^\A^"xtw«\»rA, ,^,ij^ ^ H^- 
to the ExerciHOH. By LINDLEY MUaB-AY. \u 4 \o\». S^o. 1\»»^»»»>j^ -BiKiaJw*. 
PMee U. u. in boards. „ . ,_. ^^ 

'nve are of opiuion, that this edition of Wr* MwraiH ^m«ilk oa 
^ ntumruM, ukl wUl not fdU to ebnin U.** Urtt* Cru. 
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£NOLISH EXERCISES, adapted to MURHAY'S EN^OJSH 

Q9.AlUi4&; consiatin; of Exemplificationa of tbe Parts of toeech. Instance! of falav 
Orthograpliy, Violations of the Rules of Syntax, Defects m Punctuation, and Vio- 
laiiunn of the Rules respecting Perspicuity and Accuracy* Designed for tbe Beofeflt 
•f privafte Ejearaers, as well as for the Use of Schools. Twenty-sixth BiiHon. 

A KEY to the ENGLISH EXERCISISS ; calculated to euabW 

private Learners to become their own Instructors in Grammar and rmapniiiliiwi 
Fonrteenlta Edition. Price 2g. 6d, bound. The fixercises and JC#y may be had 
togetiier. Price 4«. 6d, 

GRAAIMATICAL QUESTIONS, adapted to the Gramwar of 

lilNDLEY MURRAY, with Notes. By C. BRADLEY, A. M. Brice fU.€d. 
The Third Edition, censidermhly impmed. 

** W« have bo beHitatiua in reoomraeniiintf theue <hii>ri<m« to »U tlMss who me MomflsiSni 
As aoies, wbkli dmovat c«sMU«nble reatuiic aod digriwiastion. are pasticiilwiy wMChy 4»f 
tion." Anit-Jac. -» ■- 

RULES for ENGLISH COMPOSITION, aad partiouUurly for 

Vhewies. Desired for Uie Use of Schools, aad ia aid ef Self-instmctien. ByJ^OIUI 
RIPPINGHAM, Private Tutor at Westminster School. Tbird Edit. lalvoi.tSmB* 
Prii^e ^. boards. 

THE ART of ^EXTEMPORE PUBUC SPEAKING, including 

a Course of Dincipllne fbr obtainiu^ the FacolUes of Piscrimination, Arraaj^emei£ 
and Oral Discussion ; desig-ned for the Use of Schools, and Self-lnrtructioB* k 
40HN ftlPPiKGHAM. Third Edition. Price M. ia Boards. 

RUDIMENTS of ENGUSH GRAMMAR, for the Use of Schools. 

By the Kev. HENRY ST. JOHN BULLEN, M. A. of Trini^ College, Cambridfire, 
and Head Master of the Grammar School; Lieicester. Third Bdit. Price a«.«tf. bd. 

A SHORT GRAMMAR of the ENGLISH LANGUAGE, sim- 
plified to the Capacities of Children. In Four Parts. 1. Orthq^ajihy. S. Aaalctty* 
a. Prosody. A. Syntax. With Bemarks and appropriate Questions.— -Also, an Ap« 
pendix, in Three Parts. 1. C^mmatical aesofutioas, &c. 2. Fidse SsrntaS^ Ac* 
S. RfUes aad Observations fbr assistiag yoong- Persoas to speak aad write witih 
Perspicuity aad Accuracy. By JOHN HOiLliSliV. A siew Editioa, coviectod aad 
-greatly improved. Price 9«. bound. 

ENGLISH EXERCISES, Ortliogra{>liical and Grammatical, in 

Tvo Parts : being- a Selection of choice Pieces in Prose and Verse. With many 
original Beflections, &c. designed to improve ttte Juvenile Mind in Spellhs iii||i 
Grammar. By JOHN UORNSBY. In 16mo. Price Is. bound. 

AN ABRIDGMENT of HORNSEVS ENGLISH GRAMMAR: 

desired for the Use of Children, from Six to Tea ¥aan of Age ; with aa AppeadU, 
containiug 1^7 Questions appropriate to the TexL The 2d Edit. Price 9d. 

THE CLASSICAL ENGLISH LETTER WRITER; or, EPIS- 

TOIiAllY SELECTIONS, designed to improve Young Persons in the Artof LeUer- 
writing, and in the Principles of Virtue aad Piety. With Introductory Bales and 
Observalions on Epistolary Composition ; and Biographical Notices ot the Writers 
from whom the Letters are selected. By the Auttior of LBSfiONS for YOUNG 
PERSONS in HUMBIiE LIFE, 6c. &c. la ISmo. Price te. bound. 



An UNIVERSAL FRENCH GRAMMAR, beit^^ an aceiinUe 

System of French Accidence and Syntax, on in improved Plaa. By NICHOLAS 
OAlfEL. AKewBdition. Price ««. bound. 

<« or the iDMiy excel&eDt Freach Grammsrs now in lu^ this is uiOBf the hot."—*' It i$ both cofi- 
pretaeiMve uuX coi»cise» asd is as well adapted as moa Onunmsrs for the ne of schodls.^^— " He ui 
composed his work on sound principles aad exactdefinitions.**— "Hishoo;; demands OMrcosDiwadscisti.' 

GRAMMATICAL EXERCISES upon the FRENCH. V«K^ 

OUAQE, compared with U»e EagUsk. By VIGHDIAA UIOKSiYu ^Xa^ v^^Qt^^^ASid^ 
with jyaal Improremeafs. PHce 4«. bcMUid. 

CLEF, on THEMES TRADUITS ^ \«l ^^^^^^^S^^ 
COIJUS HjUOBL^ 4l'aprea PjSditicm »t4vteiyi»a» \iiVttao. Tfii-c* «»• w»«»* 



4 Sck99l B09ktf prinUif^r Lmigm&m amd C&. 

INTRODUCTION AU LECTEUR FRANCOIS : ou, Recnel 

4e Pieces chciiaet : avee l*ExpllcatioB def Idiotl«inei et dee Fhraeea ^in^yp, ^ 
•*y trouvent. Par LINDLEY MURRAY. In limo. Price S». BdU boond. 

LECTEUR FRANCOIS: ou, Recueil de Pieces, en Prose et ei 

Veru, t\He% des Meilleun Ecriralns, jpour aerrir a perfectionner lea jeoaet Geei 
dani la Lecture ; i etendre leur Coououance de la Lancae Fmncoiae ; et 4 learia- 
cal(|aer des Priucipea de Vertu et de Piet6. Par LINDLBY MURJiAY. Fovtt 
Edit. Piice h». boiuid. 

1 HB WORLD in MINIATURE, containing a curious and faitbfiil 

AccnuDt of the Ritunlion, Ezt«'iit, Productions. Government, Population, DrOi 
Manners, Cnriottitiea, Ac. &c. of the different Countries of the World : GOBpflsl 
trom the best Authorities; with proper References to the most eaaentlal Ralei of 
the French Lfiii{;-ua^i* |»rci}xrd to tue Work, and the Tranaiation of the dUBciU 
Word.4 and iditMnnlirai BxpreHtionN; a Bo<ik particularly useful to Siodents in Ges* 

Eipliy, Ili<itiiry, nnd of the French Lian^age. By NICUOIjAS HAJAEIj. Fooitt 
iiion. in I vol. IJino. Pric«* 4«. 6d. bound. 

A KEY to CII/\MB4UD'8 EXERCISES; being a correct Trans- 
lation of the various Exercises contained in tliat Book. By E. J. VOISIN. Foortfc 
Edition. Price 4«. bound. 

An KXPLANA TORY PRONOUNCING DICTIONARY of the 

French language, in French and English; wherein the exact Bound andArti- 
Culntifin of every Syllable are distinctly marked (according to the Method adopted 
bv Mr. Walker in bU Pronouncing Dictionary) ; to which are prefixed the Principles 
of the French Pronunciation, Prefatory Directions fbr using the Spelling Repre* 
tentative of every Sound, and the Conju^tion of the Verbs, regular, irregular, asd 
defective, with their true Pronunciation. By L*ABBE TARDY, late Master of Am 
in the University of Paris. A new Edition, revised, in 19mo. Price 7#. bound. 

RULES for PRONOUNCING and REAITING the FRENCH 

LANGUAGE. By the Rev. ISRAEL WORSLEY. The Sd Edit. In 19ino. 2f . bound. 
" This ilule vorune, wth a title to ■oiMaming, ha» the rare merit of perfoming more tbtn u 
promlwi. >iVe hope that thii little work will meet what it deiervcii ezteniiTe approbation and adop- 
tion.''— fc/<efic Review f titv, IIH. 

A FRENCH DELECTUS; or SENTENCES and PASSAGES 

collected trom the most esteemed French Authors t designed to facilitate a Know- 
ledge of tlie French Tongue. Arranged under the several Heads of the Parts of 
Speech. Together with uroinlscuous Passages and Idioms. By the Rev. ISRAEL 
WORSLEY. The ad EdR. corrected and enlarged. In ISmo. Price te. bound. 

A SEQUEL to the EXERCISES of Chambaud, Hamel, Perrin, 

Wanostrocht, and other Grammars, being a Practical Guide to translate from 
English into good French on a new Plan with Grammatical Ifotea. By G. H. POP- 
FLETON, ill ISmo. Price .{«. bouud. 

A KEY to POPPLETON'S FRENCH EXERCISES; being a 

Translation of the various Exercises contained in that Book. In ISmo. 8#. oA bound. 



ilatin itansuage^ 

WARD'S LATIN ACCIDENCE. Price U. bound. 
WARD'S LATIN GRAMMAR. Price 2j. 6rf. bound. 
EXERCrSES to the ACCIDENCE and GRAMMAR: or, an 

Exemplification of the several Moods and Tenses, and of the principal Rules of Con- 
itruction ; consisting chiefly of Moral Sentences, collected out of the best Roman 
Authors, and translated into English, to be rendered back into Latin, the Laliu 
Woids being set in the opposite Column, with References to the Latin Syntax ; and 
Notes. By WILLIAM TURN^^, M. A. late Master of the free School at Colchet* 
ter. The Twenty-second Edition. Prices*, bound. 

TERMINATIONES et EXEMPLA DECLINATIONUM et 

CONJUGATIONUM ITEMQUE PROPRIA QUiB MARIBIW, QUA GENUS et AS 
IN PRJS8BNTI, Englished and explained, for the Use of youny Oraumarians. 
Opera et studio CAROLI HOOLE, M. A. E. Col. e Oxon ScholarcUB ollm Rothra- 
mlensis erro Ebor. In 18mo. Price 1«. 6d. boiuid. 

Ad alphabetical KEY to PROPRIA CiVM MARIBUS, 

QUJB GENUS, Md AS IN PRiBSENTl, coulaV^AC i^\.^^JS^?'^«« decUncd 
•ad irmiulated, with the Rules q»o\«A ^KJ*** •¥^\*c\SS?^SSS ^SlI^^S^ ^ 
*• Cffuiext. A new Edition, wljb J^^^^«^,*\l\"^^l^^^S2a!*^*^ 
^ady made Easy, Scarnilng E»wJ*«U ^S.Va/'" ^^^..^3?^J,JS• iJSSt^^ ^ 
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THE BTON LATIN PROSODY, illuitfaUd wiOi English Ex^ 

- planations of the Rules and Authorities from the lAtia Poets. By J. CAHBY* ULtXi 
ISmo. 1$, 6d. Bd. 

A METRICAL GUIDE to the right Intelligence of Virgil's 

Versification. By J. CAREY, IiL.D. lSmo.l«.6d. 

SCANNING EXERCISES for YOUNG PROSODIANS, con- 

tainm^ the first two Epistles from the Electee ex Ovidlo, scanned and prored by 
uie Rules of the Eton Grammar, and interspersed with occasional Remarks.: By 
J. CAREY, LL. D. Price 4*. bound. 

THE LONDON VOCABULARY, English and Latin, designed 

for the Use of Schools. By JAMES GiREENWOOD, formerly Sur-master of St. 
Paul*s School. Revised and arranged systematically, to advance the Learner in 
scientific as well as verbal Knowledge. By NATHANIEL HOWARD, Author of a 
Systematic English and Greek Vocabulary, &c. &c. A ne^ Edition, in 18mo. Price 
1«. Qd* bound. 

INTRODUCTORY LATIN EXERCISES to those of CLARKE, 

BLLTS, and TURNER; desifned for tho younger Classes of Learnen. By N. 
HOWARD* Author of a Latin and Greek Vocabulary. In ISmo. Price 9$, id, boatoA. 

MAITTAIRE'S CLASSICS. 
C. J. CiBSARTS COMMENTARIT, 12mo. Price bs. dd. bound. 
C NEPOS, I2ino. Price I «. 6rf. bound. 
8ALLUST, 12mo* Price 2t. 6if. bound. 
VIRGIL, 18mo. Price 3». 6rf. bound. 
OVIDII EPISTOLiE, 18mo. Price S». 6rf. bound. 
WOSM ANGLICANiE, 2 volg. 12mo. Price 7«« bound. 

<dtttk i^mtsu^^^ 

WARD'S GREEK GRAMMAR. Price 2». 6d. bound. 

A GRAMMAR of the GREEK LANGUAGE, on a New and im- 

prored Plan, in Enf^lisb and Greek. By JOHN JONB8, Member of the Philolofidld 
fiociety at Manchester. Neatly printed in ISrao* Third Edit. Price (W. Bd. Bound. 

INTRODUCTORY GREEK EXERCISES, to those of Neilsoii, 

Dunbar, and others t arranged under Models, to ataift the Learner. By NA« 
THANIEL HOWARD. In limo. Price b»» dd* Bound. 

A VOCABULARY ; EnijUsh and Greek, arranged systematically, 

to advance the Le^^rner in scientific as well as Verbal Knowledge. Designed for the 
Use of Schools. By NATHANIEL HOWARD. A new Edition. In ISmo 8g. bound. 
*^ The Greek language ia so copiout. that few pcrsous ever matter the vocabulary. The ftresrat «r«rk 
it ttell calculated to c:Cpedite the knowledge of those terntii of Mtttfal history, oT art, ami »ci«tace, 
which are commonly the last learned, and the first forgotten." 

DELECTUS SENTENTIARUM GR^CARUM ad USUM TI. 

RONfJM ACCOMMODATES; cum Notulis et Leflco, on the Plan of Dr. Yalpy*a 
Latin Delectus. ¥1fth Edition. In I3mo. Price 4r«. Bound. 

GREEK EXERCISES, in Syntax, ElUfwetf, Dialects, Prosody, 

and MetaphrascB, (after the Manser of *« Clarlc6*s and Man*8 Introduction to tte 
naking of Latin,**) adapted to the Oranunan of Eton, Wettenhall, Moore, Bell, 
and Holmes. To which is preSzed, a concise but compreheasive Syntax. By ffce 
Rev. WILLIAM NEILSON, D. D. Minister of Dnndalk, Ireland. Tl\« ^v^^!ft.^j&&x, 
• In 1 Tol. aro. Price bs. in Boutto, and with Uie Ito^, YtVaa ^.^ 

" Tills work ■trlclly fuiJiU the profewtona ot \Xie x«X*-v^O» 

GREEK JBtOMS, exhibited in aeXect IPwwsl^^ ^«j^ 1?^^^I 
^•Oito9fd[|«nw<>f«fteare6kXiaiMi«a7^1l^yUMlMnr%Y(.l&^V]^ **'^* 
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A KEY to the GREEK EXERCISES. By the Rev. WILUAl 

nil^BON, D. D. M. a. I. A. In 8vo. Price 8*. in Boards. 

MAITTAIRE'S CLASSICS. 
HOMER, I2mo. Price 7s. bound. 
GREEK TESTAMENT, l2mo. Price 4«. bound. 



An EASY GRAMMAR of GEOGRAPHY, bein^ an f ntrodncdon 

and Companion to tbe larger Work of the same Author, publi^ed under the Title 
of ** Georraphy on a popular Plan,** and esteemed the most practical Worii of 
this Kind extant. By the Rev. J. GOIiDSMITH. The Sixtieth Edition. OIm- 
trated with a Variety of Maps, Ac. Price Si, 6d. bound in red. 

GEOGRAPHY on a POPULAR PLAN, for the Use of SCHOOLS 

and TOUNO PERSONS, containing all the interesting and amusing- Featiires of 
Geographical Knowledge, and calculated to convey Instruction by afeans of the 
striking anil pleasing Associations produced by the peculiar Manners, Customs, 
and Characters of all Nations and Countries. By tiie Rev. J. ROLiDSMITH. A 
new Edition, considerably enlarged and improved, illustrated with upwards of 
Sixty beautiful Engravings, representing the Dresses, Customs, and Habitationi 
of all Nations, with numerous Maps, &c. Price lbs, bound and lettered. 

An ABRIDGMENT of Mr. PINKERTON'S MODERN GEO- 

ORAPHY ; and Professor VINCE'S ASTRONOMICAL INTRODUCTION. In 1 lai^ 
vol. 8vo. with a Selection of the most useful Maps, accurately copied f^om those in 
the larger Work, all which were drawn under the Direction and with the latest 
Improvements of Arrowsmith. Third Edition. Price ISs, bound. 

PINKERTON'S SCHOOL ATLAS, containing? 21 Maps neatly 

coloured. Price 19«. half>bound. 

A New TREATISE on the USE of the GLOBES ; or, a Philoso- 

Shical View of the Earth and Heavens ; comprehending an Account of the Figure, 
lagnitude, and Motion of the Earth ; with the natural Changes of its Surface, 
caused -by Floods, Earthquakes, &c. designed for the Instruction of Youth. By 
THOMAS KEITH. In 1 vol. 12mo. with Plates. Fifth Edition. Price 6t. Boards. 

TRAVELS at HOME, and VOYAGES by the FIRE-SIDE ; for 

the Instruction and Entertainment of Young Persons: complete in 5 vols. Igmo. 
Ccontaining Europe, Asia, Africa, and America,) Price 16«. half-bound. 

'* With hiapH and globes, aided by thii little work, youn? penons may travel for knowledge at 

home, and make voyairefl of aiscovery by the Are-side. Aa we have not often met with eqaallT utefol 

works, we recommend tliis to the notice of those who have tbe care of young people."~-c>i/ifs/ 

Xmievft Mwf 1614. 

Vols, ff to 5, including Asia, Africa, and America, may be had separate. Price 9f. 

A SKETCH of MODERN and ANTIENT GEOGRAPHY, for 

the Use of Schools. By SAMUEL BUTLER, D. D. Head Master of the Royal Free 
Grammar School of Shrewsbury. Fourth Eklition. In 8vo. Price 9«. Boards, 

OUTLINE MAPS of ANCIENT GEOGRAPHY, printed on 

Drawing Colombier, price 1(>«. 6(/. being a Selection from D*Anville*s Ancient 
Atlas, intended as Practical Exercises for the Pupil to fill up, and designed aa aa 
Accompaniment to Dr. Biitler*s Sketch of Modern and Ancient Geogra|<by. 



An INTRODUCTION to the GEOGUAPWi ^^ Wt^^VT T^8« 

TAMENT; cornvriaing a Summary GhronologVcaV auA «^ovra3^^iV&«\ N\«^ ^ ^ 

«^Miion, and an accented I«f« 5 Prti^^P^iJ^^»^'^tx^,^^^ 

»«^ and far the Sunday Bmpl<>y™|!\\2l- iSte <*• \Sajda, 

' VOL A2Mno, with MaM, jfourthBdltloa- Pirtc© %•• w>»*«» 
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BIODERN GEOGRAPHY. A Description of the Empires, Kinff- 

ins. States, and Colonies; with the Oceans, Seas, and Isles, in all Parts of the 
World ; including the most recent Discoveries and political Alterations. Digested 
on a new Plan. By JOHN PINKERTON. The Astronomical Introduction by the 
'Rev. S. Vince, A. M. F. R. S. and Plumian Professor of Astronomy and Experi- 
mental -Philosophy, in the University of Cambridge. With numerous Maps, drawn 
'^mder the Direction, and with the latest Improvements of Arrowsmith, and eii- 

Kaved by Lowry. To the Whole are added, a Catalogue of the best Maps and 
toks of Travels and Voyages, in all Languages ; and an ample Index. A new 
Sditlon. In 3 vols. 4to. Price bl, &s, in Boards. 

" Mr. P. haB presented ui with a production, which we need not be ashamed to owo as «r British 
growth, which is not a mere booksellers job, bat is the fruit of the perseverinr study of a majB of lettoi, 
•nd ban been conducted on the principles and for the advancement of science.'' M. Rev. 

INSTRUCTIVE RAMBLES through London and its Environs. 

By Mrs. HELME. The Sixth Edition, complete m one vol. Price %8, 6tf. bound. 

'* Much topographical and historical knowledge is contained in this Toliune, mingled with pertinent 
nflections." CriLRev. 



A COMPENDIUM of GEOGRAPHY, for the Use of Schools, 

Private Families, and those who study this necessary Science. By RICHMALi MAN6- 
KALL, Author of " Historical Questions,** in 13mo. Price 9«. bound. 

GEOGRAPHY for YOUTH, adapted to the different Classes of 

learners. By the late Rev. JOHH^ HARTLEY. In l8mo. (the Third Edition), 
Price. 4«. 6d. bound. 

This Work is constructed upon a plan entirely new ; and comprises a great mass 
of information, compressed into a narrow compass, and stated in a way eminently 
calculated to rivet it in the memory of the learner. Observations are occasionally 
added, for the use of more advanced pupils ; and questions for exanination are 
placed at the foot of each page* 



HISTORICAl. and MISCELLANEOUS QUESTIONS for the 

Use of Young People ; with a Selection of British and General Biography, &c. By 
RICHMAIi MANGNALL. The Fourteenth Edition, in ISmo. Price 6«. bound. 

An ABRIDGMENT of UNIVERSAL HISTORY. Adapted to the 

<7se of Fafnilies and Schools, with appropriate Questions at the End of each Section. 
By the Rev. H. I. KNAPP, A. M. In I vol. i2mo. Fourth Edit. Price 6*. bound. 

"This abridgment is executed with much judgment, knowledge, and propriety;— a due sense of pro- 
portion is observed ; the details expand as the events become important, and« morality religioosly tole- 
rant anil politically passive pervades the reflections." M. Rev, Nov. 1810. 

THE HISTORY of ENGLAND, related in Familiar Conversa- 
tions, by a Father to his Children. By ELIZABETH HELME. Fifth Edition. 
In 2 vols. 18mo. 9«. bound. 

LETTERS on FRENCH HISTORY, from the Earliest Period to 

the Battle of Waterloo, and re-eatablishmeiit of the House of Bourbon ; for the Use 
of Schools. ByJ.BIGLAND. Inl2mo. 6t. Boards. 

LETTERS OB ENGLISH HISTORY, from the Invasion of 

Julius Ciesar to the Battle of Waterloo ; for the Use of Schools. By J. BIGLAND. 
Inismo. Brice 6f. boards. 

THE HISTORY of EUROPE, from tViePeskC© ^^ va'^iXft W^^ 

oflSU: exkibiting a View of the Commotio^ \u ^o^^«^^^ »P^ '^'^^SSflSS^ ^ 

b0twBett Ruaaia, AnaUia, the Ottoman Porto,- and S-wodcii, ^ t^fS^Si YiflK^^ 

^fMgdpm of Poland, tbe Revolntioa of Fraxw:©, a»A.\Xie ;* JVLTvxi.'fewatoiV' 

cmededfirom that extraordinary Event, wiUitbe TeceTvt.1^«voJ>a«fw vsw^^ 

MaU aad Sweden. JBy JOHN BIGLATn>. laavoUi-^X^- ^xifc* vw 



6 School Booksy pruUedfor LongmMn mnd Co. 

UNIVEIWAL HESTOBY, in Twenty-four Books, trAoalatea from I 

tlie GemiMi of John Mfiller, in S vols. 8to. Price \l 16«. boards. ^ 

This irotk is not a mere coiniientliutn oF Universal History, but contidiis a Wio- 
■ophlcal Inquiry into the Moral, and more especially Uie PoliUcal Causes vMek 
tiare giTen rise to the most important Revolutions In Ui€ History of tke Rism 
race. 

A CONCISE VIEW of the CONSTITUTION of ENGLAND. 

By OEORGB CU8TANCE. Third Edition, Improved and enlsunred. •ro* Fritt 
10«. 6d. Boards. 
•* We BMt MMxnkj roiifnUnlaic Uw PtiMic en the appesrSMe of s wortc, wUdi we csa ssMy ! 
' ss m\\ ikted to tupirty a chasa la oar tyMcat of paMie iiMtraction." 



A CONCISE HISTORY of the JEWS, from the Time of their 

Be-eatabllnhnent, by fisra and Nebemiab« after ibe Babylonish Capthrfty to tltt 
I>estractioM of Jernsalcm by the Romans; formini; af Connection batweentheHii* 
tory of the Old and New Testaments. By the Rev. JOHN HEYirLETT, B. D. In 
ISmo. Price 0«. In Boards, with a Map of Palestine. 

An INTRODUCTION to the STUDY of CHRONOLOGY and 

UNIVERSAL HISTORY. By WILLIAM JILLARD HORT. In ISmo. 4«. Boards. 
The NEW PANTHEON ; or, an Introduction to the Mythology of 

the Antients, in Question and AuHwer. Compiled principally for tbe Use of Femalev 
By W. JILLARD HORT. The Fifth EdHioa, considerably oalar^eif. M'itb 
Plates. Price 5^. M^ bound and lettered, 

*<The New Panthetin in scrupulously delicate; it is also well arranged, and wCU written.** Bcfee.Kn. 
"It would be uiuiwt not to i«coBun«:ad tbii work u an elegraiU and aaeiul cooipaniott to yoaas ptfsoni 
•r both lexet.*' Gint.Mag. * — ar- 



THE UNIVERSAL, BIOGRAPHICAL, HISTORICAL, and 

CHRONOLOGICAL DICTIONARY, includinip Thirteen Thousand Lives of eminent 
Persons of all A^esi and Nations, the Succession of Sovereign Princes, and above 
Twenty-five Thousand Datt^s, revised, enlarged, and brought down to tbe present 
lime. By JOHN WATKINS, LL. D. Price 90«. Boards. 

THE BRITISH NEPOS, consisting of Select Li^es of the iUus- 

trious Britons who have b(;en the most distinguished for tbeir ^rtued. Talents, or 
remarlcable Advancement in Life, interspersed witli practical Reflections; written 
purposely for the Use of young Persons, on the obvious and Important Principle— 
that eaoampU U more powerful atid tnor* seductive than precept. By WILLIAM MA> 
VOR, LL. D. The Thirteenth Edition. Price 6«. bound. 

A SELECTION of the LIVES of PLUTARCH, abridffed for the 

\he of Schools. By WILLIAM MAYOR, LL. D. Ac. Price fl#. bound, and con- 
taining Accounts of the undermentioned Personages, tbe most iUnstrioos t^^ ettlnia- 
ble Characters of Antiquity. 



3RrU0ion, anH^otalsr^ 



TRUE STORIES; or. Interesting Anecdotes of Children, desimed 

through the medium of Example, to inculcate Principles of Ylrtoe and ""irtrflvM-nni 
EdJtioD, Price 9s, 6d, in Boards, embellSshed with an emblematical F^ontlspl^ir 

TRUJ^ STORIES; or, Interest Xxiec«Vo\ea «^ XqqsikV«imui^^ 

w4f»0sf tkrowuch the medium of BzampU, to VncAcatibY^ari^vA aff ^^Vt^aia %»« 
'<r. Ji!rttoXitborof<'X«MtoiiafioryouBBPcKWM\»bBsm^'\A\M6r^V ^^"tt*" 



School Booktf printed for Longman and Co* 

lESSONS for YOUNG PERSONS in HUMBLE LIFE, calcu- 

lated to promote their Improvement in the Art of Reading, in Yirtae and Piety, and 
particalarly in the Knowledge of the Duties peculiar to their Stations. The Third 
iMUtifm. FHce U, Boards. 

HINTS OQ the SOURCES of HAPPINESS. Addressed to her 

Children by a Mother. Author of ** Always Happy,** Ac. In s Vols. ISmo. 
Price 18*. Boards. 

A FRIENDLY GIFT for SERVANTS and APPRENTICES; 

contaming the Character of a good and faithful Servant, Advice to Servants of 
•very Denomination ; Lietter fTom an Uncle to his Nephew, on takis^ him Appren- 
tice ; and Anecdotes of good and faithfbl Servants. By the Author of **Iiessons for 
yovuag Persons in humble lafe.*' The Fifth Editiou. Price 9d. 

ROSE and EMILY ; or, Sketches of Yputh. By Mrs. ROBERTS, 

Author of Mental Telescope. The Second Edition. In 19mo. Price bt. 6rf. Boards. 
"J^ ffcii^nl Btyle of this work it easy and muiffected ; the characters are well discriminsted, and 
contruted; the ' History of a Faded Beaaty > is iippressive: and the whole publication is moral and at- 
tnetife," Mon, Rev. / -rr . 

PITY'S GIFT ; a Collection of interesting Tales from the Woiks of 
Mr. Pratt. In 1 vol. 13mo. embellished with Wood-cuts. Third Edit. Price lis. bd. 

MATERNAL INSTRUCTION; or, Family Conversations on 

moral and interesting Subjects, interspersed with History, Biography, and orig^inal 
Stories. Desired for the perusal of Youth. By ELIZABETH lUBIiME. Third Edit. 
In ISmo. Price U. Bd, in Boards. 

THE PATERNAL PRESENT ; being a SEQUEL to Pity's Gift ; 
chiefly selected from the Writings of Mr. Pratt. Second Edition, with 11 Wood- 
cats, Price 8». boimd. 

The FLOWER BASKET, a Fairy Tale. In 18mo. with a 
Frontispiece» Price 2t, 6d, Half-bound. 

LETTERS addressed to a YOUNG LADY, wherein the Duties 

and Characters of Women are considered chiefly with a Reference to prevailing 
.O|^nions. By Mrs. WEST. Fourth Edition. In 3 vols. 19mo. Price II. U. Boards. 

** We do not venture without mature deliberation to ansert, that not merely as critics, but as parents, 
hiislMUidSj and brothers, we cau recommend to the ladies of Britain, * The letters of Mrs. WestV Cr, Rtv» 

LETTERS addressed to a YOUNG MAN, on his first Entrance 

Into Ldfe ; and adapted to the peculiar Circumstances of the present Times. By 
Mrs. WEST. The Fifth Edition. In 3 vols, l^mo. Price I^. U, Boards. 

« This work appears to us highly valuable. The doctrines which it teaches are orthodox, tempentte» 
uniform, and liberal; and the manners which it recommends are what every Judicious parent would wish 
his son to adopt." Brit. Crit. 

SCRIPTURAL ESSAYS, adapted to the Holidays of the Church 

of England.; with Meditations on the prescribed Services. By Mrs. WEST. In 8 
Tols. iSmo.'Price \2$. boards. 

SERMONS for SCHOOLS, containing one for every Sunday in the 

Tear ; and also for Christmas-Day, Good-Friday, Easter-Sunday, and Fast-Days ; of 
lenrths and on Subjects adapted to Young Persons of either Sex : selected and 
abridged from Home, Blair, Gisbome, Zollilcofer, Paley, Porteus, Jortin, Enfield, 
Horsley, Seed, &c. Ac. Fourth Edition. By the Rev. S. BARROW, 7«. bound and 
lettered. 

THE POWER of RELIGION on the MIND, in Retirement, 

AfllletSon, and at the Approach of Deatli ; exemplified in the Testimonies and Ex- 
perience of Persons distinguished by their Greatness, Learning, or Virtue. By 
IiINDIiBY MURILAT, Author of English Grammar, &c. T^« SVsXj&^^G^aoL'^iiafi&iciGw. Vc«. 
one Volome lamo. Price 5t. bound ; or in Svo. PT\ce \^.'^«s^» 

The DUTY and BENEFIT o€ a I>A\\7i ^^^^^^^1^ 

9Lr aCRiPTURSa inFAMmmS. BylilNDIiSY ^A3B»A.X,K»ttx«^«*«^^e*=* 



10 Seko^i B^0k$y prinMLfwr Lmigmmn mnd Co» 

A SELECTION fnvni BISHOP HORNE'S CO]»IM£NTARY 

Ml tb« P8AUIB. By UNDLEY MUXlftAY, Aathor of an En^lub Grammar, &c Ii 
1 vol. Umo. Pi ico bi. boards. 

** \V^ h»ii' no tie<Mtitioii iu luyiuf that thotie Toiinfr fMrnons ot ettbn* mx who will utbtatMtf penw 
thrw i^ltHrtJoDh, will not iail to bav^ koidc good tlioughtii imprewed apon ttidr wiiday aud umtt §mi 
detiTM excited io tiMtr ht^arti.^ Cn<. /trii. 

THE HISTORY OF ALL RELIGIONS, with ExplanatioM 

of the DoctrineN and Order of VVor-'hip, as held and practiiiedby all the Denourina* 
tiona of profeHninj? Christians ; coinprebondiiifr a Series of RcKearches explanatory 
of tb« Ofi^wms <'4fROM», AMD RRpaunTATTVE WoBSBiP IK TUB CHuacHju which hftie 
been estahllahcd firoui tlie befpnulng of Time to the (Commencement of tbe Cbrisliu 
Diapensatloa : citntaiuin;; much Information on BibUcal Literatnre, at tius Day 
unknown. By JOHN BRLLAMY, Author of the Ophion, aud Btblk-Hl Critlciaw la 
the riassical Joumnl. With considerable A Iterations and AdditioHs,1n l^wio. Prict 
fis. and in bro. fine Pai>er and Ilotprcssed, Price 10s. cd. Boards, the Seeond 



Sidt^nutity USaok^fieepmg, Crate, anb Cammtm* 

THE ARITHMETICIAN'S GUIDE; or, a Complete Exercise 

Book, for the V^e of public Schools and private Teachers. By WIU^ AM TAYU)Ri 
Teacher of the Mathematics, Ac. A New Edition, I imo. Price S«. bound. 

An INTRODUCTION to PRACTICAL ARITHMETIC, in Two 

Parts, with various Notea and occasional Directions for the Use of Licamers. By 
THOMAS MOLINEIJX, many years Teacher of Accmiu. -, Sliort-hand, and tbt 
Mathematics, at the Free Grammar School in Macclesfi' lil. The Eig;-hth E JitioB, 
iu l:emo. Part I. Prico 2g. 6d. bound Part II. Third Ed*l. it, Gd. bound. 

The MEUCANTILE LETIER-WRITER; or, COMMER- 
CIAL corrrspon dent ; conlaiain^ a Series of Letters on Busincas; compra* 
bending almost every Subject which occurs in the Countii>^ House, for the Use of 
Commercial Schools. With an Introductiou, containiup; Remarks on ifae Stylf and 
Manner of Mercantile Letter- VVriliiig. By JAMES MOURISON, Accouutant, 
Master of the Mercantile Academy, Leeds; nud Author 'f the Cummcrcial Arith- 
metic; Elements ol' Book-keeping, &c. Tn iSmo. Ncarl^freadtf, 

THE ELEMENTS of BOOK-KEEPIN?; hy SINGLE and 

DOUBLE ENTRY ; comprising several Sets of Books, nr' -inged according to pccieat ii 
Practice, and designcfl for the Use of Schools. To whu-h is annexed, an Intn^die* 
tiononMerchants* Accounts, with engraved Spcciuicus. By JAMES MORBISON. 
Third Edit. In 8vo. price &«. 

A CONCrSE SYSTEM of COMMERCIAL ARITHMETIC, 

adapted to minlern Practice. With an Appendix; containing a Series of Series 
on Bills, and Merchants* Accounts: comprising the Sub.itance of the Mercantile 
Law and Practice, with regard to the Nature and Negotiation of Drafts; and 
foreign Bills of Exchange. By JAMES MORRISON. In l^mo. 4«. 6iZ. bound. 

A KEY to MORRISON'S COMx^IERCIAL ARITHMETIC, in ' 

which are given the Mode of Arrangement, aiul Solution of every Question and ' 
Exercise proposed in that Work, comprising a System of Mercantile Calculation, 
according to Modern Practice. By JAMES MORRISON. In Hmo. Price St. Bound. 

THE ARITHMETIC of REAL LIFE and Rl^SINESS, adapted 

to the jiractical U^eof Schools, iucludiug a complete Reformation of all the Tablet 
of Weights and Measures: the Calculation of Annuities, Lease«» Estates, Lives, 
Stocks, Exchanges, &c. ; and axire numerous Examples under every Rule, than are 
to be found in any other Book ufthis Kind. By the Rev. J. JOYCE. Price 3«. 6d, 

A KEY to DITTO, frr tlie Use of Teaclici-s ; to which is subjoined, 

a System of Mental Arithmetic. A New Edition. Price 3«. f^/f. bound. 

Inttic KKYto JOVi K'S ARITHMETIC, is riven a new and «(!rv uocful dJHCoverv by meant of 
which, all Sums in the Fir»t Rules of Arithmetic, HJiuple or conipounJ, may be examined at a glancs 
of the eye. 



The FIRST ELEMENTS of ARITHMETIC ; or, the TEACH- 




fan i/Zd Jv;,r«Tiol By GEORGK RBY^Ol-Da, YlT\*in« ^^asKU^T. C>.^>^ i^«,g^ 
iimo, price it. 6iL bound. 



semm B—m^ prtnteMfer umgrnmn ami c«. 1 1 

SYOTEMATIC EDUCATION, or ELE^fENTARY INSTRUC- 

TION in the rariova De|iartmcnts of Literature and Science, wilh Practical Rules 
for stodyinir each Branch of Useful 'Knowledge. By the Rer. W. SHEPHEKD, tb« 
ReT. J. JOYCE, and the Key. LAXT CA11PEI>7TER, LL.D. Sicoud Edition. la 
SlUekTolt.Hvo. (closely priated, and illustrated with nine Plateslby Lowry, Ac) 
Price 12. 1 1s. 6A BoarriH. 

Tbe Antkors of this Woiic have had it in view to offer such elementary Inatructioa 
as may afford a ^<>ad preparative for future reading:, to point out the best sources 
of flurtber in£Dnnation, and to coiDprt.'ss, within a narrow compass, aereat fund ol 
taqrartant knowledge, which could only be obtained by the perusal of a nmltitude 
•f Tolnmes. 

CONVEItSATIONS on NATURAL PHILOSOPHY, in which 

the Elements of that Science are fainiliiirly explained, and adapted to the Com* 
preheosion of Young Pupils. By the Autlior of *^ (.'onvcmalious on Chemistry,'' 
and *' Conversations on Political Economy." In l«mo. Price 10*. Gd. Bds. Illns< 
trated with 2S Ungraviiiga ^y Lowry. 

A FAMILIAR INTRODUCTION to the ARTS and SCIENCES, 

for the Use of Schools hII*1 Youii^; Persons; containing a General Explication of tlic 
Fandatneulal Principles and Factn of the Sciences; dividefl into Lessons, with Ques- 
tions subjoined to each, for the Examination of Pupils. By the Rev. J. JOYCE 
Author of Scienliilc Dialogtiea, ftc. Third Editif>n. In one vol. Wmo. Price G«. 
Boards, illustrated with Copper-plates by Lowry, find wood-cuts by Branston. 

HINTS addressefl to the PATRONS and DIRECTORS ol 

SCHOOLS; principally intended to »he\r, that the Benefits derived fVom the nen 
Modes of teaching miiy be incressed by a partial Adoption of the Plak of Pestaloz- 
SI. To which art! sufyjoined, Examples of Questions, c^ilculated tnc.-<cit(f and exer- 
cise the infant mind. By Mrs. ELIZABETH HAMILTON, Author of I^etters or 
the Elementary Priaciplos of Education, &.c. &c In l^ino. Price 7«. Boards. 
The Examples of Questions may be had separate, price 3y. fid. Boards. 

RECREATIONS in MATHEMATICS and NATURAL PHILO- 

^80PHY; containing- amusinj^ Dis-ertations and InqniriosV.onceruiu^ a Variety o^ 
8al]l}ects, tbe mostreniaiknblc iv.\d proper to excite Ciirh'sity and Attention to the 
whole ran^ of the Mathematical and Philosophic.il Sciences: the whole in 8 
nleasing nml easy Manner, and adapted to the Comprchep.<ii->n of all who are in the 
least initiated in those Pcienres.— First composed by M. OZANAM, of the Roya 
Academy of Sciences, &c. lately re-composed, and greatly enlar^^ed, in a neti 
Edition, by the celebrated M. MONTUCLA, ami n'>\(- translated into Eii^^lish. anc 
improve! with many Addition« and Observntions. By CHARLKS HUT TON, LL. D 
aad F. R.S. Emeritus ProfoKSor of Mathematics in Ihe Koyal Military i^cadeniy 
Woolwich. Second Edition, la •( Vols. 8vo. (with near luo Copper-plates) Price 
i<. 3«. Boards. 

CONVERSATIONS on POLITICAL ECONOMY ; in whicl 

the Elements of t'lat Science are familiarly explained. By the Author of ** Conver 
0fttious on Chemistry.** The Second Ediliou, improved, iu one large vol. ISmu 
Price 9«. boards. 

NEW BRITISH ENCYCLOPEDIA; or, DICTIONARY© 

ARTS AND SCIENCES comprisiHg- an accnrate and popular View of the present im 




Neatly printed by kyiiittingham. In 6 vids. bvo. Price 6/. 6^. in Boards. 

-=3= 

An INTRODUCTION to th« THEORY and PRACTICE o 

PLAIN and SPHERICAL TIH(;ONOMETRY,aml the Stere<i?:ravhicProiectio\voftb< 

Sphere inrJiidin/r *hr: Theory of NnvipaViou; cinwvreWwASxv^ '^^^'^'^T^^ ^J'^Jf^! 

r^rmulic.&c, wilh their prartlcal AppUratVons V*> V\\c ^o\wix\ ^Vvwcw oS \v«jV|^^ 

I»stancpiv,(odercnninc the f^ititudeby lw« Mt\tuAo*o« V\k« ^^'^^'^^S.jlIJS^ 

<fte£rtiAarOb»ervaHuii«i,nnd to otU»-r \inwwt*^^ YrcWVcmik «». ^ JjTSSk^* 

l€»uUeai Aatrtmntn y. By TIIO MAS KF.ITU, Vt\\ a\ c T c«^"^^^\j^Ar^ 

•TO, nice lit. Bott¥da. TLft inili*.! V.Att^nn. rnTTPC\ie& BL-ftflL VW^ff***^**^ 
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THE ELEMENTS of PLANE GEOMETRY ; Gontaimng the 

Flnt Six Books of Euclid, flrom tte Text of Dr. finmoii. Emeritus Profettor of Bfa* 
thematics in the UiUrersity of Olatrow, with Notes, Critical and Explanatory. T» 
which are added. Book VII. including seyeral iinportaut Propositions whl(^ an 
not in Euclid ; and Book Till, consistinrof Practical Geometry ; also Book EL of 
Planes and their Intersections; and Book X. of the Geometry of Solids. By 
THOMAS KEITH. In 8to. Price l0s,6dU Boards. 

THE ELEMENTS of LAND-SURVEYING, in aU its Branches 

practically adapted for the Use of Schools and Students ; and Incladinr Practicsl 
Geometry, Trigt)nometry, Land Measuring by the Chain, Plane, Table, Theodolitet 
and other Instruments ; the entire Practice of Hilly Ground ; the Division of Lasi; 
Plotting and Mapping, illustrated by highly finished Engravings, plain and coloured; 
complete Tables of Sines and Tangents, Ix)garithms, Ac. Ac. By ABRAHAM 
CROCKER, Land Surveyor, of Frome , in Somersetshire. Ulustrated with a greater 
Variety of Copper-plates than any other work of the kind, also with upwards of One 
Haudred Wood-cuts. Fourth Edition. Price 9«. bound. 

CONVERSATIONS in ALGEBRA. Being an Introduction to 

the First Principles of that Science ; in a Series of Dialogues designed for those 
who have not the Advantage of a Tutor, as well as for the Use of Students is 
Schools. By WILLIAM COLE. 13mo. Price U. boards. 



j^atural ^iiStotp, Botanp, anti Cfmti^ttp, 

THE ELEMENTS of NATURAL HISTORY, for the Use of 

Schools. Founded on the Linnaean Arrangement of Animals, with popular Descrip- 
tions, in the IV] annor of Goldsmith and Buffon. By WILLI A&l MAYOR, LL.D. A 
]S'ew Edition. Price lif. Sd. bound, illustrated by Fifty Engravings, representinif 
Two Hundred of the most curious Objects. 

LETTERS on NATURAL HISTORY; for the Use of Schools and 

Young Fer^ons in general of both Sexes : with upwards of One {Hundred engraved 
Subjects. By JOHN BIGLAND. The Second Edition, in 1 Vol. ISmo. "ts. 6d. Bds. 

An INTRODUCTION to the STUDY of BOTANY. By Sir J. E. 

SMITH, M. D. F. R. S. P. L. S. Fourtli Edition. In 1 vol. 8vo. with Fifteen Platefc 
148. Bds. *tr* A few Copies are coloured, 1/. 8s. Bds. 

The Plan of thi.o Work is to render the Science of Botanical Arrangement as well 
as the general Structure and Anatomy of Plants accessible, and in every Point 
eligible for Younp: Persons of either Sex, who may be desirous of making this elegaat 
and useful Science a Part of their Education or Amusement. 

CONVERSATIONS on CHEMISTRY. In which the Elements 

of that Science are familiarly explained and illustrated by Ex]>eriments. In i volii 
18mo. with Plates by Lowry. Fifth Edition. Price 14*. in Boards. 

"ThiR >v<)rk inav he htrnngly recommended to young otudenu of both uxea. The perspicuity of tbe 
style, the rep'jIar'difipoBition of the Nubject, the judicious selection of illustrative rxperlnientii, and tbe 
eleffviDce nf thi* pl;itcs, arc so well adapted to the capacity of bcginneni, and eKpeciallv of tho»e wh« 
do not wi^h to dive deep into the ncience, that a more appropriate puMtcation can hardly be desired.* 

CONVERSATIONS on BOTANY, With Twenty Enjrravings. 

Second Edition. In one vol. 13mo. Price 7«. M, plain, or 10s. 6d. coloured. 

The objectof this Work is to enable young Persons to acquire a knowledge of tbe 
Vegetable ProductionR of their Native Conntry ; for this purpose the arrangement 
of Linneeus is briefly explain''d, and a Native Plant of each Class (with a few ex- 
ceptiouH) \h examined, and illustrated by an Engraving; and a short Account is 
added of some of the princixial Foreign Species. 

ELEMENTS of the NATURAL HISTORY of the ANI3IAL 

KINCPOM ; comprising the Characters of the whole Genera, and of the must re- 
markable Species, particularly those that are Natives of Britain; with the prin- 
cipai Circumstances of their History and Manners. By C. STEWART, Member of 
the Linncan and Wernerian Societies. Second Edition. lu 8 vols. Sto. price IL it» 
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